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Prelim
inary 

C. A. Argüelles, V. Brdar, J. Lazar, YYL, in prep

weakly-interacting particles

new physics

<latexit sha1_base64="7UsfiyyInA7KbVW17sHwFA27E2U=">AAACB3icdVBNSwMxEM3Wr1q/Vj0KEiyCF+uulLbHohdPUsG2Qncp2TRtQ5PskmSFstSTF/+KFw+KePUvePPfmG1XqKIPBh7vzTAzL4gYVdpxPq3cwuLS8kp+tbC2vrG5ZW/vtFQYS0yaOGShvAmQIowK0tRUM3ITSYJ4wEg7GJ2nfvuWSEVDca3HEfE5GgjapxhpI3XtfU/Ex6bgCbyEiSf5HRWaSIRTW026dtEpOVPAOVKruhWnCt1MKYIMja794fVCHHMiNGZIqY7rRNpPkNQUMzIpeLEiEcIjNCAdQwXiRPnJ9I8JPDRKD/ZDaUpoOFXnJxLElRrzwHRypIfqt5eKf3mdWPdrfkJFFGsi8GxRP2ZQhzANBfaoJFizsSEIS2puhXiI0hRMdAUTwven8H/SOi25lVL5qlysn2Vx5MEeOABHwAVVUAcXoAGaAIN78AiewYv1YD1Zr9bbrDVnZTO74Aes9y+/U5lJ</latexit>

⌫ � ⌫/N interactions

strongly interacting many-body system

computational efforts

V. Brdar, A. de Gouvêa, YYL, P. A. N. Machado, arXiv:2302.10965 
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M. Cepeda, et al, arXiv:1902.00134

new physics
collider precisions

computational efforts
real-time strong dynamics

Parton Distribution Function (PDF)
``the probability of getting partons

 with certain momentum out of proton”
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Relativistic Quantum Mechanics           Quantum Field Theory (QFT)

A

B

path integral on the background of field configurations

Simulating the Theory
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Lattice QCD - Euclidean Spacetime

path integral in 
Euclidean spacetime

Monte Carlo 
sampling of lattice 
field configurations

Euclidean 
correlations and 

physical observables hOi =
P

C O(C)W (C)P
C W (C)

<latexit sha1_base64="NnjuOEUJLjH4E8nFPiAWlMXE0dA="></latexit>

Imaginary time problem :W (C) ⇠ exp(�S(C))

<latexit sha1_base64="S5djf3qnJ9fUihbQcv9tCW4pkxE="></latexit>

<latexit sha1_base64="Cv68jpcYCn/A/kq7MnXyWDFYEYA=">AAACInicbVDLSsNAFJ3Ud31VXboZLIKrkoj42BXduKxgq9CEMpnc1KGTmTAzEUpIf8WNv+LGhaKuBD/GSezC14GBwzn33rn3hCln2rjuu1ObmZ2bX1hcqi+vrK6tNzY2e1pmikKXSi7VdUg0cCaga5jhcJ0qIEnI4SocnZX+1S0ozaS4NOMUgoQMBYsZJcZKg8ZJ7qsExwx4NKFSxGyYqcrSk8L3635CzA0lPD8rysKJFBNOjGEUikGj6bbcCvgv8aakiaboDBqvfiRploAwlBOt+56bmiAnyo7jUNT9TENK6IgMoW+pIAnoIK9OLPCuVSIcS2WfMLhSv3fkJNF6nIS2slxZ//ZK8T+vn5n4OMiZSDMDgn59FGccG4nLvHDEFFDDx5YQqpjdFdMbogg1NtW6DcH7ffJf0ttveYetg4uDZvt0Gsci2kY7aA956Ai10TnqoC6i6A49oCf07Nw7j86L8/ZVWnOmPVvoB5yPT8gnplE=</latexit>

field configurations

C on lattice

<latexit sha1_base64="Cv68jpcYCn/A/kq7MnXyWDFYEYA=">AAACInicbVDLSsNAFJ3Ud31VXboZLIKrkoj42BXduKxgq9CEMpnc1KGTmTAzEUpIf8WNv+LGhaKuBD/GSezC14GBwzn33rn3hCln2rjuu1ObmZ2bX1hcqi+vrK6tNzY2e1pmikKXSi7VdUg0cCaga5jhcJ0qIEnI4SocnZX+1S0ozaS4NOMUgoQMBYsZJcZKg8ZJ7qsExwx4NKFSxGyYqcrSk8L3635CzA0lPD8rysKJFBNOjGEUikGj6bbcCvgv8aakiaboDBqvfiRploAwlBOt+56bmiAnyo7jUNT9TENK6IgMoW+pIAnoIK9OLPCuVSIcS2WfMLhSv3fkJNF6nIS2slxZ//ZK8T+vn5n4OMiZSDMDgn59FGccG4nLvHDEFFDDx5YQqpjdFdMbogg1NtW6DcH7ffJf0ttveYetg4uDZvt0Gsci2kY7aA956Ai10TnqoC6i6A49oCf07Nw7j86L8/ZVWnOmPVvoB5yPT8gnplE=</latexit>

field configurations

C on lattice

remains the only tool for  
precise, controllable,  

first principle calculations
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finite density

<latexit sha1_base64="lp6Yb1EGCQdEl2cZSKQRTqpLr8k=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tFEISSSFGPRS8eK7Uf0Iaw2W7apZtN2N0opfbgX/HiQRGv/g1v/hu3bQ7a+mDg8d4MM/OChDOlHefbyi0tr6yu5dcLG5tb2zv27l5DxakktE5iHstWgBXlTNC6ZprTViIpjgJOm8HgeuI376lULBZ3ephQL8I9wUJGsDaSbx/UOpL1+hpLGT+gGjpFDNV817eLTsmZAi0SNyNFyFD17a9ONyZpRIUmHCvVdp1EeyMsNSOcjgudVNEEkwHu0bahAkdUeaPp/WN0bJQuCmNpSmg0VX9PjHCk1DAKTGeEdV/NexPxP6+d6vDSGzGRpJoKMlsUphzpGE3CQF0mKdF8aAgmkplbEeljiYk2kRVMCO78y4ukcVZyz0vl23KxcpXFkYdDOIITcOECKnADVagDgUd4hld4s56sF+vd+pi15qxsZh/+wPr8AQoulNI=</latexit>

S ! S + iS1

real-time dynamics

<latexit sha1_base64="lI/23bwbu3QYjt86fcJNEOna0uQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokUdVnUhcuK9gFNLJPppB06eTAzEUrIyo2/4saFIm79Bnf+jZM2C209MHA4517m3OPFnEllWd/GwuLS8spqaa28vrG5tW3u7LZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtd5n77gQrJovBOjWPqBngQMp8RrLTUMw8cFirkBFgNCebpVYaceMgQvU8Zus16ZsWqWhOgeWIXpAIFGj3zy+lHJAloqAjHUnZtK1ZuioVihNOs7CSSxpiM8IB2NQ1xQKWbTs7I0JFW+siPhH461ET9vZHiQMpx4OnJPK+c9XLxP6+bKP/cTVkYJ4qGZPqRn3CkIpR3gvpMUKL4WBNMBNNZERligYnSzZV1CfbsyfOkdVK1T6u1m1qlflHUUYJ9OIRjsOEM6nANDWgCgUd4hld4M56MF+Pd+JiOLhjFzh78gfH5A4ACmIM=</latexit>Z
D�eiS

PDF

complex S(C) for non vanishing ✓
<latexit sha1_base64="uL5gSxhGDRklOqw89ERgoIYAOlw="></latexit><latexit sha1_base64="uL5gSxhGDRklOqw89ERgoIYAOlw="></latexit><latexit sha1_base64="uL5gSxhGDRklOqw89ERgoIYAOlw="></latexit><latexit sha1_base64="uL5gSxhGDRklOqw89ERgoIYAOlw="></latexit>

Lattice QCD - Euclidean Spacetime - first principle calculations
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Lattice QCD - Euclidean Spacetime

hOi =
P

C O(C)W (C)P
C W (C)

<latexit sha1_base64="NnjuOEUJLjH4E8nFPiAWlMXE0dA="></latexit>

Imaginary time problem :W (C) ⇠ exp(�S(C))

<latexit sha1_base64="S5djf3qnJ9fUihbQcv9tCW4pkxE="></latexit>

complex S(C) for non vanishing ✓
<latexit sha1_base64="uL5gSxhGDRklOqw89ERgoIYAOlw="></latexit><latexit sha1_base64="uL5gSxhGDRklOqw89ERgoIYAOlw="></latexit><latexit sha1_base64="uL5gSxhGDRklOqw89ERgoIYAOlw="></latexit><latexit sha1_base64="uL5gSxhGDRklOqw89ERgoIYAOlw="></latexit>

Sign Problem

configuration space C is exponentially large in system size

<latexit sha1_base64="i9GZem0xYIxHfcuEuLLL2UmX4Us="></latexit>

configuration space C is exponentially large in system size

<latexit sha1_base64="i9GZem0xYIxHfcuEuLLL2UmX4Us="></latexit>

<latexit sha1_base64="VCgZE765NgMDd35v5VXZQPDYRLc=">AAACHXicbVDLSgMxFM34rPVVdekmWARXZUaKiquiG1dSwVahLSWT3mmDSWZI7gh1aD/Ejb/ixoUiLtyIf2P6WPg6EDicc26Se8JECou+/+nNzM7NLyzmlvLLK6tr64WNzbqNU8OhxmMZm+uQWZBCQw0FSrhODDAVSrgKb05H/tUtGCtifYn9BFqKdbWIBGfopHahnDWNorZvEdTQijsYDs7b9WM6lnWqQjDDOBpKhig4uASCHbQLRb/kj0H/kmBKimSKarvw3uzEPFWgkUtmbSPwE2xlzLhLJQzyzdRCwvgN60LDUc0U2FY23m5Ad53SoVFs3NFIx+r3iYwpa/sqdEnFsGd/eyPxP6+RYnTUyoROUgTNJw9FqaQY01FVtCMMcJR9Rxg3wv2V8h4zjKMrNO9KCH6v/JfU90vBQal8US5WTqZ15Mg22SF7JCCHpELOSJXUCCf35JE8kxfvwXvyXr23SXTGm85skR/wPr4AaA6kAQ==</latexit>

system size NV : number of lattice sites
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<latexit sha1_base64="yPcWqvZoa1/7F25VqMGAZ12HBWQ="></latexit>Z
D�eiS = hx| e�iHt |yi

Lattice QCD -  Real Time

<latexit sha1_base64="c99/ND2vD1cf5aBW7OmyHPbyM/c=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUpQBYwVDHRCRaIPqQmR4zqtVTuJbAepSrOw8CssDCDEyj+w8Te4bQZoOZKlo3Pu1fU5fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMBqSpqKKkU4sCOI+I21/eDXx2w9ESBqFd2oUE5ejfkgDipHSkmcepo7gsEd5VodOLKJYRXB8Pb5Pb7xW5pllq2JNAReJnZMyyNHwzC+nF+GEk1BhhqTs2las3BQJRTEjWclJJIkRHqI+6WoaIk6km05TZPBYKz0YREK/UMGp+nsjRVzKEff1JEdqIOe9ifif101UcOGmNIwTRUI8OxQkDOqok0p0ekGwYiNNEBZU/xXiARIIK11cSZdgz0deJK3Tin1Wqd5Wy7XLvI4iOABH4ATY4BzUQB00QBNg8AiewSt4M56MF+Pd+JiNFox8Zx/8gfH5A1HdmHk=</latexit>

dimH / |G|NV

<latexit sha1_base64="VCgZE765NgMDd35v5VXZQPDYRLc=">AAACHXicbVDLSgMxFM34rPVVdekmWARXZUaKiquiG1dSwVahLSWT3mmDSWZI7gh1aD/Ejb/ixoUiLtyIf2P6WPg6EDicc26Se8JECou+/+nNzM7NLyzmlvLLK6tr64WNzbqNU8OhxmMZm+uQWZBCQw0FSrhODDAVSrgKb05H/tUtGCtifYn9BFqKdbWIBGfopHahnDWNorZvEdTQijsYDs7b9WM6lnWqQjDDOBpKhig4uASCHbQLRb/kj0H/kmBKimSKarvw3uzEPFWgkUtmbSPwE2xlzLhLJQzyzdRCwvgN60LDUc0U2FY23m5Ad53SoVFs3NFIx+r3iYwpa/sqdEnFsGd/eyPxP6+RYnTUyoROUgTNJw9FqaQY01FVtCMMcJR9Rxg3wv2V8h4zjKMrNO9KCH6v/JfU90vBQal8US5WTqZ15Mg22SF7JCCHpELOSJXUCCf35JE8kxfvwXvyXr23SXTGm85skR/wPr4AaA6kAQ==</latexit>

system size NV : number of lattice sites

exponentially large number 
 of classical bits in system size
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CLASSICAL 
EASY

real-time dynamics
finite density

quantum interference
out-of equilibrium

``strongly interacting many-body system’’

High Energy Physics

``a computing system that scales well with the system size?”

polynomial time



Quantum Computing
1982

“ if you want to make a simulation of Nature, you’d better make it quantum 
mechanical”

“nature isn’t classical”

11

R. P. Feynman



Quantum Computing

 e <latexit sha1_base64="+dwCdfB0qiIA+5HrV8EDdn1rRYY="></latexit>

| i = ↵ |"i+ � |#i

<latexit sha1_base64="G/e1A3ufF1aJcIWRMSwkzdFEewc="></latexit>

2300 classical bits are needed to describe the system of 300 qubits

12

<latexit sha1_base64="PD6KX/8nxMdxEj0KL6Wf/z0eheo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVol6EohdPUsF+SLuUbJptQ5PsmmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg98ZtPVGkWyXsziqkvcF+ykBFsrPRw231El+jUdbvFklt2p0CLxMtICTLUusWvTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+dHjxGR1bpoTBStqRBU/X3RIqF1iMR2E6BzUDPexPxP6+dmPDCT5mME0MlmS0KE45MhCbfox5TlBg+sgQTxeytiAywwsTYjAo2BG/+5UXSOCl7Z+XKXaVUvcriyMMBHMIxeHAOVbiBGtSBgIBneIU3RzkvzrvzMWvNOdnMPvyB8/kDssyPCw==</latexit>

Nq = 300

``a computer that uses qubits” 
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1996 - Seth LIoyd: efficient simulation of LOCAL Hamiltonians 

Quantum Computing

<latexit sha1_base64="JgpC8jCwcPNzkLTnxNAYOhJFPOU=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDdlRoq6LLpxVSrYB7TjkEkzbWiSGZOMUIa68FfcuFDErZ/hzr8xbWehrQcCh3Pu5eacIGZUacf5tnJLyyura/n1wsbm1vaOvbvXVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXk381gORikbiVo9i4nHUFzSkGGkj+fZBrfRoACE86cYyinUEa/79HfftolN2poCLxM1IEWSo+/ZXtxfhhBOhMUNKdVwn1l6KpKaYkXGhmygSIzxEfdIxVCBOlJdOA4zhsVF6MIykeULDqfp7I0VcqREPzCRHeqDmvYn4n9dJdHjhpVTEiSYCzw6FCYMm5qQN2KOSYM1GhiAsqfkrxAMkEdams4IpwZ2PvEiap2X3rFy5qRSrl1kdeXAIjkAJuOAcVME1qIMGwGAMnsEreLOerBfr3fqYjeasbGcf/IH1+QNPXZWa</latexit>

N( ) / Nm
q

Polynomial Time Complexity
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QUANTUM EASY

High Energy Physics
real-time dynamics

finite density
quantum interference

out-of equilibrium
``strongly interacting many-body system’’

QUANTUM HARD

How Powerful It is?

