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Zhan-wei Liu etc. Phys.Rev.Lett. 116 (2016) no.8, 082004

20001 ' ' ' e
The main components
t least 50% ) of
(at leas 6)o0
: N*(1535) is from the 3
1400~ matrix Hamiltonian model —
[ — st most probable i
e U ] 2nd most probable J q u a r k CO re .
1200 /7 N\.  ermrmieieas 3rd most probable -
i 3 Lang & Verduci
i JLab |
e b o by e e o by e by by s by ey
0.00 005 010 0.15 020 025 030 035 040 L L L B
TTLi/GCVvZ 1.0} -
2[)(](]—I%’|“”|““ S od r Tl 3
[ ] 0.8 Pt -
1800 - - gl
I ] 0.6
1600 - —
I 0.4+
1400 matrix Hamiltonian model 7] |
i 1st most probable : 0.2
L & A 2 ememaa=s 2nd most probable
1200 |/ | mrmrmeeians 3rd most probable —
I I CSS]\I : I{]'-U_luuulul||||aa||||-|||||||;a|||.|-|||||||—
L] | CE o Opms L 000 0.05 010 015 020 02 030 035 040
ol by by b v b b b by G pry
000 0.05 010 015 020 02 030 035 040 my [GeV?

m?2 /GeV?



o »
L | ( j b
B University of Chinese Academy of Sciences

N*(1440)

No State
extracted from
3 quark
operator



2.4
2.2
2.0
1.8
2 1.6
O
= 14
LL
1.2
1.0

0.8

j_':_: f(ﬂ L Ve

versity of Chinese Academy of Sciences

N*(1440)

- v y i' ¥ J
¢

C. B. Lang, etc. Phys.Rev. D95
(2017) no.1, 014510

No State
extracted from
3 quark
operator



University of Chinese Academy of Sciences

N*(1440)

Jia-jun Wu etc. arXiv: 1703.10715
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N*(1440)

Jia-jun Wu etc. arXiv: 1703.10715
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The first scenario with a bare state for P11
around the pole at 2.0 GeV can fit both
Lattice data and experimental data well, it
indicates that N*(1440) seems a re-
scattering state, and first radial excitation
of nucleon should be around 2.0 GeV.
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The Second scenario with a bare state for
N*(1440) fit the experimental data well.
But the largest possibility for bare state
does not touch the lattice point. Thus, it
fails to explain Lattice data.
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We need more data and detailed study, for the contribution from N7t three body.
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Finite volume VS Infinite volume

5 0(3)
+ + p+

¢1+"A_‘I_2J:E ’ LP=0",1-,2%, ......
1 72

O+ 1+ 1+ O+, 4+ ) sses
1- T, E 27,44, ...
2*  EOT, A

3- AOT, DT, 2
4  AFOE®T DT,

9. Partial Wave Mixing in Hamiltonian Effective Field Theory
Yan Li, Jia-jun Wu, C. D. Abell, Derek B. Leinweber, Anthony W. Thomas T - 3_
Phys.Rev. D101 (2020) no.11, 114501 2 ¢
10. Hamiltonian effective field theory in elongated or moving finite volume
Yan Li, Jia-jun Wu, Derek B. Leinweber, Anthony W. Thomas
e-Print: 2103.12260 [hep-lat]



https://journals.aps.org/prd/abstract/10.1103/PhysRevD.101.114501
https://arxiv.org/abs/2103.12260
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Finite volume VS Infinite volume

IR 2 : NS
H; = Hy;, + Z Vi 7 ) [0} (n]
n’ neZ?
‘ n |2 S\( ut
>, = D,
p— nezs In the early works, for pure s- and p- waves,
For Ncyr = 600, we have 61565 states| 61565 — about 600

(For L = 3 fm, Ny ~ 10 GeV)

cut =600

e Original basis |n} Z C3(N) ~ 60,000

600
@ Basis |N;l,m) with lcye = 4: > 25 ~ 600 x 25
N=0
600
o Basis [N.I;T = A7, f,a): > 2~600x 2
N=0

