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5d N = 1 quiver gauge theories realized by (p, q)-brane web can

be dualized to M-theory compactified on some toric Calabi-Yau

manifold. Its instanton partition function can thus be computed from

the topological string A-model targeting on the same Calabi-Yau.

It is known that the partition function for toric Calabi-Yau can be

computed in a Feynman-diagram style with the topological vertex

Cµ⌫� assigned to each vertex of the corresponding toric diagram.
e.g.

Cµ⌫�

6d N = (1, 0) on S1 can be realized in a similar way, by compactifying

the brane web along the NS5-brane direction on (5, 6)-plane[1]. The

partition function of this 6d theory on ⌦q,t⇥T 2 can also be computed

with the topological vertex by identifying top and bottom external legs.

This kind of compactified vertex computation is pictured as

What we want to do here is to reformulate the calculation of the
6d partition function on the toric diagram, as in the usual refined

topological string. This will enable us to explore the property of the

2d dual theory to 6d theories.

Introduction

There is an alternative way to the original Iqbal-Kozcaz-Vafa (IKV)

vertex to define the refined topological vertex [2]. We call it an Awata-

Feigin-Shiraishi vertex. It can be embedded as an intertwiner between

different representations in the so-called Ding-Iohara-Miki (DIM) alge-

bra, which is conjectured to be isomorphic to the q-deformedW1+1[µ]
algebra. The defining property of these vertices in the algebra is given

by (for
8g 2 DIM algebra)

:
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Topological vertex as Awata-Feigin-Shiraishi vertex

The elliptic (AFS) vertex can be written down in a very similar way.

A lot of preparing works have already done by [3]. It turns out to be

an intertwiner of representations of the elliptic DIM introduced also by

Saito in [3]. This algebra must be an elliptic deformation ofW1+1[µ].
This embedding thus helps us understand the 2d algebraic structure

of the elliptic AGT relation. For a numerical factor of the form 1� x ,
we can simply replace it with the ✓-function,

1� x ! ✓p(x).

The vertex operator used to define the AFS vertex,
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with two independent bosons,

[am, an] = m(1� p|m|)
1� q|m|

1� t |m|�m+n,0,

[bm, bn] = m
1� p|m|

(qt�1p)|m|
1� q|m|

1� t |m|�m+n,0.

We can reproduce the expected partition function from this elliptic

vertex and also discuss the qq-character in the operator formalism.

Elliptic vertex in elliptic DIM

It is also possible to write down an IKV version of the elliptic vertex.

Using two independent bosons again,

[Jn, Jm] =
n

1� p|n|�m+n, [Kn,Km] =
np|n|

1� p|n|�m+n,

we define
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and the elliptic Schur function,

sel l ip(µ,⌫)/(⌘,�)(~x) = J h⌘| K h�| Ṽ
el l ip
+ (~x) |µiJ |⌫iK

where |µiJ and |⌫iK are fermion basis of Frobenius coordinates (see

[4]). We finally arrive at the elliptic IKV vertex.
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X
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An IKV analogy
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A recent interesting movement: To study the perturbations around BHs with 
sophisticated methods developed in exact calculations of SUSY gauge theory.

Quantized Seiberg-Witten curve

A-cycle

B-cycle

Tells us how to compute non-perturbative 
corrections (instantons) to (super) gauge 
theories in an exact way.

Introduction Probing new physics

Colliding BH, ringdown phase: QNM frequencies and Spin-weighted
spheroidal harmonics

A black hole collision can be divided in 3 phases:
inspiral, merger and ringdown.

The quasinormal modes (QNMs) are responsible for
the damped oscillations appearing, for example, in the
ringdown phase of two colliding BH and have a direct
connection to gravitational waves observations. [1]

Figure: Credit: Kip Thorne
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Quasinormal modes

captures the ringdown feature during 
the gravitational wave releasing

by Kip Thorne

A proposal by [Aminov, Grassi, Hatsuda (2020)]



Features of 4d  supersymmetric gauge theories𝒩 = 2

• Class-S construction in the string theory context:
6d N=(2,0) theory (low energy theory on M5 branes)

4d N=2 theory

compactify on Σ
Punctured Riemann surface


with punctures regular/irregular

[Gaiotto (2009)]

• Seiberg-Witten curve (relation with classical integrable models)
The punctured Riemann surface gives a complex curve that governs the 
low-energy behavior of the gauge theory.