CLASSICAL 
EASY

polynomial time

e.g. traveling salesmen
problem
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1990s  -  error-correcting codes and fault-tolerant methods

Quantum Threshold Theorem

Quantum Computing

2019 - Google: Quantum Computational Supremacy

The quantum hardware is 
producing meaningful results

P.  Shor
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Quantum Computing

Now - Noisy Intermediate Scale Quantum (NISQ) era 

48 logical
qubits

more than 50 well controlled qubits, not error-corrected yet

multi-chip quantum processor

80 qubits

22 qubits

1121 qubits
access to 133 qubits 

176 qubits 54 qubits

Jiuzhang - 255 qubits

superconducting processor

photon qubits trapped ion qubits
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Quantum Computing

Next decades

🔍
~200 qubits
~1000 gates
corrections!
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Quantum Computing for HEP
<latexit sha1_base64="yPcWqvZoa1/7F25VqMGAZ12HBWQ="></latexit>Z

D�eiS = hx| e�iHt |yi

mapping

DOF to qubits

time evolution 
to quantum gates

non-trivial vacuum,
composite initial state,

bosonic and fermionic DOF, 
symmetries, …



Where are we? General Framework

S. P. Jordan, 
  K. S. M. Lee, 

J. Preskill 

|qiN ! |Gi

<latexit sha1_base64="OVUBOLikoVWeZMkb4zzR+F/49dU=">AAACEnicbZDLSsNAFIYn9VbrLerSTbAIuimJFHQlRRe6kgr2Ak0sk+mkHTrJxJkTpcQ+gxtfxY0LRdy6cufbOG2z0NYDAx//fw5nzu/HnCmw7W8jNze/sLiUXy6srK6tb5ibW3UlEklojQguZNPHinIW0Row4LQZS4pDn9OG3z8b+Y07KhUT0TUMYuqFuBuxgBEMWmqbBy6nATzcupJ1e3ByczkBLKW4n1jnmdU2i3bJHpc1C04GRZRVtW1+uR1BkpBGQDhWquXYMXgplsAIp8OCmygaY9LHXdrSGOGQKi8dnzS09rTSsQIh9YvAGqu/J1IcKjUIfd0ZYuipaW8k/ue1EgiOvZRFcQI0IpNFQcItENYoH6vDJCXABxowkUz/1SI9LDEBnWJBh+BMnzwL9cOSUy6Vr8rFymkWRx7toF20jxx0hCroAlVRDRH0iJ7RK3oznowX4934mLTmjGxmG/0p4/MHxYKeyw==</latexit>

U |GiL ! | 0i

<latexit sha1_base64="0VodhIs6LZa/kWMF+bQ7CdIQmMQ=">AAACInicbVDLSsNAFJ3UV62vqEs3wSK4KokU1I0UXejCRQXTFppYJtNJOzh5MHOjlNhvceOvuHGhqCvBj3HSZKGtBwYO59zLnXO8mDMJpvmllebmFxaXysuVldW19Q19c6slo0QQapOIR6LjYUk5C6kNDDjtxILiwOO07d2eZX77jgrJovAaRjF1AzwImc8IBiX19GMnwDAkmKf22OHUh4dzR7DBEE5uLnOChYjuc8uJJeuZhd/Tq2bNnMCYJVZBqqhAs6d/OP2IJAENgXAsZdcyY3BTLIARTscVJ5E0xuQWD2hX0RAHVLrpJOLY2FNK3/AjoV4IxkT9vZHiQMpR4KnJLJCc9jLxP6+bgH/kpiyME6AhyQ/5CTcgMrK+jD4TlAAfKYKJYOqvBhligQmoViuqBGs68ixpHdSseq1+Va82Tos6ymgH7aJ9ZKFD1EAXqIlsRNAjekav6E170l60d+0zHy1pxc42+gPt+wfWIqWy</latexit>

U | 0i ! | (t)i

<latexit sha1_base64="mfZxQFhqboFWKV17tjWIV8Ih5k4=">AAACJnicbVDLSsNAFJ34rPUVdekmWIS6KYkUdKMU3bisYNpCE8JkOmmHTh7M3Cgl9mvc+CtuXFRE3PkpTtqA2npgmMM59zJzjp9wJsE0P7Wl5ZXVtfXSRnlza3tnV9/bb8k4FYTaJOax6PhYUs4iagMDTjuJoDj0OW37w+vcb99TIVkc3cEooW6I+xELGMGgJE+/cEIMA4J5Zo8dTgN4dBLJPNMRrD+Ay9mFhYgfftwqnBS2p1fMmjmFsUisglRQgaanT5xeTNKQRkA4lrJrmQm4GRbACKfjspNKmmAyxH3aVTTCIZVuNo05No6V0jOCWKgTgTFVf29kOJRyFPpqMg8l571c/M/rphCcuxmLkhRoRGYPBSk3IDbyzoweE5QAHymCiWDqrwYZYIEJqGbLqgRrPvIiaZ3WrHqtfluvNK6KOkroEB2hKrLQGWqgG9RENiLoCb2gCXrTnrVX7V37mI0uacXOAfoD7esbC1qnVg==</latexit>

hOi

<latexit sha1_base64="6ZD20VBihU0PQrQBWzohU51m280=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSKehBpOjFmxXsBzSlbLabdulmE3YnQgn14l/x4kERr/4Lb/4bN20O2vpg4PHeDDPz/FhwDY7zbRWWlldW14rrpY3Nre0de3evqaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsfXWd+64EpzSN5D+OYdUMykDzglICRevaBJ1gAF15IYEiJSG8nnuKDIVz27LJTcabAi8TNSRnlqPfsL68f0SRkEqggWndcJ4ZuShRwKtik5CWaxYSOyIB1DJUkZLqbTj+Y4GOj9HEQKVMS8FT9PZGSUOtx6JvO7FI972Xif14ngeC8m3IZJ8AknS0KEoEhwlkcuM8VoyDGhhCquLkV0yFRhIIJrWRCcOdfXiTN04pbrVTvquXaVR5HER2iI3SCXHSGaugG1VEDUfSIntErerOerBfr3fqYtRasfGYf/YH1+QPFZ5ca</latexit>

(2010s) galactic algorithms

2020 - 

various 
methods

⇠ ⇠ 10

<latexit sha1_base64="Cyldb6eFoCWXlfM9uW6LrTTTg1s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ac2oWy2m3bp7ibsbsQS+i+8eFDEq//Gm//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244ucn97iNVmsXy3kwTGgg8kixiBBsrPfhPzNdMIM8dVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU5nFT/VNMFkgke0b6nEguogm188Q2dWGaIoVrakQXP190SGhdZTEdpOgc1YL3u5+J/XT010FWRMJqmhkiwWRSlHJkb5+2jIFCWGTy3BRDF7KyJjrDAxNqSKDcFbfnmVdC7qXqPeuGvUmtdFHGU4gVM4Bw8uoQm30II2EJDwDK/w5mjnxXl3PhatJaeYOYY/cD5/ALLvkEg=</latexit>

(2020s) pocket of methods for every steps, 
             continuum limits,
             error corrections

2030s - 

(2030s) ?

2011- 19
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Gauge Symmetries in Quantum Simulations 

❖ Gauge transformation

❖ Error threshold for gauge redundant encodings

• Hamiltonians

• redundant Hilbert space

❖ Gauge redundancy utilized for error corrections

❖ Time-evolution with gauge redundant encodings
M. Carena, H. Lamm,YYL, W. Liu, arXiv:2402.16780
M. Carena, H. Lamm,YYL, W. Liu, PRL. 129, 051601
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U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

<latexit sha1_base64="QQ1JSvV1NTmLrxDrNY5+y+XK/vk="></latexit>

Rtu ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�

<latexit sha1_base64="SlVhCs+za4UrRi/kI97Hj+pwZv4="></latexit>

R ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�

gluon

<latexit sha1_base64="jGnO3r1acxhB5ey6K8sAzv9JIt4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+S1kXVu6zWmrVK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8ftBuM4g==</latexit>

U

<latexit sha1_base64="e4IIbxIS1Jq0GpRP0DrTq8Exn+k=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJevEYwU0C2TXMTnqTIbMPZnqVEPMfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSqFRtv+tgpLyyura8X10sbm1vZOeXevoZNMcXB5IhPVCpgGKWJwUaCEVqqARYGEZjC4nvjNB1BaJPEdDlPwI9aLRSg4QyPdexJCfHI9JXp9vOyUK3bVnoIuEicnFZKj3il/ed2EZxHEyCXTuu3YKfojplBwCeOSl2lIGR+wHrQNjVkE2h9Nrx7TI6N0aZgoUzHSqfp7YsQirYdRYDojhn09703E/7x2huGFPxJxmiHEfLYozCTFhE4ioF2hgKMcGsK4EuZWyvtMMY4mqJIJwZl/eZE0TqrOWfX09rRSu8rjKJIDckiOiUPOSY3ckDpxCSeKPJNX8mY9Wi/Wu/Uxay1Y+cw++QPr8wenIpKf</latexit>

|Ui

Gauge transformations

link
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<latexit sha1_base64="5Q2k3khYt9nUUyECjcKwjCe6hqc=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEJyCbsiKoIgetCbCkaFbAy9k052cPbBTK8YlvyLF3/FiwdFvHjwX5w8Dr4KBoqqanq6glRJQ6774YyNT0xOTc/MFubmFxaXissrlybJtMCaSFSirwMwqGSMNZKk8DrVCFGg8Cq4Per7V3eojUziC+qm2IigE8u2FEBWahb3/BAo9y9CJOg1/dMIO1C+r/B97uN9WpbcT0NZHuoVPggf9276kUqzWHKr7gD8L/FGpMRGOGsW3/xWIrIIYxIKjKl7bkqNHDRJobBX8DODKYhb6GDd0hgiNI18cGOPb1ilxduJti8mPlC/T+QQGdONApuMgELz2+uL/3n1jNq7jVzGaUYYi+GidqY4JbxfGG9JjYJU1xIQWtq/chGCBkG21oItwft98l9yuVn1tqtb51ulg8NRHTNsja2zMvPYDjtgJ+yM1ZhgD+yJvbBX59F5dt6c92F0zBnNrLIfcD6/AJnVovs=</latexit>

⇥̂⌦(x) = exp(i�(⌦)Ĝa(x))

<latexit sha1_base64="fNcT7rpX9oki8f8MSYfiKgiefjo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrCHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97MKb9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5LWZdWrV2v3tUrjJo+jCCdwCufgwRU04A6a4AOBR3iGV3hzpPPivDsfi9aCk88cwx84nz8IVI7J</latexit>

U�1
<latexit sha1_base64="dJ7MHOkaZwVPr2C/ICrBGrYtXR8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5fj/3pv1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4AnZyOkg==</latexit>

U1

<latexit sha1_base64="ZFAS05J2hejeqcHBLmAalYx9F5s=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLiHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97KI27ZcrbtWdA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10HGRNJaqggi0VRypGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7rNbv65XGTR5HEU7gFM7BgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ACdmOyg==</latexit>

U�2

<latexit sha1_base64="6XCO4bt5+7Si8W5wzh+L5L9X7Fc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJ9/tZbdYvV9yquwBZJ15OKpCj2S9/9QYxSyOUhgmqdddzExNkVBnOBM5KvVRjQtmEjrBrqaQR6iBbHDsjF1YZkGGsbElDFurviYxGWk+j0HZG1Iz1qjcX//O6qRneBBmXSWpQsuWiYSqIicn8czLgCpkRU0soU9zeStiYKsqMzadkQ/BWX14nrVrVu6rWH+qVxm0eRxHO4BwuwYNraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPnyGOkw==</latexit>

U2

<latexit sha1_base64="9LvYe9YremfT5J+VFls0GRJfHk0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRizcr2A9o0rLZTNKlm03Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fsqZ0rb9bZVWVtfWN8qbla3tnd296v5BWyWZpNCiCU9k1ycKOBPQ0kxz6KYSSOxz6Pijm6nfeQSpWCIe9DgFLyaRYCGjRBup797FEJG+G5AoAjmo1uy6PQNeJk5BaqhAc1D9coOEZjEITTlRqufYqfZyIjWjHCYVN1OQEjoiEfQMFSQG5eWzqyf4xCgBDhNpSmg8U39P5CRWahz7pjMmeqgWvan4n9fLdHjl5UykmQZB54vCjGOd4GkEOGASqOZjQwiVzNyK6ZBIQrUJqmJCcBZfXibts7pzUT+/P681ros4yugIHaNT5KBL1EC3qIlaiCKJntErerOerBfr3fqYt5asYuYQ/YH1+QNpc5J4</latexit>