@ Orthonormalization needs the inner products P-Matrix

H.{, — HHL + Z Z -“J-_-IJL':‘JL'U}"\'F. ﬁ.\}z |_"'l.'!2 [, J'HrH: H\ 1

N'NT.F!.F

o(3) | o,
0t |Af
1 [T
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n)
(PN omritm = (N U m'|N3 Lm) = Z 7 ()Y, ()

n

Z Yim () [n)

(N1, m) AT

25%25 . . T -
P D
_ for loye = 4 > L
[(ji]l"._f.a:_:rn |;‘7\"TZ [ '?'?1) '
Z Pos (o
0 At
T ’ 1 T
|J\/1Ff(l> 2 EOT,
3 AOT®T,
4 AYOEOT,®T,"
Orthonormalization [R"\r;l—‘,a]ﬁ’,f’:f,f = <:\T l!: I f;. o|N. [T, f (1‘>
/ — Z [(jt"']?_ff__a;-mf[P_-'\"]l".-m’:_f._:rn[(j:']l—’.f_.a;-m

IN:T', F )

Combination Coefficients: (G 1]y pine =Y (NiT,F',a|N;L,T, f,a) (N:1,T, f,a|N:T, F, )
f



P-Matrix

S-Wave p-wave d-wave fowave E-wawve
J“ﬂ-\ -~ e e T e N " T -
1.0 L0s 1.75 1.0
1L ~0,94 -1.21
1M1 1.53
1. -1.21 -0.94
128 1.2% 1.0% 108
0
2.50 1.17 1.40 1.17
it
128 125 ~1.0% ~1.08
-1.21 146 113
0
~0.94 088 113
.53 233
-0.94 1.13 0.8%
il
-1.21 1.13 L.
105 ~1.17 .64 .18 154
o
~1.0% —1.08 0.94 094
0
1.75 140 L1% 384 E
i
~1.08 ~1.08 .94 094
105 ~1.17 164 .18 164
[szl]/CS(l) C3(1) =6
T ¥ r [ - - ¢ om
[Px]r et m o= (NG U m|N;1,m) = 4 Z Yir ()Y, (f)
[m|Z=N
25 % 25 matrix ordered as (I, m) = (0,0), (1,—1), (1,0), (1,1), ---, (4,4)




P-Matrix

s-wave p-wave d-wave f-wave E-wave
J‘ﬁ-‘\ -~ e N e -~ e e T e
C LM 007 0,11 007
1.00 0106 ~00.00%
100 0,10
1.4 — (0K 010
1.02 0,05 0.07 009
11,94 01431 11,083
110 0.0 0,10 0.9
0.94 .03 —{0LiH1
(0% 102 0.0 -7
.0 103 0.8
02,94 LIE
— 106 098 0.0
0.10 110
0104 (09 098
(.03 004
—iL0& 009 L3
007 —0.4r 1.04 0l 020
003 0.93 — LM
-7 —.09 1.03 (.04
- .85 —0.04
011 010 0.1l .30 il
—0.01 —0d 0.8%
—009 ~0.07 0.08 103
0.03 —0.04 0.93
L 007 .09 020 011 L4

P

4

v=ssi] /C5(581)

C3(581)

336

[Prlrrmrem = {N;U',m'|N:L,m) = dn Z Yir () Y0, ()

[n|#F=N

25 x 25 matrix ordered as (I, m) = (0,0), (1,—1), (1,0), (1,1), ---, (4,4)




P-Matrix

S-wave p-wave d-wave f-wave E-wave
:‘-’ﬂ""‘\ s i A o T - o " ™
100 i 0.2 i1
1.0 i 42
1.4 0,02
.00 0.2 (]
] 002 i 0,02
141 .00 ~ 040
095 .02 0.2 0,02
1.l 00000} {10
-0,02 1m0 002 0.
{0z 0.5 -2
101 0,006
0.0 1. (.42
—0.02 098
(i —002 1001
0.0 1.1
0.02 -{02 0.99
—001 002 0.99 1.2 L
—-0.00 Lol L)
0. 0z 1001 0.0
0.00 102 000
-0z —002 —i02 0,95 -0z
0.0 0.0<p 1.0z
0.02 (i —001 100
—0.00 0.00 1ol
— 01 0.02 —i03 0.2 .99

