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Type ‘ ‘ B m a‘tﬂx m Od e‘ Ishibashi Kawai, Kitazawa, AT (1996)

A conjectured nonperturbative formulation of superstring theory
S =—-NTr (i[AM,A,,][A“,A”] + %&F“[Au,zp])

N x N Hermitian matrices

4, - 10D Lorentz vector (u=0,1,...,9)

S0O(9,1 t
v 10D Majorana-Weyl spinor (9,1) symmetry

The action takes the form of the dimensional reduction of 10D N=1 SYM.

Space-time does not exist a priori,
but emerges from the degrees of freedom of matrices.

mm=) Dimensionality of space-time



Crucial properties: 10D N=2 SUSY
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10D N=2 SUSY if P, is identified
with momentum, which generates shift of A,

The space-time is represented as the eigenvalue distribution of 4, .

The fact that the model has maximal SUSY suggests strongly that the model
includes gravity.



Crucial properties: connection to the world sheet action

Green-Schwarz action of Schild-type for type |IB superstring with x symmetry fixed

Sg = /deJ\/—g E{XM,XV}{X“,X’/} — %\IJF“{XM,\IJ}]
0X 9Y 0X oY
Oor do  Oo Ot

vy == (

Ve

matrix regularization

- X, (r,0) = A,
U(r,0) =

(3=l ]
/dea—>Tr

O/
C=0-

type |IB matrix model

mm) S-_NT: G[AM, AJ[A", AY] + %zﬁrumu,m)

~
-l
/--

NG

~

multi strings
2nd quantized



Crucial properties (cont'd)

> Long distance behavior of interaction between D-branes is reproduced.

> Light-cone string field theory for type |IB superstring is reproduced
from SD equations for Wilson loops under reasonable assumptions.

Fukuma-Kawai-Kitazawa-AT (1997)
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Partition function of Lorentzian model

5 = VT (FlAw AJlar, 4%+ 100 (4,,0])

7 = /dAdzp 7}35 = /dA PfM(A)e® pure phase factor mm) sign problem

\ polynomial in 4, , real
connection to
worldsheet theory N

Sp = — 7 Tr ([4%, A"][A,, Au])

The model is not well-defined as it is.

We need to regularize the model.



- uclidean model

7 = /dfl Pf Mg (A) e:Sb\ connection to

worldsheet theory

. N < - . e
Sb= > Tr(-[A,,A))%) : positive semi-definite

p,v=0

SO(10) symmetry

T ;1 in PiMg(A) :complex == sign problem

The Euclidean model is well-defined without cutoff.
Krauth, Nicolai, Staudacher ('98) Austing, Wheater ('01)

Numerical simulations showed SSB of SO(10) to SO(3) due to less
fluctuations of the complex phase of Pfaffian for lower dimensions

Nishimura, Vernizzi (2000) Anagnostopoulos, Azuma, Ito, Nishimura, Okubo, Papadoudis (2020)

3D space emerges, but time does not emerge =y study the Lorentzian model



Deformation of integration contour

We try to define the Lorentzian model by deformation of integration contour
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Contour deformed theory is well-defined

Y. Asano, private communication ('19)

9 ~ ~
gb — E (26 5 (1-u) ZTI‘ AO, )+ ez (u—=1) Z TI’([z‘L,fL-P)) TI‘(—[AM,A,/]Q) (no sum)

. positive semi-definite

real part is positive for 0 <u <1

m=) Contour deformed theory is well-defined

~

According to Cauchy’s theorem, (O(e™"F"4,¢'5"A)). is independent of u

If we define the Lorentzian model by taking the u — +0 [imit
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Contormation of the equivalence by simulation

10D bosonic model
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The emergent space-time is complex and Euclidean.
Can we define the Lorentzian model in a different manner?
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Introducing a Lorentz invariant mass term

As an IR regulator, we introduce a Lorentz invariant mass term

1 1
S = —=NyTr(A,A*) = ZNry(e*Tr(A3) — e Tr(A7))
2 et 2 £ Z e—0 >0

Z = / dA PEM(A) e~ (5vt5m)
9 9
S = —i%NV(Tr(Ag) —) "Tr(42)) = %N*y(e_i%”(H%“)Tr(flg) + etz 12wy "y (A2))
- .

1= —

—i37u A
Ao=e7""4o  yeql part is negative for 0 <u <1
Ai — eiéwuﬁi

—

We cannot deform the integration contour as before. We define the model
by more general deformation of contour (Picard-Lefshetz theory).

We define the model by taking the v — 0 limit after taking the N — oo [imit.