⌦†

<latexit sha1_base64="9LvYe9YremfT5J+VFls0GRJfHk0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRizcr2A9o0rLZTNKlm03Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fsqZ0rb9bZVWVtfWN8qbla3tnd296v5BWyWZpNCiCU9k1ycKOBPQ0kxz6KYSSOxz6Pijm6nfeQSpWCIe9DgFLyaRYCGjRBup797FEJG+G5AoAjmo1uy6PQNeJk5BaqhAc1D9coOEZjEITTlRqufYqfZyIjWjHCYVN1OQEjoiEfQMFSQG5eWzqyf4xCgBDhNpSmg8U39P5CRWahz7pjMmeqgWvan4n9fLdHjl5UykmQZB54vCjGOd4GkEOGASqOZjQwiVzNyK6ZBIQrUJqmJCcBZfXibts7pzUT+/P681ros4yugIHaNT5KBL1EC3qIlaiCKJntErerOerBfr3fqYt5asYuYQ/YH1+QNpc5J4</latexit>

⌦†

<latexit sha1_base64="MW8hrJAgFL8OnIEy2q7X4HirfQc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBRPb8/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2IfjwQ=</latexit>

⌦

<latexit sha1_base64="MW8hrJAgFL8OnIEy2q7X4HirfQc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBRPb8/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2IfjwQ=</latexit>

⌦
<latexit sha1_base64="dJ7MHOkaZwVPr2C/ICrBGrYtXR8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5fj/3pv1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4AnZyOkg==</latexit>

U1

<latexit sha1_base64="ZFAS05J2hejeqcHBLmAalYx9F5s=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLiHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97KI27ZcrbtWdA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10HGRNJaqggi0VRypGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7rNbv65XGTR5HEU7gFM7BgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ACdmOyg==</latexit>

U�2

<latexit sha1_base64="6XCO4bt5+7Si8W5wzh+L5L9X7Fc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJ9/tZbdYvV9yquwBZJ15OKpCj2S9/9QYxSyOUhgmqdddzExNkVBnOBM5KvVRjQtmEjrBrqaQR6iBbHDsjF1YZkGGsbElDFurviYxGWk+j0HZG1Iz1qjcX//O6qRneBBmXSWpQsuWiYSqIicn8czLgCpkRU0soU9zeStiYKsqMzadkQ/BWX14nrVrVu6rWH+qVxm0eRxHO4BwuwYNraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPnyGOkw==</latexit>

U2

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="fNcT7rpX9oki8f8MSYfiKgiefjo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrCHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97MKb9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5LWZdWrV2v3tUrjJo+jCCdwCufgwRU04A6a4AOBR3iGV3hzpPPivDsfi9aCk88cwx84nz8IVI7J</latexit>

U�1

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

gauge transformation

Gauge transformations

<latexit sha1_base64="gWFautjf7uJ1kcc795bFtp1nUbI="></latexit>

Ĝa(x) =
dX

i=1

h
Êa

R(x� ei, ei)� Êa
L(x, ei)

i

lattice analog of covariant 
divergence of chromo-electric field

<latexit sha1_base64="YkKU9cEHkPBe6K/cEr9mctEB5G8="></latexit>

quadratic Casmir : Ê2 |jmLmRi = j(j + 1) |jmLmRi
<latexit sha1_base64="XgRbxg5AAKq9c4iu+mju6Aav12A=">AAACMnicbVC9TsMwGHT4p/wVGFksKiSmKkEImBCChYGhIFKQ2ihyXKc12HFkfwFVpe/BgzCzwivAhpiQeAjcNAO0nGTpdHefP/uiVHADrvvmTExOTc/Mzs2XFhaXllfKq2t1ozJNmU+VUPo6IoYJnjAfOAh2nWpGZCTYVXR7MvCv7pg2XCWX0E1ZIEk74TGnBKwUlneagsXwcCPDMxleNDVvd+AQ52LOidbqfpjxCzcsV9yqmwOPE68gFVSgFpa/mi1FM8kSoIIY0/DcFIIe0cCpYP1SMzMsJfSWtFnD0oRIZoJe/rc+3rJKC8dK25MAztXfEz0ijenKyCYlgY4Z9Qbif14jg/gg6PEkzYAldLgozgQGhQdF4RbXjILoWkKo5vatmHaIJhRsnX+2DO4GpYTpl2w33mgT46S+U/X2qrvnu5Wj46KlObSBNtE28tA+OkKnqIZ8RNEjekYv6NV5ct6dD+dzGJ1wipl19AfO9w/myaxf</latexit>

|jmLmRi $ |Ui
FT
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<latexit sha1_base64="fNcT7rpX9oki8f8MSYfiKgiefjo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrCHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97MKb9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5LWZdWrV2v3tUrjJo+jCCdwCufgwRU04A6a4AOBR3iGV3hzpPPivDsfi9aCk88cwx84nz8IVI7J</latexit>

U�1
<latexit sha1_base64="dJ7MHOkaZwVPr2C/ICrBGrYtXR8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5fj/3pv1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4AnZyOkg==</latexit>

U1

<latexit sha1_base64="ZFAS05J2hejeqcHBLmAalYx9F5s=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLiHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97KI27ZcrbtWdA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10HGRNJaqggi0VRypGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7rNbv65XGTR5HEU7gFM7BgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ACdmOyg==</latexit>

U�2

<latexit sha1_base64="6XCO4bt5+7Si8W5wzh+L5L9X7Fc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJ9/tZbdYvV9yquwBZJ15OKpCj2S9/9QYxSyOUhgmqdddzExNkVBnOBM5KvVRjQtmEjrBrqaQR6iBbHDsjF1YZkGGsbElDFurviYxGWk+j0HZG1Iz1qjcX//O6qRneBBmXSWpQsuWiYSqIicn8czLgCpkRU0soU9zeStiYKsqMzadkQ/BWX14nrVrVu6rWH+qVxm0eRxHO4BwuwYNraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPnyGOkw==</latexit>

U2

<latexit sha1_base64="9LvYe9YremfT5J+VFls0GRJfHk0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRizcr2A9o0rLZTNKlm03Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fsqZ0rb9bZVWVtfWN8qbla3tnd296v5BWyWZpNCiCU9k1ycKOBPQ0kxz6KYSSOxz6Pijm6nfeQSpWCIe9DgFLyaRYCGjRBup797FEJG+G5AoAjmo1uy6PQNeJk5BaqhAc1D9coOEZjEITTlRqufYqfZyIjWjHCYVN1OQEjoiEfQMFSQG5eWzqyf4xCgBDhNpSmg8U39P5CRWahz7pjMmeqgWvan4n9fLdHjl5UykmQZB54vCjGOd4GkEOGASqOZjQwiVzNyK6ZBIQrUJqmJCcBZfXibts7pzUT+/P681ros4yugIHaNT5KBL1EC3qIlaiCKJntErerOerBfr3fqYt5asYuYQ/YH1+QNpc5J4</latexit>

⌦†

<latexit sha1_base64="9LvYe9YremfT5J+VFls0GRJfHk0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRizcr2A9o0rLZTNKlm03Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fsqZ0rb9bZVWVtfWN8qbla3tnd296v5BWyWZpNCiCU9k1ycKOBPQ0kxz6KYSSOxz6Pijm6nfeQSpWCIe9DgFLyaRYCGjRBup797FEJG+G5AoAjmo1uy6PQNeJk5BaqhAc1D9coOEZjEITTlRqufYqfZyIjWjHCYVN1OQEjoiEfQMFSQG5eWzqyf4xCgBDhNpSmg8U39P5CRWahz7pjMmeqgWvan4n9fLdHjl5UykmQZB54vCjGOd4GkEOGASqOZjQwiVzNyK6ZBIQrUJqmJCcBZfXibts7pzUT+/P681ros4yugIHaNT5KBL1EC3qIlaiCKJntErerOerBfr3fqYt5asYuYQ/YH1+QNpc5J4</latexit>

⌦†

<latexit sha1_base64="MW8hrJAgFL8OnIEy2q7X4HirfQc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBRPb8/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2IfjwQ=</latexit>

⌦

<latexit sha1_base64="MW8hrJAgFL8OnIEy2q7X4HirfQc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBRPb8/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2IfjwQ=</latexit>

⌦
<latexit sha1_base64="dJ7MHOkaZwVPr2C/ICrBGrYtXR8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5fj/3pv1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4AnZyOkg==</latexit>

U1

<latexit sha1_base64="ZFAS05J2hejeqcHBLmAalYx9F5s=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLiHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97KI27ZcrbtWdA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10HGRNJaqggi0VRypGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7rNbv65XGTR5HEU7gFM7BgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ACdmOyg==</latexit>

U�2

<latexit sha1_base64="6XCO4bt5+7Si8W5wzh+L5L9X7Fc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJ9/tZbdYvV9yquwBZJ15OKpCj2S9/9QYxSyOUhgmqdddzExNkVBnOBM5KvVRjQtmEjrBrqaQR6iBbHDsjF1YZkGGsbElDFurviYxGWk+j0HZG1Iz1qjcX//O6qRneBBmXSWpQsuWiYSqIicn8czLgCpkRU0soU9zeStiYKsqMzadkQ/BWX14nrVrVu6rWH+qVxm0eRxHO4BwuwYNraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPnyGOkw==</latexit>

U2

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="fNcT7rpX9oki8f8MSYfiKgiefjo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrCHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97MKb9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5LWZdWrV2v3tUrjJo+jCCdwCufgwRU04A6a4AOBR3iGV3hzpPPivDsfi9aCk88cwx84nz8IVI7J</latexit>

U�1

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="5Q2k3khYt9nUUyECjcKwjCe6hqc=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEJyCbsiKoIgetCbCkaFbAy9k052cPbBTK8YlvyLF3/FiwdFvHjwX5w8Dr4KBoqqanq6glRJQ6774YyNT0xOTc/MFubmFxaXissrlybJtMCaSFSirwMwqGSMNZKk8DrVCFGg8Cq4Per7V3eojUziC+qm2IigE8u2FEBWahb3/BAo9y9CJOg1/dMIO1C+r/B97uN9WpbcT0NZHuoVPggf9276kUqzWHKr7gD8L/FGpMRGOGsW3/xWIrIIYxIKjKl7bkqNHDRJobBX8DODKYhb6GDd0hgiNI18cGOPb1ilxduJti8mPlC/T+QQGdONApuMgELz2+uL/3n1jNq7jVzGaUYYi+GidqY4JbxfGG9JjYJU1xIQWtq/chGCBkG21oItwft98l9yuVn1tqtb51ulg8NRHTNsja2zMvPYDjtgJ+yM1ZhgD+yJvbBX59F5dt6c92F0zBnNrLIfcD6/AJnVovs=</latexit>

⇥̂⌦(x) = exp(i�(⌦)Ĝa(x))

gauge transformation

Gauge transformations

gauge invariant Hamiltonian

<latexit sha1_base64="xQ8OmzCI7NYKQJQkN6KvX7/q6eE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh4JXjxi4gIJbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//UiVZlLcm0lCgxgPBYsYwcZKLb/fa8infrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHqX1dpdrVJv5HEU4QRO4Rw8uII63EITfCDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdPm474</latexit>

U⇤

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="BqGrl6lVEIEdj/wCJyX+ggVGSGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi6CHCqYttKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgIro3rfjuFldW19Y3iZmlre2d3r7x/0NBxqhj6LBaxaoVUo+ASfcONwFaikEahwGY4upn6zSdUmsfy0YwTDCI6kLzPGTVW8u+62f2kW664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvwoyLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVe+iev5wXqld53EU4QiO4RQ8uIQa3EIdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gC3U46j</latexit>

KL

<latexit sha1_base64="8651H29gQ9Rs9/8rYBXWTZoH2iY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0UvBS0X7Ae1Ssmm2DU2ya5ItlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPbqd8cUaVZJB/NOKa+wH3JQkawsZJf7aZ3DxN0jTo6Ed1iyS27M6Bl4mWkBBlq3eJXpxeRRFBpCMdatz03Nn6KlWGE00mhk2gaYzLEfdq2VGJBtZ/Ojp6gE6v0UBgpW9Kgmfp7IsVC67EIbKfAZqAXvan4n9dOTHjlp0zGiaGSzBeFCUcmQtMEUI8pSgwfW4KJYvZWRAZYYWJsTgUbgrf48jJpnJW9i/L5/XmpcpPFkYcjOIZT8OASKlCFGtSBwBM8wyu8OSPnxXl3PuatOSebOYQ/cD5/ALrokXA=</latexit>

HKS =
X

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="I7M8Rptcfj7965+LSlRwW+GxU74=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3FrjLY=</latexit>

)

quadratic Casimir 
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U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

<latexit sha1_base64="xQ8OmzCI7NYKQJQkN6KvX7/q6eE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh4JXjxi4gIJbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//UiVZlLcm0lCgxgPBYsYwcZKLb/fa8infrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHqX1dpdrVJv5HEU4QRO4Rw8uII63EITfCDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdPm474</latexit>

U⇤

<latexit sha1_base64="QQ1JSvV1NTmLrxDrNY5+y+XK/vk="></latexit>

Rtu ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�

<latexit sha1_base64="SlVhCs+za4UrRi/kI97Hj+pwZv4="></latexit>

R ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�

<latexit sha1_base64="ipIH3KQsOOR2cW5Ve8Vd5Fa2XVo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL/EW0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh1rvrlcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8reZblyXylVb7I48nACp3AOHlxBFWpQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB6c+NkQ==</latexit>

HI

improved Hamiltonian

<latexit sha1_base64="xQ8OmzCI7NYKQJQkN6KvX7/q6eE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh4JXjxi4gIJbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//UiVZlLcm0lCgxgPBYsYwcZKLb/fa8infrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHqX1dpdrVJv5HEU4QRO4Rw8uII63EITfCDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdPm474</latexit>

U⇤

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="I7M8Rptcfj7965+LSlRwW+GxU74=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3FrjLY=</latexit>

