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Introduction

- How is the bulk dynamics of gravity emergent from CFT?

- The Hamiltonian of AdSy41 gravity is the sum of the
constraint from the diffeomorphism along the evolution
direction

Ria) + B_z[d(d sl = 2 [ E{HZ]NZ]] =0

and the constraints perpendicular to the evolution
direction

Ykt =0

where k,, is the extrinsic curvature of the “equal time”
hypersurface.



Introduction

- It is natural to identify these constraints with the Weyl
and diffeomorphism conservation laws in the dual CFT

Tuu ~ -AWeLJl ’ Vu Tuv =0

- What is the explicit relation between T+, and k¥ ,???
for example

TH, ~ k¥, — 86K, ?

- A puzzle:
The constraint for radial evolution is quadratic in k, while
the CFT Weyl conservation law is linear in T#,,.

To solve such a problem, various approaches have been
suggested, e.g. the T T deformation.



Introduction

- In our approach, the SO(2, d) symmetry plays the
essential role.

- A lesson from AdS/CFT:
Global symmetry in the boundary field theory
= Gauge symmetry in the bulk gravity theory

- For a CFT at the d-dimensional boundary, we have the
conformal symmetry SO(2, d) as the global symmetry.

- Thus we would expect the local SO(2, d) gauge symmetry
in the bulk theory.

- In our past works, the SO(2, d) gauge theory formula of
AdS gravity is established for general d.

- Correspondingly, we will also establish the SO(2, d)
gauge field formalism of CFT background field.

- In this framework, the bulk Hamiltonian constraints can be
naturally reproduced by CFT conservation laws.



Einstein Gravity

- Written in terms of vielbein, the Einstein-Hilbert action is

(D—2)
5[e]= /601..0 [60102 o Dgz 01 A eClz /\ea3 A --~/\eC’D

where the spin connection w’, is decided by the torsion
free condition

De” =de? + w'y Ael =0
and the curvature is decided by the spin connection
0% =dw’p + W' A W
- The Einstein equation is

(@[”1”2 + 0726 A e ) AeB A A =0



Palatini’s 1-st Order Formula

- Palatini: Treating the spin connection w“, as independent
variables

ara (D_Z) a a a a
S[e,w]:/em...%[@ [ 2+We1/\e2 Ae®A...Ae

- The EOM’s are
(@[‘“ @2 4 p=2glar p e”z) AeBA .. Ae-1 =
Del® A e A ... A etr-2l =0

- If the vielbein e” is not degenerate, the torsion free
condition will be automatically implied by the 2nd EOM

- The 1-st order formalism is equivalent to the original
second order formalism at least in the classical level.



Uplift to SO(2, d) via ruler
Basic idea of SO(1,d) — SO(2, d):

Aab . wab . Aa. . €—1eu

In the covariant treatment, we impose a ruler field Y% in
the vector representation of SO(2, d) to point out the way
of SO(2,d) - SO(1,d)

- Ruler field satisfies the constraints Y¢Y; = —#2. Thus no
new DOF is introduced.

- In the Einstein gauge Y =0, WO =1
DY? =e", DY®* =0,
DDY? =F9Y® = De?, DDY* = F'be =0.

The Palatini EOM'’s can be unified SO(2, d) covariantly as

Flaite A DYy&B A ... ADY% = 0.



SO(2,d) action

- We can realize the previous uplift in terms of a gauge
invariant action constructed by SO(2, d) covariant fields

(D-2)
/em»--aD [@‘“"2 + SR e" Ne”|ANeB A Ne?

~ /em»,auﬂ [FW’Z e D%DW’1 /\DY&Z] ADY®B A ... ADY yton

- In the D = 3 C-S formalism, the Y field is implicitly
imposed when one decides the vielbein from the gauge
field e = A} + AR.

- The metric is induced by the Y field

ds? = Dy Y& DN Ya dxMdxN .



SO(2,d) action

- The bulk covariant action of AdS gravity
Sy = / L4y
N @___2__pys B AL ARV
T 2k20(d _1)|/ &Ben by [F (d+1)€2DY ADYP[ADY“ A--- ADY%d-1Y%
- The EOM'’s are
F[@mé{z A Dyég A A DYaD,ﬂ £
as well as the EOM from oY
€apin- aIYBD(Fmaz A Dyaz A Dyad) -0,

- Providing the 1st EOM, the 2nd EOM will be
automatically satisfied. In fact, it vanishes only when the
torsion free condition is satisfied.

- Thus the new EOM will not introduce any further
constraints, and the above system is equivalent to the
original Einstein gravity classically.



The bulk SO(2, d) structure

- Starting from Y and A, we can use {Y,Dy Y} as an
intrinsic basis for SO(2, d) vector space since

YOV = —02, DnmYDnYs=gun, YEDNYs=0.