[PN:941]/03(941) 03(941) = 092

[Pn]ir et m o= (N U, m'|N;I,m) = dx Z Yir, o ()Y, ()

[n|2=N

25 x 25 matrix ordered as (I, m) = (0,0), (1,—1), (1,0), (1,1), ---, (4,4)
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Moving and Elongated system

AFlfEE A _ BRI, 3
AIXTEEA VIR R GEHY 1 A e
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Pure Moving system

Z/: (n)) |n) 11|+ZL V(

IIIII

V(K k) — [j‘(k)uk k)j(k)].

). k(n)) |n) (n|

K 2
ffn.



Moving and Elongated system

Special cases of the parallelepiped

Cube
1]
[*)

/“\

Square cuboid

(a)d,=(0,0,1)
a7 N Trigonal
a r . trapezohedron
(©d, = (1,1,1)
/ \ e e
3ectangular = Right rhombic
cuboid o a Prism
a (b) d,,= (0,1,1)

1—1?

N/

A ' Oblique rhombic
al © i
\ Na ¢ prism
b a
Parallelepiped
-

il
b

Right
parallelogrammic
prism

Facecolours

]
/N
4
\ ./
L

Pure Moving system

Hy =37 b)) o) (n] + 3LV (k(n'). k(n)) ) (n]

n’.n

VK = [ZHR) VR K Th) . k=T

Moving and Elongated system
Hy =Y h(k*(m) [n) {n|+ ) 5~ L7 V(k(n'). k(n)) [n') (n]

2 1
kL(HL+”n||) ,

V(K. k)= J2(K)V(K*. k") T2 (k).

Moving Elongated mass
A: No No any
B: Yes Yes unequal
Cl: No Yes any
C2: Yes Yes equal
Case d, 0 d, mi = s’ €n
A any =1 0 any n’
B d#0 any d#£0 no (0%, (d —=n)?) or (n*,n-d)
Cl1 d#0 #1 0 any (0% |n-d)
2 d#0 any d#0 ves {113. (d— nJ")}




Moving and Elongated system

Case A B C1or C2
Goo O(3) 0O(2) O(2)xCs
(FMoos Vo) (I7 . m) (|m|, Sim) \m\ Sm)

1 1 1
) j? 2 szx’ (l—m)!

~ln IF+TN)
Ul Ul
X R;'}'L(COH H )R"HI (CUH H*)

) 7 Amao*
UT 0. oteo }Im €

l\.}|>—\

VEX

k)i

" (I—m)!
’f 4 (I+m)!

X P (] cos 8™|) Py (| cos %))

S’P(” .. 9*) (_J-i-rrzch*

Moving and Elongated system

Moving Elongated mass
H; iz h(k* () [m) (mf + > 57 L7 V(k(n'). k(n)) [0') (n| A: No no any
] 1 " . . B: Yes Yes unequal
C2: Yes Yes equal
PICK) = 3 (e en) S uran (W) tf () O 44w
[ oo A any =1 0 any n?
B d#0 any d#0 10 (0, (d=n)?) or (n®.n-d)
Cl1 d#0 #1 0 any (n®, |n-d)
2 d#0 any d#0 yes

{n". (d— n]")}
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Example of Isospin-2

lcut = 4, only s-, d- and g-waves are present

Separable potential model:

vi(p, k) = filp)Gfi(k)

x k)
fi(k) ~ (di x k)

6 parameters: G, G, Gy, dy, da, dy

Dimensions of Hamiltonians (N, = 600):