)
<latexit sha1_base64="GWEb51bYZ1XQxH2UGqq4RtYu4NE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBdMW2lA22027dHcTdjdCCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3czv/NElWaxfDRZQgOBR5JFjGBjJf+mr1MxqNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzYKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8Xmqi6yBnMkkNlWSxKEo5MjGafY6GTFFieGYJJorZWxEZY4WJsflUbAje8surpH1R9y7rjYdGrXlbxFGGEziFc/DgCppwDy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A7crjqM=</latexit>

=
X

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="SlVhCs+za4UrRi/kI97Hj+pwZv4="></latexit>

R ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�<latexit sha1_base64="QQ1JSvV1NTmLrxDrNY5+y+XK/vk="></latexit>

Rtu ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�
<latexit sha1_base64="BqGrl6lVEIEdj/wCJyX+ggVGSGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi6CHCqYttKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgIro3rfjuFldW19Y3iZmlre2d3r7x/0NBxqhj6LBaxaoVUo+ASfcONwFaikEahwGY4upn6zSdUmsfy0YwTDCI6kLzPGTVW8u+62f2kW664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvwoyLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVe+iev5wXqld53EU4QiO4RQ8uIQa3EIdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gC3U46j</latexit>

KL
<latexit sha1_base64="1AJjbD29uGyfD4AdLAnWl3MD9Qc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXosehH0UMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GF/P/PYTVZpJ8WAmMfUjPBQsZAQbK7Vu+2nlbtovltyyOwdaJV5GSpCh0S9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+bVTdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJia89FMm4sRQQRaLwoQjI9HsdTRgihLDJ5Zgopi9FZERVpgYG1DBhuAtv7xKWpWyVytX76ul+lUWRx5O4BTOwYMLqMMNNKAJBB7hGV7hzZHOi/PufCxac042cwx/4Hz+ACmfjt8=</latexit>

K2L

Gauge transformations
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gauge equivalent states

<latexit sha1_base64="2GU6ttVQyJIWxXm1Y8zjVliTNwo="></latexit>

⇥̂⌦(x) |U�1U1U�2U2i =
��U 0

�1U
0
1U

0
�2U

0
2

↵

<latexit sha1_base64="fNcT7rpX9oki8f8MSYfiKgiefjo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrCHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97MKb9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5LWZdWrV2v3tUrjJo+jCCdwCufgwRU04A6a4AOBR3iGV3hzpPPivDsfi9aCk88cwx84nz8IVI7J</latexit>

U�1
<latexit sha1_base64="dJ7MHOkaZwVPr2C/ICrBGrYtXR8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5fj/3pv1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4AnZyOkg==</latexit>

U1

<latexit sha1_base64="ZFAS05J2hejeqcHBLmAalYx9F5s=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLiHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97KI27ZcrbtWdA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10HGRNJaqggi0VRypGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7rNbv65XGTR5HEU7gFM7BgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ACdmOyg==</latexit>

U�2

<latexit sha1_base64="6XCO4bt5+7Si8W5wzh+L5L9X7Fc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJ9/tZbdYvV9yquwBZJ15OKpCj2S9/9QYxSyOUhgmqdddzExNkVBnOBM5KvVRjQtmEjrBrqaQR6iBbHDsjF1YZkGGsbElDFurviYxGWk+j0HZG1Iz1qjcX//O6qRneBBmXSWpQsuWiYSqIicn8czLgCpkRU0soU9zeStiYKsqMzadkQ/BWX14nrVrVu6rWH+qVxm0eRxHO4BwuwYNraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPnyGOkw==</latexit>

U2

<latexit sha1_base64="9LvYe9YremfT5J+VFls0GRJfHk0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRizcr2A9o0rLZTNKlm03Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fsqZ0rb9bZVWVtfWN8qbla3tnd296v5BWyWZpNCiCU9k1ycKOBPQ0kxz6KYSSOxz6Pijm6nfeQSpWCIe9DgFLyaRYCGjRBup797FEJG+G5AoAjmo1uy6PQNeJk5BaqhAc1D9coOEZjEITTlRqufYqfZyIjWjHCYVN1OQEjoiEfQMFSQG5eWzqyf4xCgBDhNpSmg8U39P5CRWahz7pjMmeqgWvan4n9fLdHjl5UykmQZB54vCjGOd4GkEOGASqOZjQwiVzNyK6ZBIQrUJqmJCcBZfXibts7pzUT+/P681ros4yugIHaNT5KBL1EC3qIlaiCKJntErerOerBfr3fqYt5asYuYQ/YH1+QNpc5J4</latexit>

⌦†

<latexit sha1_base64="9LvYe9YremfT5J+VFls0GRJfHk0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRizcr2A9o0rLZTNKlm03Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fsqZ0rb9bZVWVtfWN8qbla3tnd296v5BWyWZpNCiCU9k1ycKOBPQ0kxz6KYSSOxz6Pijm6nfeQSpWCIe9DgFLyaRYCGjRBup797FEJG+G5AoAjmo1uy6PQNeJk5BaqhAc1D9coOEZjEITTlRqufYqfZyIjWjHCYVN1OQEjoiEfQMFSQG5eWzqyf4xCgBDhNpSmg8U39P5CRWahz7pjMmeqgWvan4n9fLdHjl5UykmQZB54vCjGOd4GkEOGASqOZjQwiVzNyK6ZBIQrUJqmJCcBZfXibts7pzUT+/P681ros4yugIHaNT5KBL1EC3qIlaiCKJntErerOerBfr3fqYt5asYuYQ/YH1+QNpc5J4</latexit>

⌦†

<latexit sha1_base64="MW8hrJAgFL8OnIEy2q7X4HirfQc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBRPb8/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2IfjwQ=</latexit>

⌦

<latexit sha1_base64="MW8hrJAgFL8OnIEy2q7X4HirfQc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBRPb8/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2IfjwQ=</latexit>

⌦
<latexit sha1_base64="dJ7MHOkaZwVPr2C/ICrBGrYtXR8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5fj/3pv1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4AnZyOkg==</latexit>

U1

<latexit sha1_base64="ZFAS05J2hejeqcHBLmAalYx9F5s=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLiHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97KI27ZcrbtWdA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10HGRNJaqggi0VRypGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7rNbv65XGTR5HEU7gFM7BgytowB00wQcCj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8ACdmOyg==</latexit>

U�2

<latexit sha1_base64="6XCO4bt5+7Si8W5wzh+L5L9X7Fc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJ9/tZbdYvV9yquwBZJ15OKpCj2S9/9QYxSyOUhgmqdddzExNkVBnOBM5KvVRjQtmEjrBrqaQR6iBbHDsjF1YZkGGsbElDFurviYxGWk+j0HZG1Iz1qjcX//O6qRneBBmXSWpQsuWiYSqIicn8czLgCpkRU0soU9zeStiYKsqMzadkQ/BWX14nrVrVu6rWH+qVxm0eRxHO4BwuwYNraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPnyGOkw==</latexit>

U2

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="fNcT7rpX9oki8f8MSYfiKgiefjo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrCHokevGIiQsksCHd0oVKt920XROy4T948aAxXv0/3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZWavn97MKb9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5LWZdWrV2v3tUrjJo+jCCdwCufgwRU04A6a4AOBR3iGV3hzpPPivDsfi9aCk88cwx84nz8IVI7J</latexit>

U�1

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="5Q2k3khYt9nUUyECjcKwjCe6hqc=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEJyCbsiKoIgetCbCkaFbAy9k052cPbBTK8YlvyLF3/FiwdFvHjwX5w8Dr4KBoqqanq6glRJQ6774YyNT0xOTc/MFubmFxaXissrlybJtMCaSFSirwMwqGSMNZKk8DrVCFGg8Cq4Per7V3eojUziC+qm2IigE8u2FEBWahb3/BAo9y9CJOg1/dMIO1C+r/B97uN9WpbcT0NZHuoVPggf9276kUqzWHKr7gD8L/FGpMRGOGsW3/xWIrIIYxIKjKl7bkqNHDRJobBX8DODKYhb6GDd0hgiNI18cGOPb1ilxduJti8mPlC/T+QQGdONApuMgELz2+uL/3n1jNq7jVzGaUYYi+GidqY4JbxfGG9JjYJU1xIQWtq/chGCBkG21oItwft98l9yuVn1tqtb51ulg8NRHTNsja2zMvPYDjtgJ+yM1ZhgD+yJvbBX59F5dt6c92F0zBnNrLIfcD6/AJnVovs=</latexit>

⇥̂⌦(x) = exp(i�(⌦)Ĝa(x))

gauge transformation

Gauge transformations
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gauge invariant states
<latexit sha1_base64="nPu5/CwtAaiOBVDBBS8JuW8N6NI="></latexit>

Ĝa(x) | physi = 0

⇥̂⌦(x) | physi = | physi

<latexit sha1_base64="gWFautjf7uJ1kcc795bFtp1nUbI="></latexit>

Ĝa(x) =
dX

i=1

h
Êa

R(x� ei, ei)� Êa
L(x, ei)

i

<latexit sha1_base64="nPu5/CwtAaiOBVDBBS8JuW8N6NI="></latexit>

Ĝa(x) | physi = 0

⇥̂⌦(x) | physi = | physi

<latexit sha1_base64="5Q2k3khYt9nUUyECjcKwjCe6hqc=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEJyCbsiKoIgetCbCkaFbAy9k052cPbBTK8YlvyLF3/FiwdFvHjwX5w8Dr4KBoqqanq6glRJQ6774YyNT0xOTc/MFubmFxaXissrlybJtMCaSFSirwMwqGSMNZKk8DrVCFGg8Cq4Per7V3eojUziC+qm2IigE8u2FEBWahb3/BAo9y9CJOg1/dMIO1C+r/B97uN9WpbcT0NZHuoVPggf9276kUqzWHKr7gD8L/FGpMRGOGsW3/xWIrIIYxIKjKl7bkqNHDRJobBX8DODKYhb6GDd0hgiNI18cGOPb1ilxduJti8mPlC/T+QQGdONApuMgELz2+uL/3n1jNq7jVzGaUYYi+GidqY4JbxfGG9JjYJU1xIQWtq/chGCBkG21oItwft98l9yuVn1tqtb51ulg8NRHTNsja2zMvPYDjtgJ+yM1ZhgD+yJvbBX59F5dt6c92F0zBnNrLIfcD6/AJnVovs=</latexit>

⇥̂⌦(x) = exp(i�(⌦)Ĝa(x))

neutral charge

Gauge transformations
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gauge redundant

<latexit sha1_base64="bV6k1rYOeFAOPzZTNUDDazj0+ig="></latexit>

⇥̂⌦(x) | i = | 0i
<latexit sha1_base64="nPu5/CwtAaiOBVDBBS8JuW8N6NI="></latexit>

Ĝa(x) | physi = 0

⇥̂⌦(x) | physi = | physi
<latexit sha1_base64="yXMw08zfyszhUrVzWPpqHHSmLsI=">AAACDnicbVC7SgNBFJ31GeMramkzGCKxCbsS1EYJWmgZwTwgG8PsZDY7ZPbBzF0xrPkCG3/FxkIRW2s7/8ZJsoUmHrhwOOde7r3HiQRXYJrfxtz8wuLScmYlu7q2vrGZ29quqzCWlNVoKELZdIhiggesBhwEa0aSEd8RrOH0L0Z+445JxcPgBgYRa/ukF3CXUwJa6uQKtkcguRzekuL9AbYFc+HBjhS3Je95cIb3T7Fp251c3iyZY+BZYqUkj1JUO7kvuxvS2GcBUEGUallmBO2ESOBUsGHWjhWLCO2THmtpGhCfqXYyfmeIC1rpYjeUugLAY/X3REJ8pQa+ozt9Ap6a9kbif14rBveknfAgioEFdLLIjQWGEI+ywV0uGQUx0IRQyfWtmHpEEgo6wawOwZp+eZbUD0vWUal8Xc5XztM4MmgX7aEistAxqqArVEU1RNEjekav6M14Ml6Md+Nj0jpnpDM76A+Mzx9y9ZsU</latexit>

Ĝa(x) | i = 0

<latexit sha1_base64="A8jRfcpRhUUWrxOAHgBxLQwx+u8="></latexit>

Hinv = span({|Ui , U 2 G})⌦NL�NV +1

<latexit sha1_base64="vQcD+MBGHWK8vuc7x7vk5ZbILcM="></latexit>

Hfull = span({|Ui , U 2 G})⌦NL

Gauge transformations



<latexit sha1_base64="D9MNI3Q1u+WmApAZei1ufhZVwVY="></latexit>

Hfull :

|001i , |010i , |100i

|011i , |110i , |101i

<latexit sha1_base64="MwZHiyzmDFF0R9Xss6YTyDBawpw=">AAACJHicbVDLSsNAFJ34rPFVdelmsAgupCRSVBSk6KbLClaFJpTJ9KYdnDyYuRFK7Me48VfcuPCBCzd+i9M2C18HBg7n3Mudc4JUCo2O82FNTc/Mzs2XFuzFpeWV1fLa+qVOMsWhxROZqOuAaZAihhYKlHCdKmBRIOEquDkb+Ve3oLRI4gscpOBHrBeLUHCGRuqUj72IYZ8zmTeGndxTEeVJF4ZH1PYkhHjnuq6nRK+PJ7t0ojiOUyidcsWpOmPQv8QtSIUUaHbKr1434VkEMXLJtG67Top+zhQKLmFoe5mGlPEb1oO2oTGLQPv5OOSQbhulS8NEmRcjHavfN3IWaT2IAjM5iqR/eyPxP6+dYXjo5yJOM4SYTw6FmaSY0FFjtCsUcJQDQxhXwvyV8j5TjKPp1TYluL8j/yWXe1V3v1o7r1Xqp0UdJbJJtsgOcckBqZMGaZIW4eSePJJn8mI9WE/Wm/U+GZ2yip0N8gPW5xd1haQO</latexit>