- How to express the derivatives of the basis it terms of the
base itself Do, Dag, Y = (- )Y+ (---)DNY?

- The answer implies the metrict+torsion structure:

DMZD/\/h Y& = E—Zg/thz Ya aF |—NM1/\//2DNY& ,

where
™Myp = ﬁ ne + tMap,
IA—MMwMz : 5( My GNMy + OMy GNMy — ONGM M, )
1 BB
twm, = 5 [(FN/\/I P1P2Dy, Y, + (Fnm, JPEDy, s, (FM1M2)B1BZDNYB1] Y

b ©



The bulk SO(2, d) structure

Decomposed on the intrinsic basis, the field strength is

1 —2 <Nj <N, ¥
Fiiy s (ERNWZMW,2 +0 ch1 5M§]) N> — 267 Y TN
14 N —2 <Nj <N,
B (5RN1N2M1M2+V[M1 €02 € i 20 + €280 By | T

—2¢07" tN[M1 My] TN -

Thus the SO(2, d) covariantized torsion free condition is
(Fim) a2 = 0 & Dy, D% =0.

The Bianchti identity < Usual Bianchi identities for GR

0 = Dpms Fanmy)
(i RN N w1 = RN pagptsan ™ N2 ) Dy, YD, V!

—2072RN p vty YIEDN VP!

Substituting into the action, it recovers the
Einstein-Hilbert action directly without any particular
gauge choice.



Projecting bulk SO(2, d) structure on &

- The dual CFT with a local energy scale z = {(x) is defined
on the hypersurface £ = {(x, z)|z = {(x)}.

- The ruler and gauge field on I is obtained by the pull back
Yé(x; I) = Y¥x, q(x)), A(x;I)=A(x {(x).
- It satisfies
YoYs =—¢%, D, YD, Ys=0,., YD,Ys=0.

where g,,, is exactly the induced metric on &



Projecting bulk SO(2, d) structure on &

- To establish the full basis, we still need N¢ which satisfies
. > . .
NNy =0, NY4a=0, N°D,Y4=0.
It can be expressed manifestly as

1 & A 2
T ST S0 G &y Gd+1
Ng = g€ €8y--&gsn Dy X IS a1
- One additional gauge invariant quantity is

D,NéD,Ys =k,

which is just the extrinsic curvature of ¥.



Projecting bulk SO(2, d) structure on &
- Taking derivatives of the basis gives

D,N¢% = k,"D,Y?,
D,D, Y% =¢"%g,,Y*+ *,,D,Y% - ¢k, N¥,

where

uvp = “vp + Tt“vp ,
u — 1gHv -
i = 29" (9, 9vi + 0 Gup, — 0By )

1 A A PP A A
‘tum = Eguv [(va )81 BZDL12Y31 ar (FVL’Z)B1 & Dy, YB1 - (IFuwz)B1 BZDVY/§1 ] Y,éz 2

- The field strength is decomposed as

(FLWZ)&B = [Rv1 Vi + 2072 (6[‘:/11 5;‘722] = kg, k)2 )] Dy, Y[&DVZYB]
746_4]1{[111 HZ]Y[&NB] + 4€_ZEV[H2M]Y[[XD"YB]

¢ (V[m Ikuz]v + 1Y (21 Kvs v) NéD, )



Projecting bulk SO(2, d) structure on &
- The pull back of bulk Einstein equation is

0 = €pgy.ay €M (I 1)) 12 Dy Y - D, YO
— g et Hd
[ (RV1 2 num + 2€_251‘J’11 5522 = Zg_z]km Yy VZ) Dy, Y DVZY&ZDU3Y&3 O ]Du(/Y&d
— 207K, YO N®2D, Y% .. D, Y%
+ 2072V YO D, Y 2D, Y5 - Dy, Yo
—7 (V[m Kyl + 7 iy Ky v) NYD, Y% ]DH3Y6(3 g ]DHdYad]

- In the bulk torsion free case
]k[uv] =0, ﬂ;“‘,p =0,

the rest constraints are just the Hamiltonian constraints
for bulk diffeomorphism
R+ ¢72d(d—1) — 2k, k] = 0
vk, = 0

- How to recover them in CFT?



CFT SO(2,d) structure

- The CFT SO(2, d) structure is based on the null ruler X%
XXy =0

and the corresponding SO(2, d) gauge field A,.

- Their Weyl transformations are simply
OwX% = wX?, owA, =0
- The corresponding covariant derivative is D,. We have
DX D Xy =g,,, XD,Xz=0

where g, is the CFT metric.