Al:923 Et:965 T

The fitted data: 11 energy levels

(1 + (d{ « k)2)§f2+2

963

Scattering

FRD 86, 034031 (2012)
Jozef J. Dudek et al.
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Example of Isospin-2 Scattering

Volume dependent spectra  Phase shifts with errors

AT |N=0 N=1 N=2 N=3 N=4 ... o [ —

Ist | 99.7 02 0.0 0.0 0.0 - i =

ond | 0.1 974 19 02 00 : - o e

3rd | 0.0 1.5 945 28 03 .. E - T
. . T

@ Fitting — Parameters — H and Hp @ e + o i

o H — 6,(F)

© H, — E.(T, L)
EHFL—} ©]

et




Example of Isospin-2 Scattering

TABLE III. The dimensions of the finite-volume Hamiltonian matrices for each of the irreducible
representations I', for N, = 100 and 600.

Case: d r Newt = 100 Nyt = 600

A:(0,0,0) (A AL ET. T T5) (129,0, 145, 75, 144) (9230, 965, 488, 963)
Cl: (0,0,1) (A7.A$.Bf.Bf . EY) (357.202,271,249,448)  (4357,3004, 3354, 3254, 6222)

C1: (0.1,1) (AT, A3, B, BY) (624, 467,465, 487) (8122, 6806, 6802, 6923)
Cl: (1.1.1) (A, A3, E7T) (409, 239, 652) (5320, 3504, 8879)
C2: (0,0,1) (A7.AF, By . By ET)  (308,173.234,214,448) (4102, 2826, 3158, 3064, 6222)
C2: (0.1,1) (AT, AT, BT, BY) (558,420,417, 433) (7772,6516, 6518, 6625)
C2: (1.1.1) (AT, AT, ET) (354,215, 564) (5035, 3360, 8381)
(=0 (=2 (=4
Data used 2 /Naot Go dy 9 do Gy dy
Rest only 10.5/(11-4) 67.8 4.57 90.6 dp 3.40 x 102 dp

Rest & Moving 115.9/(49-4) 67.2 4.59 68.1 dp 2.57 x 102 dgp




D) VA ey

University of Chinese Academy of Sciences

Example of Isospin-2 Scattering

S)
=
g

aB(L)

a,E(L)

aE(L)

aE(L)

T,

aB(L)

18

20
L/as

aE(L)
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0.15
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0.20

0.15

0.25¢

0.20
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0.20

0.15¢

O

AJ\
\

B/

/

d=(0,1,1)

16 18 20 22 24
L/a,
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XN 20 ‘g‘

* Non-Relativistic Effective Field Theory (NREFT)
L=L1+4+ Lo+ L3 :
2 pCOt(So:—a—‘f‘%)p2
ﬁlzw*(z‘ao—)w 1

2m p°cotdy = ——
Ly = —%w*w*ww - % (VAT + hee) + - 2

—% (WT VYVT - Vip — 3TVt V2 + h.c.) +oe

D D
Ls = ==ty — — @IYTVE gy + hee) + -

—% (w%f - VeVt - Vipyp — 3ytoT V2T V2py + h.c.) <o

Phys.Rev. D97 (2018) no.11, 114508 Doring, Hammer, Mai, Pang, Rusetsky, Messiner, Wu
Phys.Rev. D99 (2019) no.07, 074513 Jin-Yi Pang, Jia-Jun Wu, H.-W. Hammer, A. Rusetski, U. Messiner
Phys.Rev. D102(2020)no. 11, 114515 Jin-Yi Pang, Jia-Jun Wu, Li-Sheng Geng
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TRARFCH B =18 & 5t

L=l (z‘@o — Z—m> Y S-wave
Ly = —%w*ww - % (¥t V2T + hoe) + - --

D D
L3 =~ Tpiggy — =2 (WITVTgyg + he) + -
Dimer 37 &%

(007 027 DO) DQ)

. V?
L1 =T (7,8 = %> (2 ~ (0, f1, ho, h2)

Lo ZO'TTT—F% [TT (wlb—l-fllele—F"') —|—h.c.]