Hcode : |111i , |000i

<latexit sha1_base64="hioi9+QWRBXeGXLW8agoAZbXe9Q="></latexit>

⇥̂S(x) | physi = | physi

Gauge redundancy utilized for error corrections

<latexit sha1_base64="Q3l2qJdoL4+aNaUkhhcUwXnEXRQ=">AAACHHicdZDLSsNAFIYnXmu8RV26GSyCq5JoUVdSdOOygr1AU8pkOmmHTiZh5kQosQ/ixldx40IRNy4E38Zpm4W2+sPAz3fO4cz5g0RwDa77ZS0sLi2vrBbW7PWNza1tZ2e3ruNUUVajsYhVMyCaCS5ZDTgI1kwUI1EgWCMYXI3rjTumNI/lLQwT1o5IT/KQUwIGdZwTX7AQ7v1Ec1/xXh8ufN+eMvc/0HGKbsmdCM8bLzdFlKvacT78bkzTiEmggmjd8twE2hlRwKlgI9tPNUsIHZAeaxkrScR0O5scN8KHhnRxGCvzJOAJ/TmRkUjrYRSYzohAX8/WxvCvWiuF8LydcZmkwCSdLgpTgSHG46RwlytGQQyNIVRx81dM+0QRCiZP24TgzZ48b+rHJe+0VL4pFyuXeRwFtI8O0BHy0BmqoGtURTVE0QN6Qi/o1Xq0nq03633aumDlM3vol6zPbwJgoe8=</latexit>

| i
|0i
|0i

<latexit sha1_base64="MKJcdTe8f3TPd6DLIBzBgbkcDxE=">AAACKXicbZDLSgNBEEV7fMb4irp00xgEQQgzEtSNEnTjMoJ5QCaEnk5N0qTnQXeNEGJ+x42/4kZBUbf+iJ1kAppY0HA5t4rqul4shUbb/rQWFpeWV1Yza9n1jc2t7dzOblVHieJQ4ZGMVN1jGqQIoYICJdRjBSzwJNS83vXIr92D0iIK77AfQzNgnVD4gjM0qJUruRJ8fHBjLVwlOl28pBfUZTLuMjqx7Ck/pq4HOMVOilu5vF2wx0XnhZOKPEmr3Mq9uu2IJwGEyCXTuuHYMTYHTKHgEoZZN9EQM95jHWgYGbIAdHMwvnRIDw1pUz9S5oVIx/T3xIAFWvcDz3QGDLt61hvB/7xGgv55cyDCOEEI+WSRn0iKER3FRttCAUfZN4JxJcxfKe8yxTiacLMmBGf25HlRPSk4p4XibTFfukrjyJB9ckCOiEPOSInckDKpEE4eyTN5I+/Wk/VifVhfk9YFK53ZI3/K+v4B9N2mcA==</latexit>

| i = ↵ |0i+ � |1i
<latexit sha1_base64="MKJcdTe8f3TPd6DLIBzBgbkcDxE=">AAACKXicbZDLSgNBEEV7fMb4irp00xgEQQgzEtSNEnTjMoJ5QCaEnk5N0qTnQXeNEGJ+x42/4kZBUbf+iJ1kAppY0HA5t4rqul4shUbb/rQWFpeWV1Yza9n1jc2t7dzOblVHieJQ4ZGMVN1jGqQIoYICJdRjBSzwJNS83vXIr92D0iIK77AfQzNgnVD4gjM0qJUruRJ8fHBjLVwlOl28pBfUZTLuMjqx7Ck/pq4HOMVOilu5vF2wx0XnhZOKPEmr3Mq9uu2IJwGEyCXTuuHYMTYHTKHgEoZZN9EQM95jHWgYGbIAdHMwvnRIDw1pUz9S5oVIx/T3xIAFWvcDz3QGDLt61hvB/7xGgv55cyDCOEEI+WSRn0iKER3F RttCAUfZN4JxJcxfKe8yxTiacLMmBGf25HlRPSk4p4XibTFfukrjyJB9ckCOiEPOSInckDKpEE4eyTN5I+/Wk/VifVhfk9YFK53ZI3/K+v4B9N2mcA==</latexit>

| i = ↵ |0i+ � |1i

<latexit sha1_base64="hodBnkj6qNPVAVE/7tEldPZ4fFQ=">AAACLXicbZBNS8NAEIY3ftb6FfXoZbEIglASKepFEfXgsYJVoQlls520i5sPdidCif4hL/4VETxUxKt/w20bQVsHFl7eZ4bZeYNUCo2O07empmdm5+ZLC+XFpeWVVXtt/VonmeLQ4IlM1G3ANEgRQwMFSrhNFbAokHAT3J0N+M09KC2S+Ap7KfgR68QiFJyhsVr2uSchxAevroWnRKeLx/SIekymXUZHyHGcH7JLvQDwB7iuW4CWXXGqzrDopHALUSFF1Vv2q9dOeBZBjFwyrZuuk6KfM4WCS3gse5mGlPE71oGmkTGLQPv58NpHum2cNg0TZV6MdOj+nshZpHUvCkxnxLCrx9nA/I81MwwP/VzEaYYQ89GiMJMUEzqIjraFAo6yZwTjSpi/Ut5linE0AZdNCO74yZPieq/q7ldrl7XKyWkRR4lski2yQ1xyQE7IBamTBuHkibyQPnm3nq0368P6HLVOWcXMBvlT1tc3ylSnOg==</latexit>

| i = ↵ |000i+ � |111i

quantum errors

detectable errors

undetectable errors

<latexit sha1_base64="N7Pb9zHY0iZUi2OAJtuT9IV4OBs="></latexit>

⇥̂S = {I, Z1Z2, Z2Z3, Z1Z3}

quantum error corrections
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state preparation:
encoding Gauss’s law

charge
computation

<latexit sha1_base64="A8jRfcpRhUUWrxOAHgBxLQwx+u8="></latexit>

Hinv = span({|Ui , U 2 G})⌦NL�NV +1

<latexit sha1_base64="CMLNcb5TDy7OEzd2ASJshCij688=">AAACAnicbZDNSsNAFIUn9a/Gv6gbwc1gEVyVRIq6LLrpsoKthTaEyWTSDp1JwsxEKCGufBRXgoK49S1c+TZO0iy09cDAx7n3MvceP2FUKtv+Nmorq2vrG/VNc2t7Z3fP2j/oyzgVmPRwzGIx8JEkjEakp6hiZJAIgrjPyL0/vSnq9w9ESBpHd2qWEJejcURDipHSlmcdjThSE4xY1sm9kgXPBAlyz2rYTbsUXAanggao1PWsr1EQ45STSGGGpBw6dqLcDAlFMSO5OUolSRCeojEZaowQJ9LNygtyeKqdAIax0C9SsHR/T2SISznjvu4sdpSLtcL8rzZMVXjlZjRKUkUiPP8oTBlUMSzigAEVBCs204CwoHpXiCdIIKx0aKapU3AWb16G/nnTuWi2bluN9nWVRx0cgxNwBhxwCdqgA7qgBzB4BM/gFbwZT8aL8W58zFtrRjVzCP7I+PwBB0KXoQ==</latexit>

Hred

Gauge redundancy utilized for error corrections
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correctable errors

Gauge redundancy utilized for error corrections
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isolated flux pairs

KL condition

Gauge redundancy utilized for error corrections
correctable errors
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Error threshold for gauge redundant encodings

resource requirements?   
 

easy implementation or 
Hamiltonian complexity?

resilience to errors?

worthwhile to keep the redundancy?
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<latexit sha1_base64="nPu5/CwtAaiOBVDBBS8JuW8N6NI="></latexit>

Ĝa(x) | physi = 0

⇥̂⌦(x) | physi = | physi

<latexit sha1_base64="A8jRfcpRhUUWrxOAHgBxLQwx+u8="></latexit>

Hinv = span({|Ui , U 2 G})⌦NL�NV +1
<latexit sha1_base64="vQcD+MBGHWK8vuc7x7vk5ZbILcM="></latexit>

Hfull = span({|Ui , U 2 G})⌦NL

<latexit sha1_base64="4hSn9SCVL81tRu5kUN9H5+u8Z8M=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsyIqBuh6EIXUirYB7TDkEkzbWgmGZOMWKb9FTcuFHHrj7jzb0zbWWjrgQuHc+7l3nuCmFGlHefbyi0tr6yu5dcLG5tb2zv2brGhRCIxqWPBhGwFSBFGOalrqhlpxZKgKGCkGQyuJn7zkUhFBb/Xw5h4EepxGlKMtJF8u1j1H+AFrPq3sMNED46uR75dcsrOFHCRuBkpgQw13/7qdAVOIsI1ZkiptuvE2kuR1BQzMi50EkVihAeoR9qGchQR5aXT28fw0ChdGAppims4VX9PpChSahgFpjNCuq/mvYn4n9dOdHjupZTHiSYczxaFCYNawEkQsEslwZoNDUFYUnMrxH0kEdYmroIJwZ1/eZE0jsvuafnk7qRUucziyIN9cACOgAvOQAXcgBqoAwyewDN4BW/W2Hqx3q2PWWvOymb2wB9Ynz/tupMZ</latexit>

Nq = NL log |G|

resource requirements?   

Error threshold for gauge redundant encodings

<latexit sha1_base64="i1naL9bQwj3VtCiSYikaO/hMubY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilgSKepGKLrQhZQK9gFtCJPptB06ycSZiVDS4sZfceNCEbd+hTv/xmmbhbYeuHA4517uvccLGZXKsr6N1Nz8wuJSejmzsrq2vmFublUljwQmFcwZF3UPScJoQCqKKkbqoSDI9xipeb3LkV97IEJSHtypfkgcH3UC2qYYKS255k7JvYfnuZJ7c1Ryq4f2AWwy3oGDq4FrZq28NQacJXZCsiBB2TW/mi2OI58ECjMkZcO2QuXESCiKGRlmmpEkIcI91CENTQPkE+nE4xeGcF8rLdjmQleg4Fj9PREjX8q+7+lOH6munPZG4n9eI1LtMyemQRgpEuDJonbEoOJwlAdsUUGwYn1NEBZU3wpxFwmElU4to0Owp1+eJdXjvH2SL9wWssWLJI402AV7IAdscAqK4BqUQQVg8AiewSt4M56MF+Pd+Ji0poxkZhv8gfH5A7wxlRw=</latexit>

Nq = (NL �NV + 1) log |G|
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<latexit sha1_base64="nPu5/CwtAaiOBVDBBS8JuW8N6NI="></latexit>

Ĝa(x) | physi = 0

⇥̂⌦(x) | physi = | physi

<latexit sha1_base64="A8jRfcpRhUUWrxOAHgBxLQwx+u8="></latexit>

Hinv = span({|Ui , U 2 G})⌦NL�NV +1
<latexit sha1_base64="vQcD+MBGHWK8vuc7x7vk5ZbILcM="></latexit>

Hfull = span({|Ui , U 2 G})⌦NL

Hamiltonian complexity?   

<latexit sha1_base64="xQ8OmzCI7NYKQJQkN6KvX7/q6eE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh4JXjxi4gIJbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//UiVZlLcm0lCgxgPBYsYwcZKLb/fa8infrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHqX1dpdrVJv5HEU4QRO4Rw8uII63EITfCDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdPm474</latexit>

U⇤

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="BqGrl6lVEIEdj/wCJyX+ggVGSGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi6CHCqYttKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgIro3rfjuFldW19Y3iZmlre2d3r7x/0NBxqhj6LBaxaoVUo+ASfcONwFaikEahwGY4upn6zSdUmsfy0YwTDCI6kLzPGTVW8u+62f2kW664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvwoyLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVe+iev5wXqld53EU4QiO4RQ8uIQa3EIdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gC3U46j</latexit>

KL

<latexit sha1_base64="8651H29gQ9Rs9/8rYBXWTZoH2iY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0UvBS0X7Ae1Ssmm2DU2ya5ItlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPbqd8cUaVZJB/NOKa+wH3JQkawsZJf7aZ3DxN0jTo6Ed1iyS27M6Bl4mWkBBlq3eJXpxeRRFBpCMdatz03Nn6KlWGE00mhk2gaYzLEfdq2VGJBtZ/Ojp6gE6v0UBgpW9Kgmfp7IsVC67EIbKfAZqAXvan4n9dOTHjlp0zGiaGSzBeFCUcmQtMEUI8pSgwfW4KJYvZWRAZYYWJsTgUbgrf48jJpnJW9i/L5/XmpcpPFkYcjOIZT8OASKlCFGtSBwBM8wyu8OSPnxXl3PuatOSebOYQ/cD5/ALrokXA=</latexit>

HKS =
X

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="I7M8Rptcfj7965+LSlRwW+GxU74=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3FrjLY=</latexit>

) <latexit sha1_base64="xQ8OmzCI7NYKQJQkN6KvX7/q6eE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh4JXjxi4gIJbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//UiVZlLcm0lCgxgPBYsYwcZKLb/fa8infrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHqX1dpdrVJv5HEU4QRO4Rw8uII63EITfCDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdPm474</latexit>

U⇤

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="BqGrl6lVEIEdj/wCJyX+ggVGSGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi6CHCqYttKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgIro3rfjuFldW19Y3iZmlre2d3r7x/0NBxqhj6LBaxaoVUo+ASfcONwFaikEahwGY4upn6zSdUmsfy0YwTDCI6kLzPGTVW8u+62f2kW664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvwoyLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVe+iev5wXqld53EU4QiO4RQ8uIQa3EIdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gC3U46j</latexit>

KL

<latexit sha1_base64="8651H29gQ9Rs9/8rYBXWTZoH2iY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0UvBS0X7Ae1Ssmm2DU2ya5ItlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPbqd8cUaVZJB/NOKa+wH3JQkawsZJf7aZ3DxN0jTo6Ed1iyS27M6Bl4mWkBBlq3eJXpxeRRFBpCMdatz03Nn6KlWGE00mhk2gaYzLEfdq2VGJBtZ/Ojp6gE6v0UBgpW9Kgmfp7IsVC67EIbKfAZqAXvan4n9dOTHjlp0zGiaGSzBeFCUcmQtMEUI8pSgwfW4KJYvZWRAZYYWJsTgUbgrf48jJpnJW9i/L5/XmpcpPFkYcjOIZT8OASKlCFGtSBwBM8wyu8OSPnxXl3PuatOSebOYQ/cD5/ALrokXA=</latexit>

HKS =
X

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="I7M8Rptcfj7965+LSlRwW+GxU74=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3FrjLY=</latexit>

)

Error threshold for gauge redundant encodings

<latexit sha1_base64="CbnhpemjTBaPlsmm8OzljV99sw4="></latexit>

kinetic terms for U3, U7

depend on other links
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<latexit sha1_base64="nPu5/CwtAaiOBVDBBS8JuW8N6NI="></latexit>

Ĝa(x) | physi = 0

⇥̂⌦(x) | physi = | physi

<latexit sha1_base64="A8jRfcpRhUUWrxOAHgBxLQwx+u8="></latexit>

Hinv = span({|Ui , U 2 G})⌦NL�NV +1
<latexit sha1_base64="vQcD+MBGHWK8vuc7x7vk5ZbILcM="></latexit>

Hfull = span({|Ui , U 2 G})⌦NL

not correctable

error correction+

<latexit sha1_base64="MdUUeO6dyDLMtjTrGefhjlFjS8E=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWakqMuiG5cV7APaoWTS2zY0kwxJRihD+wVu/BU3LhRx69adf2PazkJbD1w4nHNvcu8JY8608bxvJ7eyura+kd8sbG3v7O65+wd1LRNFoUYll6oZEg2cCagZZjg0YwUkCjk0wuHN1G88gNJMinsziiGISF+wHqPEWKnjnrYh1oxLgdO2iiaaiT6HiX1tOAGlpJooYmCMO27RK3kz4GXiZ6SIMlQ77le7K2kSgTCUE61bvhebICXKMMphXGgnGmJCh6QPLUsFiUAH6eyeMT6xShf3pLIlDJ6pvydSEmk9ikLbGREz0IveVPzPayWmdxWkTMSJAUHnH/USjo3E03Bwlymgho8sIVQxuyumA6IINTbCgg3BXzx5mdTPS/5FqXxXLlauszjy6AgdozPko0tUQbeoimqIokf0jF7Rm/PkvDjvzse8NedkM4foD5zPHxaCnfc=</latexit>

✏ single link error rate

Error threshold for gauge redundant encodings
resilience to errors?   