- One can deduce the Weyl transformation of the CFT metric

5Wguv — nguv



CFT SO(2,d) structure

- To establish the CFT intrinsic basis, we also need to
introduce Z¢

Z%Xy =1, Z°D Xy3=0, Z%Z,=
- One additional gauge invariant quantity is
fo = D,Z% D, X,
- Taking derivatives on the basis gives

D,z%=f,"D, X%,
Dm DuzXa = _gmuzza r rvuzm DvXa sl fmuzXa '

where

-
=
<

-

”vp + tuvp ,
r _ i
gt = gt (auz Gup + Oy Gup, — vy uz) ,

g""” [(FVM )61 k2 DIJzX[S“1 i (FVI»’Z)B1 k2 Dy, X/S’1 — (Fuy Uz)B1 k2 DVX/S’1 ] XBZ )

N =Nl



CFT SO(2,d) structure

- The field strength is decomposed as
(P [RV1 i — 40, fuz]"z] D, XD, X" — af,, X% Z"

_4tv[u1U2]DVX[aZB] —6 (V[m fuzlv +t [sz]fvw V) X[&D"XB] :

- The Weyl transformation of various gauge invariant
quantities are

6Wguv = 2wguv ’
6quv —~ _V/,lvvw '
6eru1 wn = 26(‘:12 am)w ~— G gvpapw '
awtvm = 0,
OwR oy = =49 05w tin) — 26”* (i Vy Vo — 901y V Vo) .



Conformal geometry

- What is the meaning of the additional CFT background
field f,,?

- In conformal geometry, there is an important quantity-the
Schouten tensor

. e
v = 5 5 Rlv_il'? 2
Su c/—z(‘ 2(d —1) g“)

- Taking derivative on it gives rise to the Cotton tensor

A A A 1 A
CpHV = 2((:/ - Z)V[psu]v = ZV[p (I:\)IJ]V s mr\) gu]v) 5
- The Weyl tensor is just
A Al Vi BNV 2 a Vi V.
W™ = Ry, — SR o

d — 2 [ m + =2id— 1) [ “wa]
- i\?w Vzmuz L 5 45[‘/1 S v2] .

[y =H2]



Generalized conformal geometry

- In the CFT torsion free case
f[uv]:o, t, = 0g

the Weyl transformation of the Schouten tensor is exactly
same as f,,,

5WSW = —VL,va )

Thus f,, is naturally the generalized Schouten tensor.
- The SO(2, d) field strength unifies the generalized Weyl
tensor, the generalized Cotton tensor and the torsion

(Finse) ™ = [Rw Z i 40y, fuzfz] D, XD, XP — 4f,,, X4 ZF)
_4tv[“1uz]DVX[&ZB] —4 (V[“1 fUZ]V b [uzm]fw V) X[aDVXB] .
- For d > 2, the condition F = 0 automatically implies that
fL’V = Suv '

and further the corresponding geometry is conformal flat.



Bulks-CF T relation

- The bulk SO(2, d) data on X can be constructed out of the
CFT SO(2, d) data as following

K R
Y& = C_1X0( - 7(20(,
([Au)&/é = (Au)ag ,

- The scale ¢ appears manifestly in Y such that the bulky
quantities are all Weyl invariant.

- For simplicity, we shall just show the ¢ = 1 results later on

& & s & & &
W = )X —72 ) (Ay) fg:(Au) B-
- Thus
. . z
D,Y*=m,"D,X", m,’ =0, — =F,"



Bulks-CF T relation

- Inversely

. 1 o N n
X% = E(Y“ + N9), (A"
D,X%=M,"D,Y?, M,"

- Thus the CFT metric is
guv = Mum /\/’vv1 g/,n 7

- An interesting corollary:
For any hypersurface £ = {(x, z)|z = {(x)} in pure AdS,
the CFT metric g, is always conformal flat since F = 0.



CFT conservation laws
- The bulk torsion free condition
]k[uv] =0, ttIJVp =0,
is equivalent to
fiw = 0, A A :
i = MM /Vluzu3 mmgV[u3 mw]g + /VI\,UV[,J1 Mg, — M‘,ZUV[,J1 mg)y .

- Now, a generic CFT Scrr[¢; g, f] is couple to both the
metric g, and the generalized Schouten tensor f,,,.
- The corresponding currents are

THv _ ol < 55CFT> v BE < 55CFT>
VAT VG \ 3,
- The presence of f,, will modify the diffeomorphism and
Weyl conservation laws
2V TV + 1P Epy) — 1PV VY uf,p, = 0,
2gUV T’JV i VVVIJ_IIJV _ Vp(tpvu.lyv) = A\Neg[ 6




Bulk Hamiltonian constraints

- The pull back of bulk Einstein equation on ¥ becomes

o e Hd a6 C o]
0= €aBay-,€ (FL ) ]D s Y ]DWY:

¢ = HA - Hd V3 & v Qaqd

= €apey.-64€ m,, Dy, X% -m, D, X

(R" v, ., 45”1 ' f ) D, x[&szxfﬂ
A 2_,
_4€_2tv[uwuz]DVx G(XB] + 723])]

Vo (mM,") = O
=
Mvw s /\/’VZ'UZ(RV1 VZLMHZ i V1 f,

/.11 12

V2)=0

where m is the determinate of m,".