Equivalence to the Euclidean model can be violated.



C ‘ dSsSICa ‘ SO ‘ Utl ons Hatakeyama, Matsumoto, Nishimura, AT, Yosprakob (2020)

Z = /dA ATHTAT) /dfl el (AT+A7) Ay = AA, 7 e %
Classical solutions dominate at large ) . ZZ ]
Classical EOM  [4",[A,, A.])] = vA, Zi *
A0 is always a solution (trivial saddle). S
Typical solutions exhibit expanding behavior : >
for v > 0 (non-trivial saddles). 0 '  expansion

-1 -0.5 0 0.5 1

But space-time dimensionality is not fixed at the classical level.

Those solutions are hermitian so that they reside on the original contour
before deformation (relevant saddles in the Picard-Lefshetz theory, which
contribute to summation over saddles). We expect that non-trivial saddles
are more dominant than the trivial one due to large entropy when N is large.



How 1o investigate the model



CO 18 p ‘ eX La f ge\/l f M eth Od Parisi (1983), Klauder (1984)

We use the complex Langevin method to overcome the sign problem.

A, : Hermitian matrix A, €su(N) =mmmp A, :general complex matrix 4u € gl(N,C)

Complex Langevin equation

d(A,u)ab . 6Seff

dtr — _a(A,u)ba + (nu(tL))ab Sef :(Sb + Sm) — log Pf./\/l(A)

zero eigenvalue of PfM(A)

tr, :Langevin time ~ discretized in practice | |
mm) sSingular drift problem

n. : Gaussian noise

We can calculate the expectation value of holomorphic
observables by sampling them around sufficiently large tr .



Avoiding the singular drift problem

To avoid the singular drift problem, we add a mass term to the fermionic action.

Sy =~ (G0 ( 4 0]+ im T

my =00 : hosonic
mf:() SUSY

The effect of fermions is weakened for finite my

my should be as small as possible



Controlling the quantum fluctuation of
bosonic matrices

9
1 2
S, = §N7Tr <Tr (Ag)? ZTI‘ — i Z Tr(A;) )

1=d+1

d, . :parameters that can control the quantum fluctuations of bosonic matrices

For large 1, the bosonic degrees of freedom reduces effectively to (d + 1) -dimensional one.

By choosing 4 and u appropriately, we can expect to realize a situation
which is close to one where SUSY is respected.

Eventually, we want to take N — 00, mys — 0, p — 1, v — 0 mmp targettheory



~xtracting the time evolution

Kim-Nishimura-AT (2011)
We take the gauge in which Ay is diagonal.

g ™ ™~

()4_2.. small
N n
A() — n%fl A = n |4t The state of
‘Qulin ‘ A the universe
. at time ¢,
small
\_ ay/ \_ %
ap <az<...<an A; has band-diagonal structure, which is

nontrivial dynamical property.

locality of time is guaranteed. ~ ‘emergence
of time evolution’

. . 1 <
definition of time & == a4
niZl



Results of numerical simulations

N =128, vy =4, d=5, p =10, my = 3.5



Nontrivial because of the

-mergence of real ime  complex weight ¢iSe+iSm
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-mergence of real space

tr(A;(t))? = ¥V tr(A;(1))?

Nontrivial because of the
complex weight #5p+iSm
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~mergence of (3+1)-dimensional space-time

eigenvalues of T
N
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Emergence of (3+1)-
dimensional expanding
space-time



Discussion on mechanism for emergence of
(34+1)-dimensional expanding space-time

1. Effects of the bosons favor low dimensionality of space
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Discussion on mechanism for emergence of
(34+1)-dimensional expanding space-time (cont'd)

2. PtM(Ag, Ay, ---,A9) =0 if there are only two nonzero A, at my =20

Krauth, Nicolai, Staudacher (1998)

It is expected that configurations with 3D expanding space are enhanced by
combination of these two effects in a situation which is close to one where SUSY
is respected



Summary and outlook

> The Lorentzian model is equivalent to the Euclidean model if we define it
by the deformation of the integration contour. The emergent space-time
is complex and Euclidean.

> We introduce a Lorentz invariant mass term, which invalidates the
contour deformation. It plays a role of IR regulator for expanding universe.

> We define the model by more general contour deformation (the Picard-
Lefshetz theory). The model defined in this manner is different from the
Euclidean model.

> We observe (3+1)-dimensional expanding space-time in some cases
with appropriate N, 7y, d, @, my

» Do we observe (3+1)-dimensional expanding space-time when we take

the limit in which N — o0, mr;—0, p—1, v—0 to obtain the
target theory?
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