<latexit sha1_base64="lngpcq8klgEsEr2OYJgBMcaBwLs="></latexit>

Frestored �
NLX

n=0

Qn✏
n
c (1� ✏)NL�n

<latexit sha1_base64="IyGQv1aArYZOPZVGDtWgpRHPUvc=">AAACGXicbVBNSwMxFMzW7/q16tFLsCiKtOyKqMeiIB5EFGwrdOuSTV/b0Gx2TbKFsuzf8OJf8eJBEY968t+Y1h7UOhAYZt7jZSaIOVPacT6t3MTk1PTM7Fx+fmFxadleWa2qKJEUKjTikbwJiALOBFQ00xxuYgkkDDjUgu7JwK/1QCoWiWvdj6ERkrZgLUaJNpJvO/jUT72Q6I4MUyZ6WYa3vDbc4W236EGsGI/Ezm164Z8XL/zqrpv5dsEpOUPgceKOSAGNcOnb714zokkIQlNOlKq7TqwbKZGaUQ5Z3ksUxIR2SRvqhgoSgmqkw2QZ3jRKE7ciaZ7QeKj+3EhJqFQ/DMzkIIP66w3E/7x6oltHDRM4TjQI+n2olXCsIzyoCTeZBKp53xBCJTN/xbRDJKHalJk3Jbh/I4+T6l7JPSjtX+0XysejOmbROtpA28hFh6iMztAlqiCK7tEjekYv1oP1ZL1ab9+jOWu0s4Z+wfr4AoMUn1o=</latexit>

Finv � (1� ✏)NL�NV +1

<latexit sha1_base64="DfiUNnddzRm5O3kcVcIceirTakE=">AAACHXicbVDLSgMxFM34rPU16tJNsAiuyowUdVl047KCfUBbSia9bUMzyZBkhDJ0PsSNv+LGhSIu3Ih/Y6adhbZeCBzOuefe3BNEnGnjed/Oyura+sZmYau4vbO7t+8eHDa0jBWFOpVcqlZANHAmoG6Y4dCKFJAw4NAMxjeZ3nwApZkU92YSQTckQ8EGjBJjqZ5bSToqxJqJIYfUDhmnVCoF1BA7IQWlpEoVMZBOcQcizbg10Z5b8srerPAy8HNQQnnVeu5npy9pHIIwlBOt274XmW5ClGGUw7TYiTVEhI7JENoWChKC7iaz66b41DJ9PJDKPmHwjP3tSEio9SQMbGdIzEgvahn5n9aOzeCqmzARxQYEnS8axBwbibOocJ9lQfCJBYQqZv+K6YgoQo0NtGhD8BdPXgaN87J/Ua7cVUrV6zyOAjpGJ+gM+egSVdEtqqE6ougRPaNX9OY8OS/Ou/Mxb11xcs8R+lPO1w/kS6RJ</latexit>

single link correctable error rate ✏c
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isolated flux pairs KL condition

<latexit sha1_base64="480SHsQ+u1Xj9MaR3h4vris9b2c=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdSVFQVxWsA9oQ5hMb9qhk0mYmYgldOvGX3HjQhG3/oE7/8ZpG0FbD1w4c869zL0nSDhT2nG+rMLC4tLySnG1tLa+sbllb+80VJxKCnUa81i2AqKAMwF1zTSHViKBRAGHZjC4HPvNO5CKxeJWDxPwItITLGSUaCP5Nr7ys46MsASlYwndET7/kUJ2b96+XXYqzgR4nrg5KaMcNd/+7HRjmkYgNOVEqbbrJNrLiNSMchiVOqmChNAB6UHbUEEiUF42uWSED4zSxWEsTQmNJ+rviYxESg2jwHRGRPfVrDcW//PaqQ7PvIyJJNUg6PSjMOVYx3gcC+4yCVTzoSGESmZ2xbRPJKHahFcyIbizJ8+TxlHFPakc3xyXqxd5HEW0h/bRIXLRKaqia1RDdUTRA3pCL+jVerSerTfrfdpasPKZXfQH1sc36bSZ2g==</latexit>

Frestored > Ffixed

<latexit sha1_base64="480SHsQ+u1Xj9MaR3h4vris9b2c=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdSVFQVxWsA9oQ5hMb9qhk0mYmYgldOvGX3HjQhG3/oE7/8ZpG0FbD1w4c869zL0nSDhT2nG+rMLC4tLySnG1tLa+sbllb+80VJxKCnUa81i2AqKAMwF1zTSHViKBRAGHZjC4HPvNO5CKxeJWDxPwItITLGSUaCP5Nr7ys46MsASlYwndET7/kUJ2b96+XXYqzgR4nrg5KaMcNd/+7HRjmkYgNOVEqbbrJNrLiNSMchiVOqmChNAB6UHbUEEiUF42uWSED4zSxWEsTQmNJ+rviYxESg2jwHRGRPfVrDcW//PaqQ7PvIyJJNUg6PSjMOVYx3gcC+4yCVTzoSGESmZ2xbRPJKHahFcyIbizJ8+TxlHFPakc3xyXqxd5HEW0h/bRIXLRKaqia1RDdUTRA3pCL+jVerSerTfrfdpasPKZXfQH1sc36bSZ2g==</latexit>

Frestored > Ffixed

2d lattice

Error threshold for gauge redundant encodings

Near-term hardwares are reaching such error threshold!
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applying to various methods of 
encoding gauge field

including charged matters
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Propagation

time-evolution with gauge redundant encodings

|Â0Í |Â(t)Í||U ≠ e≠iHt|| < ‘

digital quantum computer
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<latexit sha1_base64="m0vq3Fae1miz8ygGut+G/aO1zcU="></latexit>

⇡
⇥
e�i�tKLe�i�tU⇤

⇤t/�t

<latexit sha1_base64="y3CIeMS7b5hcljFpykpcAceLsZc=">AAACB3icbVBNS8NAEN34WetX1KMgwSJ4sSRSVDxI0YMeK5i20ISy2U7apbtJ2N0IJfbmxb/ixYMiXv0L3vw3btsctPXBwOO9GWbmBQmjUtn2tzE3v7C4tFxYKa6urW9smlvbdRmngoBLYhaLZoAlMBqBq6hi0EwEYB4waAT9q5HfuAchaRzdqUECPsfdiIaUYKWltrl3nXmCHwno6l0ghuceg1A9uJ6g3Z66aJslu2yPYc0SJycllKPWNr+8TkxSDpEiDEvZcuxE+RkWihIGw6KXSkgw6eMutDSNMAfpZ+M/htaBVjpWGAtdkbLG6u+JDHMpBzzQnRyrnpz2RuJ/XitV4Zmf0ShJFURksihMmaViaxSK1aECiGIDTTARVN9qkR4WmOhIZFGH4Ey/PEvqx2XnpFy5rZSql3kcBbSL9tEhctApqqIbVEMuIugRPaNX9GY8GS/Gu/ExaZ0z8pkd9AfG5w96j5m2</latexit>

G�register : |Ui

<latexit sha1_base64="9Fd+uw8jSANZty29UcQOzdV3PGs=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieCqJFPVY9OKxgmkLTQib7aZdutmE3YlQQr34V7x4UMSr/8Kb/8ZNm4O2Phh4vDfDzLww5UyBbX8blZXVtfWN6mZta3tnd8/cP+ioJJOEuiThieyFWFHOBHWBAae9VFIch5x2w/FN4XcfqFQsEfcwSakf46FgESMYtBSYR16MYRRJPM7daZB7wGKqpp5XC8y63bBnsJaJU5I6KtEOzC9vkJAspgIIx0r1HTsFP8cSGOF0WvMyRVNMxnhI+5oKrBf5+eyDqXWqlYEVJVKXAGum/p7IcazUJA51Z3GvWvQK8T+vn0F05edMpBlQQeaLooxbkFhFHNaASUqATzTBRDJ9q0VGWGICOrQiBGfx5WXSOW84F43mXbPeui7jqKJjdILOkIMuUQvdojZyEUGP6Bm9ojfjyXgx3o2PeWvFKGcO0R8Ynz/spJcy</latexit>

U⇥

<latexit sha1_base64="GpEx2nDL3MC8Xvjkyzp58NU6fP0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRS1GXRjcsKpi20IUymk3bo5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjJ5xJZVnfxsrq2vrGZmWrur2zu7dv1g46Mk4FoQ6JeSx6PpaUs4g6iilOe4mgOPQ57fqTm8LvPlAhWRzdq2lC3RCPIhYwgpWWPLM2CLEaBwJPMif3sjM798y61bBmQMvELkkdSrQ982swjEka0kgRjqXs21ai3AwLxQineXWQSppgMsEj2tc0wiGVbjaLnqMTrQxREAv9IoVm6u+NDIdSTkNfTxZB5aJXiP95/VQFV27GoiRVNCLzQ0HKkYpR0QMaMkGJ4lNNMBFMZ0VkjAUmSrdV1SXYi19eJp3zhn3RaN41663rso4KHMExnIINl9CCW2iDAwQe4Rle4c14Ml6Md+NjPrpilDuH8AfG5w9O7ZQK</latexit>

U�1 <latexit sha1_base64="63kXLgpz0AZtssHEook/7b+LbX4=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQPI1WhnocevE4Yd0Gaylplm5hSVqSVBhl4Ffx4kERr34Ob34b060H3XwQeLz3+/F7eVHKqNKO821V1tY3Nreq27Wd3b39A/vwqKuSTGLi4YQlsh8hRRgVxNNUM9JPJUE8YqQXTe4Kv/dIpKKJ6OhpSgKORoLGFCNtpNA+8TnS41iiSe7NwtyXHHbkLLTrTsOZA64StyR1UKId2l/+MMEZJ0JjhpQauE6qgxxJTTEjs5qfKZIiPEEjMjBUIE5UkM/jz+C5UYYwTqR5QsO5+nsjR1ypKY/MZBFWLXuF+J83yHR8E+RUpJkmAi8OxRmDOoFFF3BIJcGaTQ1BWFKTFeIxkghr01jNlOAuf3mVdC8b7lWj+dCst27LOqrgFJyBC+CCa9AC96ANPIBBDp7BK3iznqwX6936WIxWrHLnGPyB9fkDrYeV9Q==</latexit>

UTr

<latexit sha1_base64="j2rHFtPId0fpVce+w2wUuAQSJMo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIqMeiIB4rmLbQhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bN20O2jqwMMy8x5udMOVMacf5tipr6xubW9Xt2s7u3v6BfXjUVkkmCfVIwhPZDbGinAnqaaY57aaS4jjktBOO7wq/M6FSsUQ86WlK/RgPBYsYwdpIgW33Y6xHkcTj3JsF+f0ssOtOw5kDrRK3JHUo0Qrsr/4gIVlMhSYcK9VznVT7OZaaEU5ntX6maIrJGA9pz1CBY6r8fJ58hs6MMkBRIs0TGs3V3xs5jpWaxqGZLHKqZa8Q//N6mY5u/JyJNNNUkMWhKONIJ6ioAQ2YpETzqSGYSGayIjLCEhNtyqqZEtzlL6+S9kXDvWpcPl7Wm7dlHVU4gVM4BxeuoQkP0AIPCEzgGV7hzcqtF+vd+liMVqxy5xj+wPr8Af9Hk+g=</latexit>

UF

<latexit sha1_base64="j2rHFtPId0fpVce+w2wUuAQSJMo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIqMeiIB4rmLbQhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bN20O2jqwMMy8x5udMOVMacf5tipr6xubW9Xt2s7u3v6BfXjUVkkmCfVIwhPZDbGinAnqaaY57aaS4jjktBOO7wq/M6FSsUQ86WlK/RgPBYsYwdpIgW33Y6xHkcTj3JsF+f0ssOtOw5kDrRK3JHUo0Qrsr/4gIVlMhSYcK9VznVT7OZaaEU5ntX6maIrJGA9pz1CBY6r8fJ58hs6MMkBRIs0TGs3V3xs5jpWaxqGZLHKqZa8Q//N6mY5u/JyJNNNUkMWhKONIJ6ioAQ2YpETzqSGYSGayIjLCEhNtyqqZEtzlL6+S9kXDvWpcPl7Wm7dlHVU4gVM4BxeuoQkP0AIPCEzgGV7hzcqtF+vd+liMVqxy5xj+wPr8Af9Hk+g=</latexit>