- For the vacuum state |Q(g, f)), the currents T#Y and J*Y
must be functions of the background fields g, and f,,.

- Can we find the explicit formula for T#Y(g, f) and J*Y(g, f)
such that the above Hamiltonian constraints are recovered
from the conservation laws?



Recovering bulk Hamiltonian constraints

- Very recently, we find the following formula up to a overall
constant

o= 2mMM,P)
T = m[0(dM" — M, g") — 2M"PM,°If, "] .

For f,, =0, it comes back to
P=d— g™ T =0.

- Substituting them into the CFT diffeomorphism
conservation law, it recovers the bulk constraints for the
diffeomorphism on £

0:26\,(7—‘/‘, aF .Ipvfpu) —— jﬁVeufpv
=2€’26\,[m(dMﬁ,v — My Lol + m(MYP M, P — M, mMVp)ﬁﬂfpv
=2d072V ,(mM,)").



Recovering bulk Hamiltonian constraints

- The LHS of the anomalous CFT Weyl conservation law
gives

29,y T V \% pd"” (tpvuju )
= 2mM,, "M, 5[[511 fVZ]“Z] + Y [MPYY (mM,Y))].

The 2nd term vanishes due to the CFT diffeomorphism
conservation law.

- Comparing with the bulk Radial constraint
M,,""M,,**(R"" Vzmuz 40, f, ] ”?)=0

[ "H2

we get

1 1
VG Awey = E\FgmM‘“ MRy, = i\/gR



Recovering bulk Hamiltonian constraints

- Since g, itself contains the scale ¢ manifestly and is
Weuyl invariant, the anomaly

1 1
\/E-AWegl = T@mM‘“ I Mvzuzl-‘)w V2u1Uz = 5\/QR

ts not contradict with the Wess-Zumino consistent
condition.

- We can perform the ¢ expansion for Aweyl, and the 0-th
order term gives rise to the usual Weyl anomaly.

- For d =4 and f,, = S,v, the 0-th order is

e .
R R — 5R? = (Weyl)? — Euler

which is consistent with the known results in N = 4 SYM.



CZ equation & Radial evolution
- Transfer to the bulk notations, we have
3Scrr = / dIxy/G(TH 3G, + 1" 5f,)

= rzjddx [g\/Q(ZQ"“é]kW —Kk""160,,v, ) — 6(\/g1kpﬂ)]

3 / cl’jx\/g{ [(d — 1)D*Y:N; — (¢”'k,” — k") D, Y,Y,] 8(A,)%

" [5*2 (d(d — 1) — k,'k,” + Ik"“]kuv)]l\lg
+V, (9K, — k™) D, Y, |ov*

- By adding the Gibbons Hawking term, we get

O(Scrt + ScH) = 20

eg [df’x\f (]D‘Y NpS(A,)%F + ;’ aéw) - /df’X ((n“)&gé(z/xu)&ﬁ’ 12 H&(SY&)

/2/ d9xv/G(29" 8kyy — k" 39,y )

where the 1's are coincide with the canonical momentums
obtained in the bulk Hamiltonian formalism.



CZ equation & Radial evolution

- Generically, when the radial constraint is not satisfied, the
“hard” deviation of the scale invariance is

B=,/gmM,*"M,*(R"",.,, — 43" )

[

= VO{R + ¢~ %d(d — 1) — 2Kl kH2] )} .

- From the RG-flow point of view, we can absorb this
deviation of scale invariance by addding extra scale
dependence of A,. That is, the Callan-Symanzik equation

(M¥)539-(A,)F = B.

- This is equivalent to the radial evolution part of the bulk
Einstein equation

Fléd,  ADL,Y®E A AD,, Y4 =0

in the A, = 0 gauge.



Su mmarty

- By introducing SO(2, d) ruler and gauge fields, we
established
» SO(2,d) gauge theory description of AdS gravity
» Ceneralized conformal geometry for CFT
- Based on the modified diffeomorphism and Weyl
conservation laws, the bulk Hamiltonian constraints are
recovered by the proper formula of the currents.



Prospects

- CFT metric @ the BH horizon and interior
- Minimal surface

- Explore the CFT on generalized conformal geometry in
explicit models

Flat holography and /SO(1, d) Carrollian CFT