Now known as the Seiberg-Witten curve.
[Seiberg, Witten (1994)]



• Non-perturbative effects can be computed exactly (analytically) with the 
localization method (c.f. topological vertex formalism)

Let us now come back to the computation of the coe�cients dk in (A.1.3). Let u = a2. Then
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Now, plug in the expansion (A.1.3) into the relation (A.1.4). We have the relation

a2(1 +
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The relations (A.1.13) and (A.1.14) together are su�cient to determine dk recursively. The first
few terms are

d1 =
1

2
, d2 =

5

64
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3

64
, d4 =

1469

32768
, . . . . (A.1.15)

A.2 Prepotential from the instanton computation
Let us present here, another computation of the same prepotential, from a more microscopic point
of view. This computation can be phrased entirely in terms of the path integral of the pure SU(2)

gauge theory [7]. Essentially the same calculation can be phrased more physically using a closely-
related five-dimensional field theory. This is the approach we take here. The presentation here will
be very brief; for more details, readers are referred to [20].

A.2.1 The ⌦ background

We start from the fact that given a four-dimensionalN=2 supersymmetric gauge theory with gauge
group G and hypermultiplets in the representation R of G, we can also consider a five-dimensional
supersymmetric gauge theory with the same gauge group G and hypermultiplets in the same rep-
resentation R, such that when we compactify this theory on S1 with radius � and then take the
zero-radius limit � ! 0, we recover the original four-dimensional theory.
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R
4

1

β

Figure A.1: Schematic drawing of the five-dimensional ⌦ background.

We consider this five-dimensional theory on the so-called ⌦ background, which is obtained as
follows. We first regard R

5 as C2
⇥R, with coordinates (z1, z2, x5) where z1,2 are complex and x5
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Nekrasov-Shatashvili limit

The Seiberg-Witten curve gets quantized

and it becomes a second-order ODE.

(Exactly the singularity structure in class S construction)

[Nekrasov, Shatashvili (2009)]

 Bethe/Gauge correspondence≈

ϵ1 = ℏ, ϵ2 → 0.

e.g. Σ = sphere with four regular punctures  → 4d SU(2) gauge theory with Nf = 4

given in terms of (defect) 
partition function



Such linear ODEs are classified by the singularities

• Perturbations around a black-hole geometry

ds2 = − f(r)dt2 +
1

f(r)
dr2 + …

The perturbation obeys the equation of the form
1

f(r)
d
dr ( 1

f(r)
d
dr

ϕ(r)) + [ω2 − V(r)] ϕ(r) = 0.

The equation can potentially have singularities at the zeros of  and f(r) = 0 0, ∞ .

e.g. in the C-metric, dS black hole (s=1,2), four regular singularities.

C-metric: 

f(r) = (1 −
2M
r

+
Q2

r2 )(1 − α2r2) Singularities at ±
1
α

, r± = M ± M2 − Q2 .



Quasinormal modes (QNMs)

Event horizon

(One singularity in the ODE)

Infinity

or cosmological horizon


(Another singularity in the ODE)
Energy dissipation modes of the perturbations around the blackhole geometry.

outgoingingoing

ω = ω′￼− iω′￼′￼

ψ(t) = ψ(0)e−ω′￼′￼t cos ω′￼t .



Quantization condition

B-period quantization = QNM boundary condition [Aminov, Grassi, Hatsuda (2020)]

where

instanton part



Computational accuracy for Schwarzschild blackhole

For scalar QNM, n=0, l=0

with my laptop @5-instanton (+low-order Pade)

Recall that the WKB quantum periods (2.7) are formal power series in ~. Its radius of
convergence is just zero. We cannot plug ~ = 1 into it näıvely.7 On the contrary, the (non-
perturbatively defined) quantum periods (2.18) are given by the NS free energy which is exact
in ~. All the quantum corrections are already resummed, and we can set ~ = 1 without any
problems. In this sense, we refer to (3.10) as the exact quantization condition. However, one has
to keep in mind that there still remains the sum in the instanton counting parameter ⇤Nf . This
sum has a finite radius of convergence, and its treatment is easier than the divergent WKB series.

We have performed the procedure above and have checked that it indeed matches the numer-
ical values of the Schwarzschild black hole QNMs as obtained in [10, 44]8. Some examples are
given in Tables 1, 2 and 3.

One issue that we encounter in the computations is that the NS free energy (A.10) is given
by the natural series expansion in the parameter ⇤Nf /a

2. Even though this series converges,
the convergence is not very fast. In that perspective it may be useful to compute the quantum
periods by using TBA equations as was done in [5, 28, 31] instead of using the NS free energy.9
We leave this issue as future works.

Nb 2M!0(0,0)
3 0.21453301� 0.20342058i
8 0.22088781� 0.20978038i
12 0.22090951� 0.20979131i
Num 0.22090988 � 0.20979143i

Table 1. The solution !0 to the quantization condition (3.10) for ` = s = 0 and n = 0. We denote by Nb

the order at which we truncate the instanton counting series F (3)
inst in (A.13). We apply Padé approximants

to improve the convergence of the instanton counting series. The matching digits are shown by boldface.
The numerical value is obtained from [36].