L3 = hoT Tyl + hoTHT (TV2) + hoc) + - -
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Dimer iﬁ;

Lo=0oT'T+ [T (¥p + fr)Veh + -
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SAKFA TCH

)
™~

Ly *ﬁ

WWWD - == (@I Vlyy + h.c.)

>< >:< >O< >GO<

:) + h.c.]

® =0 +:0:OI+:O:

7'(]2, E) =

1

k*cotdo(k*) + ik*

=1k &5t
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TRAEFCH B =18 R 5t

Dimer Particle 55 VS 3 Particles g4
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TRRAERICH B =K R G

ﬁﬁiﬁ%@ N T S-wave & O(p) & Non-Relativistic

apg=m =1

B .
0
- — L 1 HO E E L 1
WEHA  Bs(3p) =10 > Ho(A) vs A

A
F(.By) = [ dFZ(5.F. Ba)r(F. Bo) F(E. By)
0

M(p,q, E) is A independent

P.F. Bedaque, H.-W. Hammer, and U. van Kolck NPA 646 444 (1999)
The three-boson system with short-range interactions
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m, 0 0
2 2 2 2
H= 0 \/k0+mN+\/ko+mﬂ 0
0~ 2 2 2 2
0 0 JKE+mE 4 k24 m
3
fin 277 2 fin 27Z ’
O, (K)=| — | (k) Vo (Ko Kn) = =1 Vonon (Ko Kp)
T n L 7N n Vi v n m L 7N, zN n m
SLI 11 PI3
T 15 T T
— 0k_
iy s |
o —_!_l_‘i
= *|
(e L -5 L -lo L
1100 1200 1300 1100 1200 1300 1100 1200 1300
W (MeV) W (MeV) W (MeV)
S?I P,'H P%:
T T 5 T
0F -
0 i 120
E"-mj\\ 1 E’J e = E”
) - = -5F 41 =
o ‘.\\“ o -] o wf
-20 ™ -0k 1
230 LWL . -5 L 1 0 1
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E (MeV)

M,

gin(k,) v
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1300

1200
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Jn (ko) O (K,)

fin

fin

7N, zN

zN,zN (kO’ kO) V/Zf'i’:l],ﬂ'N (kO’ kl)

N scattering in the A resonance energy region

(kl’ kO) V;:ilil],izN (kO’ kl)

g7Z'N (kn) V7rN,7rN (kn ! km)

From Sato-Lee model
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T n L 7N n Vi v n m L 7N, zN n m
SLI 11 PI3
T 15 T T
— 0k_
iy s |
o —_!_l_‘i
= *|
(e L -5 L -lo L
1100 1200 1300 1100 1200 1300 1100 1200 1300
W (MeV) W (MeV) W (MeV)
S?I P,'H P%:
T T 5 T
0F -
0 i 120
E"-mj\\ 1 E’J e = E”
) - = -5F 41 =
o ‘.\\“ o -] o wf
-20 ™ -0k 1
230 LWL . -5 L 1 0 1
1100 1200 1300 1100 1200 1300 1100 1200 1300
W (MeV) W (MeV) W (MeV)

E (MeV)

M,

gin(k,) v
g/ (k) v

1500

1400

1300

1200

1100

1000

Jn (ko) O (K,)

fin

fin

7N, zN

zN,zN (kO’ kO) V/Zf'i’:l],ﬂ'N (kO’ kl)

N scattering in the A resonance energy region

(kl’ kO) V;:ilil],izN (kO’ kl)

g7Z'N (kn) V7rN,7rN (kn ! km)

From Sato-Lee model




University of Chinese Academy of Sciences

Other Method

Resonance Properties: Mass, Width,
Pole position, Coupling, structure

Model (K matrix or others)

Lischer Equation

T matrix
inelasticity



ijjfﬁ#%?ﬁav?

sity of Chir

Why equivalent with Luscher Equation ?