UF
<latexit sha1_base64="xQ8OmzCI7NYKQJQkN6KvX7/q6eE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh4JXjxi4gIJbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//UiVZlLcm0lCgxgPBYsYwcZKLb/fa8infrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHqX1dpdrVJv5HEU4QRO4Rw8uII63EITfCDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdPm474</latexit>

U⇤

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="BqGrl6lVEIEdj/wCJyX+ggVGSGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi6CHCqYttKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgIro3rfjuFldW19Y3iZmlre2d3r7x/0NBxqhj6LBaxaoVUo+ASfcONwFaikEahwGY4upn6zSdUmsfy0YwTDCI6kLzPGTVW8u+62f2kW664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvwoyLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVe+iev5wXqld53EU4QiO4RQ8uIQa3EIdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gC3U46j</latexit>

KL

<latexit sha1_base64="8651H29gQ9Rs9/8rYBXWTZoH2iY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0UvBS0X7Ae1Ssmm2DU2ya5ItlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPbqd8cUaVZJB/NOKa+wH3JQkawsZJf7aZ3DxN0jTo6Ed1iyS27M6Bl4mWkBBlq3eJXpxeRRFBpCMdatz03Nn6KlWGE00mhk2gaYzLEfdq2VGJBtZ/Ojp6gE6v0UBgpW9Kgmfp7IsVC67EIbKfAZqAXvan4n9dOTHjlp0zGiaGSzBeFCUcmQtMEUI8pSgwfW4KJYvZWRAZYYWJsTgUbgrf48jJpnJW9i/L5/XmpcpPFkYcjOIZT8OASKlCFGtSBwBM8wyu8OSPnxXl3PuatOSebOYQ/cD5/ALrokXA=</latexit>

HKS =
X

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="I7M8Rptcfj7965+LSlRwW+GxU74=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3FrjLY=</latexit>

)

Propagation with gauge redundant encodings
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U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

<latexit sha1_base64="xQ8OmzCI7NYKQJQkN6KvX7/q6eE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh4JXjxi4gIJbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//UiVZlLcm0lCgxgPBYsYwcZKLb/fa8infrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHqX1dpdrVJv5HEU4QRO4Rw8uII63EITfCDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdPm474</latexit>

U⇤

<latexit sha1_base64="QQ1JSvV1NTmLrxDrNY5+y+XK/vk="></latexit>

Rtu ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�

<latexit sha1_base64="SlVhCs+za4UrRi/kI97Hj+pwZv4="></latexit>

R ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�

|U1Í U†
F

Uphase UF

|U1Í • U≠1 • U≠1

|U2Í UL
◊ • • UL

◊

|U3Í U≠1 UL
◊ • U≠1 • UR

◊

|U4Í U≠1 UL
◊ UTr UL

◊ U≠1

UVKS assuming linear register connectivity

<latexit sha1_base64="UN6LJu0IBZF+KT1LmztP3Yi8+Fs="></latexit>

Propagation with gauge redundant encodings

<latexit sha1_base64="m0vq3Fae1miz8ygGut+G/aO1zcU="></latexit>

⇡
⇥
e�i�tKLe�i�tU⇤

⇤t/�t

<latexit sha1_base64="m0vq3Fae1miz8ygGut+G/aO1zcU="></latexit>

⇡
⇥
e�i�tKLe�i�tU⇤

⇤t/�t
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<latexit sha1_base64="ipIH3KQsOOR2cW5Ve8Vd5Fa2XVo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL/EW0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh1rvrlcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8reZblyXylVb7I48nACp3AOHlxBFWpQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB6c+NkQ==</latexit>

HI
<latexit sha1_base64="xQ8OmzCI7NYKQJQkN6KvX7/q6eE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh4JXjxi4gIJbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//UiVZlLcm0lCgxgPBYsYwcZKLb/fa8infrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHqX1dpdrVJv5HEU4QRO4Rw8uII63EITfCDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdPm474</latexit>

U⇤

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="I7M8Rptcfj7965+LSlRwW+GxU74=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3FrjLY=</latexit>

)
<latexit sha1_base64="GWEb51bYZ1XQxH2UGqq4RtYu4NE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBdMW2lA22027dHcTdjdCCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3czv/NElWaxfDRZQgOBR5JFjGBjJf+mr1MxqNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzYKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8Xmqi6yBnMkkNlWSxKEo5MjGafY6GTFFieGYJJorZWxEZY4WJsflUbAje8surpH1R9y7rjYdGrXlbxFGGEziFc/DgCppwDy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A7crjqM=</latexit>

=
X

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="SlVhCs+za4UrRi/kI97Hj+pwZv4="></latexit>

R ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�<latexit sha1_base64="QQ1JSvV1NTmLrxDrNY5+y+XK/vk="></latexit>

Rtu ⇡ I� g2a4

2F 2

ij +
a2

6
Fij(4D

2
i +D2

j )Fij +O(a4)

�
<latexit sha1_base64="BqGrl6lVEIEdj/wCJyX+ggVGSGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi6CHCqYttKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgIro3rfjuFldW19Y3iZmlre2d3r7x/0NBxqhj6LBaxaoVUo+ASfcONwFaikEahwGY4upn6zSdUmsfy0YwTDCI6kLzPGTVW8u+62f2kW664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvwoyLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVe+iev5wXqld53EU4QiO4RQ8uIQa3EIdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gC3U46j</latexit>

KL
<latexit sha1_base64="1AJjbD29uGyfD4AdLAnWl3MD9Qc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXosehH0UMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GF/P/PYTVZpJ8WAmMfUjPBQsZAQbK7Vu+2nlbtovltyyOwdaJV5GSpCh0S9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+bVTdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJia89FMm4sRQQRaLwoQjI9HsdTRgihLDJ5Zgopi9FZERVpgYG1DBhuAtv7xKWpWyVytX76ul+lUWRx5O4BTOwYMLqMMNNKAJBB7hGV7hzZHOi/PufCxac042cwx/4Hz+ACmfjt8=</latexit>

K2L

|U1Í • •
|U2Í UL

◊ • U≠1 • UR
◊ U≠1

|U3Í UL
◊ • • UL

◊

|U4Í U≠1 UL
◊ • U≠1 • UR

◊

|U5Í U≠1 UL
◊ • • UL

◊ U≠1

|U6Í U≠1 UL
◊ UTr U≠1 UR

◊

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

|U1Í • U†
F

Uphase UF U≠1 • U≠1

|U2Í UL
◊ UL

◊

Demonstration of improved Hamiltonian is allowed in the near future

Propagation with gauge redundant encodings

<latexit sha1_base64="3+T4qC7r+JmRCZ4vpx37BSTHZw4="></latexit>

hU 0
1, U

0
2| UK2L |U1, U2i = �U 0

1U
0
2,U1U2

hU 0
1| ei✓KL1 |U1i
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Physics Benchmarks for Quantum Computing
in the NISQ era



Physics Benchmarks for Quantum Computing

Milsted, et al, PRXQuantum.3.020316

proton state preparation

Atas et al, Nat Commun 12, 6499 (2021) Lamm, et al., T. Li, et al, 

PDF neutrino-nucleus scattering

[A. Roggero et al., arXiv:1911.06368]

bubble collisions holography

YYL, et al., arXiv:2312.10544
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topological objects preparation

M. Huang,YYL, L.-T. Wang, H. Zhang,
in preparation
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Summary and Outlook

❖ Gauge redundancy as quantum error correction codes 
quantum error threshold for gauge-redundant digitization, with 
the error rate achievable for near-term quantum devices.  

❖ Techniques on real-time simulation of lattice field theory 
improved Hamiltonian: matrix elements for the improved terms,    
                                          circuits designed

discrete subgroup
redundancies

improved Hamiltonian 
demonstration with redundancies 

<latexit sha1_base64="FDz0HHCqgL6vdw5PsCmO3NOcPXI="></latexit>

| hHKS(a)�Hi | ⇠ | hHI(2a)�Hi |?

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z



Thank you
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BACK UP
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How Powerful It is?

CLASSICAL 
EASY

QUANTUM EASY

complexity
strong interactions

many-body entanglement,
quantum spacetime,
molecular chemistry,

novel materials,
phases of quantum matter

…

factoring problem

QUANTUM HARD

polynomial time

e.g. traveling salesmen
problem
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CLASSICAL 
EASY

QUANTUM EASY

High Energy Physics
real-time dynamics

finite density
quantum interference

out-of equilibrium
``strongly interacting many-body system’’

QUANTUM HARD

How Powerful It is?

[PRX Quantum 4 (2023) 2, 027001]



encoding Syndrome computation

<latexit sha1_base64="Q3l2qJdoL4+aNaUkhhcUwXnEXRQ=">AAACHHicdZDLSsNAFIYnXmu8RV26GSyCq5JoUVdSdOOygr1AU8pkOmmHTiZh5kQosQ/ixldx40IRNy4E38Zpm4W2+sPAz3fO4cz5g0RwDa77ZS0sLi2vrBbW7PWNza1tZ2e3ruNUUVajsYhVMyCaCS5ZDTgI1kwUI1EgWCMYXI3rjTumNI/lLQwT1o5IT/KQUwIGdZwTX7AQ7v1Ec1/xXh8ufN+eMvc/0HGKbsmdCM8bLzdFlKvacT78bkzTiEmggmjd8twE2hlRwKlgI9tPNUsIHZAeaxkrScR0O5scN8KHhnRxGCvzJOAJ/TmRkUjrYRSYzohAX8/WxvCvWiuF8LydcZmkwCSdLgpTgSHG46RwlytGQQyNIVRx81dM+0QRCiZP24TgzZ48b+rHJe+0VL4pFyuXeRwFtI8O0BHy0BmqoGtURTVE0QN6Qi/o1Xq0nq03633aumDlM3vol6zPbwJgoe8=</latexit>

| i
|0i
|0i

<latexit sha1_base64="Q3l2qJdoL4+aNaUkhhcUwXnEXRQ=">AAACHHicdZDLSsNAFIYnXmu8RV26GSyCq5JoUVdSdOOygr1AU8pkOmmHTiZh5kQosQ/ixldx40IRNy4E38Zpm4W2+sPAz3fO4cz5g0RwDa77ZS0sLi2vrBbW7PWNza1tZ2e3ruNUUVajsYhVMyCaCS5ZDTgI1kwUI1EgWCMYXI3rjTumNI/lLQwT1o5IT/KQUwIGdZwTX7AQ7v1Ec1/xXh8ufN+eMvc/0HGKbsmdCM8bLzdFlKvacT78bkzTiEmggmjd8twE2hlRwKlgI9tPNUsIHZAeaxkrSc R0O5scN8KHhnRxGCvzJOAJ/TmRkUjrYRSYzohAX8/WxvCvWiuF8LydcZmkwCSdLgpTgSHG46RwlytGQQyNIVRx81dM+0QRCiZP24TgzZ48b+rHJe+0VL4pFyuXeRwFtI8O0BHy0BmqoGtURTVE0QN6Qi/o1Xq0nq03633aumDlM3vol6zPbwJgoe8=</latexit>

| i
|0i
|0i

<latexit sha1_base64="hodBnkj6qNPVAVE/7tEldPZ4fFQ=">AAACLXicbZBNS8NAEIY3ftb6FfXoZbEIglASKepFEfXgsYJVoQlls520i5sPdidCif4hL/4VETxUxKt/w20bQVsHFl7eZ4bZeYNUCo2O07empmdm5+ZLC+XFpeWVVXtt/VonmeLQ4IlM1G3ANEgRQwMFSrhNFbAokHAT3J0N+M09KC2S+Ap7KfgR68QiFJyhsVr2uSchxAevroWnRKeLx/SIekymXUZHyHGcH7JLvQDwB7iuW4CWXXGqzrDopHALUSFF1Vv2q9dOeBZBjFwyrZuuk6KfM4WCS3gse5mGlPE71oGmkTGLQPv58NpHum2cNg0TZV6MdOj+nshZpHUvCkxnxLCrx9nA/I81MwwP/VzEaYYQ89GiMJMUEzqIjraFAo6yZwTjSpi/Ut5linE0AZdNCO74yZPieq/q7ldrl7XKyWkRR4lski2yQ1xyQE7IBamTBuHkibyQPnm3nq0368P6HLVOWcXMBvlT1tc3ylSnOg==</latexit>

| i = ↵ |000i+ � |111i
<latexit sha1_base64="l4df1Po7TgkpNcEdSNFn+3PzwvI="></latexit>

⇥̂S(x) | i
?
= | i

<latexit sha1_base64="hodBnkj6qNPVAVE/7tEldPZ4fFQ=">AAACLXicbZBNS8NAEIY3ftb6FfXoZbEIglASKepFEfXgsYJVoQlls520i5sPdidCif4hL/4VETxUxKt/w20bQVsHFl7eZ4bZeYNUCo2O07empmdm5+ZLC+XFpeWVVXtt/VonmeLQ4IlM1G3ANEgRQwMFSrhNFbAokHAT3J0N+M09KC2S+Ap7KfgR68QiFJyhsVr2uSchxAevroWnRKeLx/SIekymXUZHyHGcH7JLvQDwB7iuW4CWXXGqzrDopHALUSFF1Vv2q9dOeBZBjFwyrZuuk6KfM4WCS3gse5mGlPE71oGmkTGLQPv58NpHum2cNg0TZV6MdOj+nshZpHUvCkxnxLCrx9nA/I81MwwP/VzEaYYQ89GiMJMUEzqIjraFAo6yZwTjSpi/Ut5linE0AZdNCO74yZPieq/q7ldrl7XKyWkRR4lski2yQ1xyQE7IBamTBuHkibyQPnm3nq0368P6HLVOWcXMBvlT1tc3ylSnOg==</latexit>

| i = ↵ |000i+ � |111i
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quantum error corrections