Nb 2M!0(1, 1) 2M!1(1, 1)

4 0.493115� 0.180881i 0.43066732� 0.5887236i
8 0.496470� 0.184999i 0.42899228� 0.5873530i
12 0.496526� 0.184974i 0.42903098� 0.5873354i
Num 0.496527 � 0.184975i 0.42903084 � 0.5873353i

Table 2. Solutions !n to the quantization condition (3.10) for ` = s = 1 and n = 0, 1. We denote by Nb

the order at which we truncate the instanton counting series F (3)
inst in (A.13). We apply Padé approximants

to improve the convergence of the instanton counting series. The matching digits are shown by boldface.
The numerical values are obtained from [36].

7
We have to truncate the infinite sum (2.7) to a certain optimal order. The WKB quantization condition

studied in [19] has this inherent problem.
8
These are nicely organised and available in [36] which is our source.

9
Note that the Argyres-Douglas point [45] for the SU(2), Nf = 3 SW theory is at m1 = m2 = m3 = ⇤3/8 and

u = �E = ⇤
2
3/32. This point is quite close to (3.9) which explain at some extend why the convergence is not very

fast.

– 9 –
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Nb 2M!0(2, 2) 2M!1(2, 2) 2M!2(2, 2)

3 0.7480� 0.1985i 0.6947713� 0.550331i 0.600036� 0.953084i
7 0.7446� 0.1890i 0.6933273� 0.548018i 0.602154� 0.956237i
12 0.7472� 0.1777i 0.6934216� 0.547829i 0.602101� 0.956556i
Num 0.7473 � 0.1779i 0.6934220 � 0.547830i 0.602107 � 0.956554i

Table 3. Solutions !n to the quantization condition (3.10) for ` = s = 2 and n = 0, 1, 2. We denote
by Nb the order at which we truncate the instanton counting series F

(3)
inst in (A.13). We apply Padé

approximants to improve the convergence of the instanton counting series. The matching digits are shown
by boldface. The numerical values are obtained from [36].

4 Quasinormal modes of Kerr black holes

Kerr black holes are stationary and axially symmetric solutions to the Einstein equation in the
vacuum. The four-dimensional asymptotically flat solution in the Boyer-Lindquist coordinates is:
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where M is the mass and ↵ is the angular momentum. Perturbations of rotating black holes
are described by the Teukolsky equation [46, 47]. The Tuekolsky equation is a separable partial
differential equation in the Boyer-Lindquist coordinates.

After separation of variables, its angular part reads (see for instance [10, eq. (25)])
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where m 2 Z for integer spins and m 2
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2+Z for half integer spins. In the black hole perturbation,

the parameter c is related to the angular momentum ↵ and the frequency ! by

c = ↵!.

The eigenfunction sSlm(x) is called the spin-weighted spheroidal harmonics in the literature. Its
eigenvalue sA`m is determined by the regularity condition of sSlm(x) at x = ±1. For general s,
l, m and c, no closed form of sA`m is known so far. However, for c = 0 the spheroidal harmonics
sSlm(x) reduces to the spin-weighted spherical harmonics sYlm and one has
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The radial Teukolsky equation is more complicated and reads (see for instance [10, eq. (25)]),
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– 10 –

vs

For scalar QNM, n=0, l=2

For larger n and l, the convergence is getting worse.

Numerical results 


w/ QNMspectral package
[Jansen (2017)]



Quasinormal modes
c-metric
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Cosmic string

[Griffiths, Krtous, Podolsky (2006)]

Radial part of Klein-Gordon equation: four regular singularities

Angular part of Klein-Gordon equation: five regular singularities

←4d SU(2) gauge theory with Nf = 4

←4d SU(2) quiver gauge theory (superconformal)



Quasinormal modes in c-metric

Several families of QNMs existωImω

Reω 1) photon sphere modes

2) accelerating modes

[Destounis, Fontana, Mena (2020)]

3) near extremal modes

Only become very important in 
the case of large BH charge Q

How to reproduce several families from one quantization condition?



ωImω

Reω

Direct computation

Instanton approach

Bender-Wu approach/uniform WKB

Harmonic oscillator approximation

Bound state

Resonant state

[Lei, Shu, Zhang, RZ (2023)]



Message: correct “partially”, but tricky and needs to be improved!