4 1 27\° 1 9z n (kn)
ko.cot(d Pfk:%zk— (—) — N T
(9m) 7E g5 5 (Kon) ! L 477}_5 —~ | E; \/m?\,—i—k% \/’m,?r—l—k,%
n—fn
2 / ) (%)3 1 1 2 kL
== kédk — | — | — 7Zoo(1: (—=)2
. e 7z 200l (52))
Zeta Function
3 as for Luscher
27 1
+— |P | K%dk— | = | — X
7 / ( L ) AT _ ]
Fn=277

gan (kn)/gzn (kon) — 1 i
Ei—/m2 +k2 —/m2+k2 No Singularity

Would be suppressed by e‘Lm



) Y ¢ LS
e University of Chinese Academy of Sciences

MIFRZNHL

K

i A ORI 4 (HEFT)

=K

A BRARFR A 1 %

SEAp e

B FRARFR A B ARIERS VS TCRRIRFR

—t T = N A
o EIRE




@ TN TRXS

H 248 IRARAR R ARNERS?
(Hy+H) Y >= E|¥Y >
Up)=ColB>+ »  Crg(kn)la(kn))

kn=2C7

X EEARME S LR AT A KR R?

Infinite-Volume

The eigenstate of Hamiltonian is final scattering state,
which are continuum,

0 1 N 1 b PP
1000 1200 1400 1600 1800 2000

E (MeV)




B TN TRRT

L University of Chinese Academy of Sciences

—_ . a —a
o 5 MEZS VS AR
H ’fluu» 7N J/IK
1.0 T r r r r r r r . r r .
| L=3fm 1 L=5fm E L=10fm
0.8} AE = 250 MeV | + AE = 150 MeV | + AE = 75 MeV
Sato-Lee Model for o6l A 1 1 =
A(1232) region ] oo
% 0.2 : \ : i
o oo = T ’ “L.?
JIa_Jun Wu etc. ;_:0'8_ &E;L’%fgev " AEZ%%fI\TeV ‘-' Aé;i%f;ﬂnev 1
Phys.Rev. D95 (2017) ol
no.11, 114507 0.4¢
0.2
0. .0 1j2 114 16 1.8 1.0 1j2 114 1.6 1.8 1.0 112 1j4 1.6 1.8 2.0

E (GeV)

1 1
Finite-Volume  pV e = B|UY, |2
Black Solid line ( g ) ZV AFE Pave AE<EZ<Eave+AE H ‘ EO‘H
k 2 Sfalby =
Infinite-Vol 1 n
resomenme D)= 3w () o k) (5194
1=1,mn,

LQCD -> N* resonance -> coupled-channel data

Since PY(E)-> P(E) as volume size increase, P(E) which can be readily calculated using
ANL-Osaka Hamiltonian can already bridge
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Testing the threshold expansion for three-particle energies 64n°a C?' 3ra bzra
at fourth order in ¢* theory ml> m2l13 JE

Stephen R. Shzupe*

3
a
3
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(Received 24 July 2017; published 26 September 2017)
+Cr +Cy + C4 —MJFO(L-?) (16)
New = mL/(2n), ¢ = 162°(\/3 — 4n/3) FrbaT sl =g 376 = :

and evaluated in Ref. [8]. The new amplitude entering at
O(1/L%) is the divergence-free three-to-three threshold
amplitude M5 4., which begins at O(4?) in perturbation
theory. The numerical values of Cy, C4, and Cs depend
on the choice of UV cutoff, but this dependence cancels
with that of M .. This cancellation is necessary because
AE5 4 18 a physical quantity.
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3-Particle AR, i.e., 0 <mE < L2
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3-Particle AR, i.e., 0 <mE < L2

Z(i,5)7(j) = O(L~

1) for i>1 or j>1
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amplitude M3 4., which begins at O(4?) in perturbation
theory. The numerical values of Cz, C4. and Cs depend
on the choice of UV cutoff, but this dependence cancels
with that of M .. This cancellation is necessary because
AE- 4, 1s a physical quantity.
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