Gauge redundancy utilized for error corrections
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DIGITAL

|Â0Í |Â(t)Í||U ≠ e≠iHt|| < ‘

Propagation with gauge redundant encodings



51

Maximal Tree Gauge

<latexit sha1_base64="CMLNcb5TDy7OEzd2ASJshCij688=">AAACAnicbZDNSsNAFIUn9a/Gv6gbwc1gEVyVRIq6LLrpsoKthTaEyWTSDp1JwsxEKCGufBRXgoK49S1c+TZO0iy09cDAx7n3MvceP2FUKtv+Nmorq2vrG/VNc2t7Z3fP2j/oyzgVmPRwzGIx8JEkjEakp6hiZJAIgrjPyL0/vSnq9w9ESBpHd2qWEJejcURDipHSlmcdjThSE4xY1sm9kgXPBAlyz2rYTbsUXAanggao1PWsr1EQ45STSGGGpBw6dqLcDAlFMSO5OUolSRCeojEZaowQJ9LNygtyeKqdAIax0C9SsHR/T2SISznjvu4sdpSLtcL8rzZMVXjlZjRKUkUiPP8oTBlUMSzigAEVBCs204CwoHpXiCdIIKx0aKapU3AWb16G/nnTuWi2bluN9nWVRx0cgxNwBhxwCdqgA7qgBzB4BM/gFbwZT8aL8W58zFtrRjVzCP7I+PwBB0KXoQ==</latexit>

Hred

Gauge redundancy utilized for error corrections
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Gauge redundancy utilized for error corrections
<latexit sha1_base64="y3CIeMS7b5hcljFpykpcAceLsZc=">AAACB3icbVBNS8NAEN34WetX1KMgwSJ4sSRSVDxI0YMeK5i20ISy2U7apbtJ2N0IJfbmxb/ixYMiXv0L3vw3btsctPXBwOO9GWbmBQmjUtn2tzE3v7C4tFxYKa6urW9smlvbdRmngoBLYhaLZoAlMBqBq6hi0EwEYB4waAT9q5HfuAchaRzdqUECPsfdiIaUYKWltrl3nXmCHwno6l0ghuceg1A9uJ6g3Z66aJslu2yPYc0SJycllKPWNr+8TkxSDpEiDEvZcuxE+RkWihIGw6KXSkgw6eMutDSNMAfpZ+M/htaBVjpWGAtdkbLG6u+JDHMpBzzQnRyrnpz2RuJ/XitV4Zmf0ShJFURksihMmaViaxSK1aECiGIDTTARVN9qkR4WmOhIZFGH4Ey/PEvqx2XnpFy5rZSql3kcBbSL9tEhctApqqIbVEMuIugRPaNX9GY8GS/Gu/ExaZ0z8pkd9AfG5w96j5m2</latexit>

G�register : |Ui

<latexit sha1_base64="9Fd+uw8jSANZty29UcQOzdV3PGs=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieCqJFPVY9OKxgmkLTQib7aZdutmE3YlQQr34V7x4UMSr/8Kb/8ZNm4O2Phh4vDfDzLww5UyBbX8blZXVtfWN6mZta3tnd8/cP+ioJJOEuiThieyFWFHOBHWBAae9VFIch5x2w/FN4XcfqFQsEfcwSakf46FgESMYtBSYR16MYRRJPM7daZB7wGKqpp5XC8y63bBnsJaJU5I6KtEOzC9vkJAspgIIx0r1HTsFP8cSGOF0WvMyRVNMxnhI+5oKrBf5+eyDqXWqlYEVJVKXAGum/p7IcazUJA51Z3GvWvQK8T+vn0F05edMpBlQQeaLooxbkFhFHNaASUqATzTBRDJ9q0VGWGICOrQiBGfx5WXSOW84F43mXbPeui7jqKJjdILOkIMuUQvdojZyEUGP6Bm9ojfjyXgx3o2PeWvFKGcO0R8Ynz/spJcy</latexit>

U⇥

<latexit sha1_base64="GpEx2nDL3MC8Xvjkyzp58NU6fP0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRS1GXRjcsKpi20IUymk3bo5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjJ5xJZVnfxsrq2vrGZmWrur2zu7dv1g46Mk4FoQ6JeSx6PpaUs4g6iilOe4mgOPQ57fqTm8LvPlAhWRzdq2lC3RCPIhYwgpWWPLM2CLEaBwJPMif3sjM798y61bBmQMvELkkdSrQ982swjEka0kgRjqXs21ai3AwLxQineXWQSppgMsEj2tc0wiGVbjaLnqMTrQxREAv9IoVm6u+NDIdSTkNfTxZB5aJXiP95/VQFV27GoiRVNCLzQ0HKkYpR0QMaMkGJ4lNNMBFMZ0VkjAUmSrdV1SXYi19eJp3zhn3RaN41663rso4KHMExnIINl9CCW2iDAwQe4Rle4c14Ml6Md+NjPrpilDuH8AfG5w9O7ZQK</latexit>

U�1 <latexit sha1_base64="63kXLgpz0AZtssHEook/7b+LbX4=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQPI1WhnocevE4Yd0Gaylplm5hSVqSVBhl4Ffx4kERr34Ob34b060H3XwQeLz3+/F7eVHKqNKO821V1tY3Nreq27Wd3b39A/vwqKuSTGLi4YQlsh8hRRgVxNNUM9JPJUE8YqQXTe4Kv/dIpKKJ6OhpSgKORoLGFCNtpNA+8TnS41iiSe7NwtyXHHbkLLTrTsOZA64StyR1UKId2l/+MMEZJ0JjhpQauE6qgxxJTTEjs5qfKZIiPEEjMjBUIE5UkM/jz+C5UYYwTqR5QsO5+nsjR1ypKY/MZBFWLXuF+J83yHR8E+RUpJkmAi8OxRmDOoFFF3BIJcGaTQ1BWFKTFeIxkghr01jNlOAuf3mVdC8b7lWj+dCst27LOqrgFJyBC+CCa9AC96ANPIBBDp7BK3iznqwX6936WIxWrHLnGPyB9fkDrYeV9Q==</latexit>

UTr

<latexit sha1_base64="j2rHFtPId0fpVce+w2wUuAQSJMo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIqMeiIB4rmLbQhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bN20O2jqwMMy8x5udMOVMacf5tipr6xubW9Xt2s7u3v6BfXjUVkkmCfVIwhPZDbGinAnqaaY57aaS4jjktBOO7wq/M6FSsUQ86WlK/RgPBYsYwdpIgW33Y6xHkcTj3JsF+f0ssOtOw5kDrRK3JHUo0Qrsr/4gIVlMhSYcK9VznVT7OZaaEU5ntX6maIrJGA9pz1CBY6r8fJ58hs6MMkBRIs0TGs3V3xs5jpWaxqGZLHKqZa8Q//N6mY5u/JyJNNNUkMWhKONIJ6ioAQ2YpETzqSGYSGayIjLCEhNtyqqZEtzlL6+S9kXDvWpcPl7Wm7dlHVU4gVM4BxeuoQkP0AIPCEzgGV7hzcqtF+vd+liMVqxy5xj+wPr8Af9Hk+g=</latexit>

UF

<latexit sha1_base64="j2rHFtPId0fpVce+w2wUuAQSJMo=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIqMeiIB4rmLbQhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bN20O2jqwMMy8x5udMOVMacf5tipr6xubW9Xt2s7u3v6BfXjUVkkmCfVIwhPZDbGinAnqaaY57aaS4jjktBOO7wq/M6FSsUQ86WlK/RgPBYsYwdpIgW33Y6xHkcTj3JsF+f0ssOtOw5kDrRK3JHUo0Qrsr/4gIVlMhSYcK9VznVT7OZaaEU5ntX6maIrJGA9pz1CBY6r8fJ58hs6MMkBRIs0TGs3V3xs5jpWaxqGZLHKqZa8Q//N6mY5u/JyJNNNUkMWhKONIJ6ioAQ2YpETzqSGYSGayIjLCEhNtyqqZEtzlL6+S9kXDvWpcPl7Wm7dlHVU4gVM4BxeuoQkP0AIPCEzgGV7hzcqtF+vd+liMVqxy5xj+wPr8Af9Hk+g=</latexit>

UF
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M. Carena, H. Lamm,YYL, W. Liu, to appear

Gauge redundancy utilized for error corrections

Encoding 
Gauss’s Law
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M. Carena, H. Lamm,YYL, W. Liu, to appear

Gauge redundancy utilized for error corrections

charge
computation
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<latexit sha1_base64="7KGDVbFFRhu3t3RCNNnUYOQZ6DI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL54konlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMrqd+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7t91iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6ln3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt75+XKXaVUvcriyMMRHMMpeHABVbiBGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucPDN6NqA==</latexit>

ZN

preserves gauge symmetry 
not detectable

<latexit sha1_base64="Mor8KURBjAgxw0tfVlFst9TDX9Q=">AAACCHicbVA9SwNBEN3zM8avqKUgi0GwindBVCxEtLGSCEaFXAx7m7lkyd7esTsnhDOdlT/FSlAQW/+Clf/GTUyhiQ8GHu/NMDMvSKQw6LpfzsTk1PTMbG4uP7+wuLRcWFm9MnGqOVR5LGN9EzADUiiookAJN4kGFgUSroPOad+/vgNtRKwusZtAPWItJULBGVqpUdjwJYR4r3wtWm08oocUbjNR9hNB1c55r1EouiV3ADpOvCEpkiEqjcKn34x5GoFCLpkxNc9NsJ4xjYJL6OX91EDCeIe1oGapYhGYejb4o0e3rNKkYaxtKaQD9fdExiJjulFgOyOGbTPq9cX/vFqK4UE9EypJERT/WRSmkmJM+6HQptDAUXYtYVwLeyvlbaYZRxtdPm9T8EZ/HidX5ZK3V9q92C0enwzzyJF1skm2iUf2yTE5IxVSJZw8kCfyQl6dR+fZeXPef1onnOHMGvkD5+MbUBaYqQ==</latexit>

|ni : ei2⇡n/N

<latexit sha1_base64="kDRGczGKTL7qZKJBt0p39PrmqNY=">AAAB9nicbVBNSwMxEM3Wr7p+VT16CRbBU9kVUU9S9OKxgv2A7lqyabYNTbJLMiuW2v/hSVAQr/4XT/4b03YP2vpg4PHeDDPzolRwA5737RSWlldW14rr7sbm1vZOaXevYZJMU1aniUh0KyKGCa5YHTgI1ko1IzISrBkNrid+84FpwxN1B8OUhZL0FI85JWCl+0CwGJ5koHmvD5edUtmreFPgReLnpIxy1Dqlr6Cb0EwyBVQQY9q+l0I4Iho4FWzsBplhKaED0mNtSxWRzISj6dVjfGSVLo4TbUsBnqq/J0ZEGjOUke2UBPpm3puI/3ntDOKLcMRVmgFTdLYozgSGBE8iwF2uGQUxtIRQze2tmPaJJhRsUK5rU/Dnf14kjZOKf1Y5vT0tV6/yPIroAB2iY+Sjc1RFN6iG6ogijZ7RK3pzHp0X5935mLUWnHxmH/2B8/kDVFiSxw==</latexit>

|mi
<latexit sha1_base64="zdfMS/Zy49hd7iJc6RJ2EOnz+QA=">AAAB+XicbVBNS8NAEN34WeNHox69LBbRU0mkqCcpevFYwX5AE8pmu2mXbjZhdyKU2F/iSVAQr/4UT/4bt20O2vpg4PHeDDPzwlRwDa77ba2srq1vbJa27O2d3b2ys3/Q0kmmKGvSRCSqExLNBJesCRwE66SKkTgUrB2Obqd++5EpzRP5AOOUBTEZSB5xSsBIPafsCxbBU3zqKz4YwnXPqbhVdwa8TLyCVFCBRs/58vsJzWImgQqidddzUwhyooBTwSa2n2mWEjoiA9Y1VJKY6SCfHT7BJ0bp4yhRpiTgmfp7Iiex1uM4NJ0xgaFe9Kbif143g+gqyLlMM2CSzhdFmcCQ4GkKuM8VoyDGhhCquLkV0yFRhILJyrZNCt7iz8ukdV71Lqq1+1qlflPkUUJH6BidIQ9dojq6Qw3URBRl6Bm9ojcrt16sd+tj3rpiFTOH6A+szx8wfpMp</latexit>

|m0i

<latexit sha1_base64="yXMw08zfyszhUrVzWPpqHHSmLsI=">AAACDnicbVC7SgNBFJ31GeMramkzGCKxCbsS1EYJWmgZwTwgG8PsZDY7ZPbBzF0xrPkCG3/FxkIRW2s7/8ZJsoUmHrhwOOde7r3HiQRXYJrfxtz8wuLScmYlu7q2vrGZ29quqzCWlNVoKELZdIhiggesBhwEa0aSEd8RrOH0L0Z+445JxcPgBgYRa/ukF3CXUwJa6uQKtkcguRzekuL9AbYFc+HBjhS3Je95cIb3T7Fp251c3iyZY+BZYqUkj1JUO7kvuxvS2GcBUEGUallmBO2ESOBUsGHWjhWLCO2THmtpGhCfqXYyfmeIC1rpYjeUugLAY/X3REJ8pQa+ozt9Ap6a9kbif14rBveknfAgioEFdLLIjQWGEI+ywV0uGQUx0IRQyfWtmHpEEgo6wawOwZp+eZbUD0vWUal8Xc5XztM4MmgX7aEistAxqqArVEU1RNEjekav6M14Ml6Md+Nj0jpnpDM76A+Mzx9y9ZsU</latexit>

Ĝa(x) | i = 0
<latexit sha1_base64="UP8Zd9LQgP7h4qAQmPtuzEH6cbY=">AAAB7HicbVBNS8NAEJ34WeNX1aOXxSJ6KokU9SIUvXisYD+gDWWz3bRLdzdhdyOU0L/gSVAQr/4hT/4bN20O2vpg4PHeDDPzwoQzbTzv21lZXVvf2Cxtuds7u3v75YPDlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+C73209UaRbLRzNJaCDwULKIEWxySZzdiH654lW9GdAy8QtSgQKNfvmrN4hJKqg0hGOtu76XmCDDyjDC6dTtpZommIzxkHYtlVhQHWSzW6fo1CoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpia6DjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbG47o2BX/x52XSuqj6l9XaQ61Svy3yKMExnMA5+HAFdbiHBjSBwAie4RXeHOm8OO/Ox7x1xSlmjuAPnM8fCZuN+Q==</latexit>

m0 = m

Case 1

Case 2
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