Alday-Gaiotto-Tachikawa relation
[Alday, Gaiotto,Tachikawa (2009)]


[Willard (2009)]4d N=2 SU(2) supersymmetric gauge theory 2d CFT

4d N=2 Nf=4 SU(2) theory

Nekrasov partition function

puncture → primary operator

• Σ = 

(sphere with 4 punctures)

=

4-pt correlation function=
(In the NS limit , the BPZ satisfied by the conformal block reduces to the Heun equation)b → 0



Connection formula from 2d CFT
Example: Hypergeometric function

Solutions around y~0 re-expanded in terms of solutions around y~1.

Translated to CFT language, 



This can be easily generalized to higher-pt conformal blocks
c.f. [Bonelli, Iossa, Lichtig, Tanzini (2022)]

More precisely

Some other connection formula:



Correct formula

accelerating modes

Photon sphere modes

[Lei, Shu, Zhang, RZ (2023)]



Numerical tests

QNMspectral Connection formula

@3-instanton (without Pade)

-0.10341i

-0.0505002i

0.111416-0.10266i

-0.0837135i

-0.0412224i

0.111516-0.0839528i

[Lei, Shu, Zhang, RZ (2023)]



Analytic results

• Accelerating modes

Leading order at , matching with that guessed from numerical appraochα → 0

• Near-extremal modes

[Lei, Shu, Zhang, RZ (2023)]

NE Accelerating



What was the problem in Aminov-Grassi-Hatsuda’s original proposal?

�fund = y(z) + y�1
(zq) = T (z) (61)

y(z) =
Q(zq�1

)

Q(z)
, (62)

Q(zq�1
) +Q(zq) = T (z)Q(z). (63)

y + y�1
= T (z). (64)

� =
x

y
dy. (65)

y =
x2

� u±

p
(x2 � u)2 � 4P1(x)P2(x)⇤

2⇤P2(x)
, (66)

✏1 = ~, ✏2 ! 0. (67)

t = ⇤̄. (68)

exp
�
i@aF

Nf=4
�
= �1. (69)

5

Rewriting the connection formula:

�fund = y(z) + y�1
(zq) = T (z) (61)

y(z) =
Q(zq�1

)

Q(z)
, (62)

Q(zq�1
) +Q(zq) = T (z)Q(z). (63)

y + y�1
= T (z). (64)

� =
x

y
dy. (65)

y =
x2

� u±

p
(x2 � u)2 � 4P1(x)P2(x)⇤

2⇤P2(x)
, (66)

✏1 = ~, ✏2 ! 0. (67)

t = ⇤̄. (68)

exp
�
i@aF

Nf=4
�
= �1. (69)

⇧B = @aF
Nf=4

= ⇡(2n+ 1) (70)

5

Taking log of the connection formula, we recover the B-cycle 
quantization condition,

• Losing zeroes from the perturbative part

diverging

Open problem: how to recover it in the language of exact WKB/resurgence theory?



Numerical results in dS BHs

[Lei, Shu, Zhang, RZ (2023)]

dS blackhole: similar structure



Summary

• Instanton partition function + quantized Seiberg-Witten curve 
+ connection formula of conformal blocks 
combined together solve the Heun-type equation.  
(Semi-analytical approach, e.g. Taylor expansion over some 
parameter)

• All QNMs are found by the connection formula.



There are many many black-hole-like geometries!

• Sonic/acoustic black hole (to be compared with experiments?)

But often encounters irregular singularity 
and the BH is dual to Argyres-Douglas-
like theories (without Lagrangian 
description).

• Lifshitz brane to Lifshitz geometry

How to take the colliding limit of singularities 
in a controlled way?
→ Connection formula + numerical experiments?

Four regular singularities to 1 regular+1 rank-4 irregular
[WIP with Yang Lei, Hao Zhao]

by Enrique Arilla

f = 1 − ( v2
r

c2
s )

vr



Backups



Angular part

where

Equation with 5 regular singularities

can be solved with SU(2)xSU(2) (quiver gauge theory) partition function or 5-pt 
conformal block.

More to be done:

[WIP with Pujun Liu]

[Lei, Shu, Zhang, RZ (2023)]



Results get worse at large t:

t = 0.83333

3-instanton 5-instanton

0.0338046-0.033456i�

0.0572973-0.0986153i

0.0347785-0.0364286i�

0.0514567-0.107756i

Dictionary 2

with

t = 0.167777

0.0394654-0.0412316i�
0.0387606-0.123697i

3-instanton

[Lei, Shu, Zhang, RZ (2023)]



dS blackhole: similar structure

For spin ,  only four singularities as solutions tos = 1,2 Q = 0

L̃ :=
L

2M
.

More than one type of modes exist: PS modes, dS modes, near-extremal modes.

x4 − L̃2x2 + L̃2x − Q′￼2L̃2 = 0,
where

Q′￼ =
Q

2M
,

In other cases, more complicated singularity structure! 5 or more singularities!
[WIP with Pujun Liu]


