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Introduction

In this talk we discuss scattering amplitudes in anti de Sitter space. These objects are interesting to
study for a number of reasons.

¥ AdS amplitudes are mapped to CFT correlation functions by the AdS/CFT correspondence.

- Both are fundamental observables of the theories.
- Weak v.s. strong. We can learn about strongly coupled physics from perturbation theory.

- One can use powerful conformal bootstrap technigues.



¥ Lessons from Rat-space scattering amplitudes.

- There are a lot of remarkable results obtained in the study of [3at-space amplitudes. But
many of them are not visible in the Lagrangian description. Can we view these results as

new ways to think about QFTs and gravity?

- If so, these lessons should also admit generalizations to curved spacetimes. AdS space
would be the simplest backgrounds to explore such generalizations, and to extend elcient

computational techniques in [3at space.

¥ AdS amplitudes should reduce to Rat-space amplitudes in the large radius limit.

- Structures of CFT correlators are In general better understood (via OPE etc), also the
curvature of AdS provides a natural regulator. This can give a more rigorous way to study
subtle features of [3at-space S-matrices.

- Technigues developed for AdS amplitudes from CFT may also lead to new methods for (3at-
space amplitudes.



Amplitudes in AdS are both richer and harder.

- Holographic CFTs usually come with an internal manifold in the dual picture. Kaluza-Klein
reduction gives rise to inPnitely many particles of di"erent masses. This makes the story
more Interesting, but also more complicated.

- Diagrammatic expansion is much harder and becomes unfeasible even at 4-pt tree level.

# Vertices are extremely complicated: For the best studied example of 1IB supergravity
on AdS; ! S dualto4d " = 4 SYM, the general quartic vertices occupied 15 pages

[Arutyunov, Frolov]!

# Diagrams are harder to compute, and correspond to complicated functions in
position space (e.g. Appell F4).

# Diagrams proliferate for heavier external particles.

Prior to 2016, only a handful of explicit examples of 4-pt functions were known in the literature.



The traditional diagrammatic expansion method seems hopeless. A better strategy Is to bootstrap
them. E.g., for 1IB supergravity on AdS; ! S° it was shown that

symmetries + consistency conditions

completely bxes all correlators and gives rise to a simple one-line formula for all tree-level 4-pt
functions [Rastelli, XZ PRL O1F
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This strategy was streamlined in a series of papers, and now all tree-level 4-pt functions of super
gravitons have been obtained in all maximally superconformal AdS backgrounds

1) 1IBsugraon AdS;! S°dualto4d " = 4 SYM [Rastelli, XZ PRL O1F
2) 11d sugra on AdS,! S*dualtothe 6d " = (2,0 theory [Alday, XZ PRL O2])
3) 11d sugraon AdS,! S dualto3d " = 8 ABJM [Alday, XZ PRX OZ]1



In todayOs talk, we will focus on AdS amplitudes of (super) gluons. Let me mention a few
motivations for considering these amplitudes.

¥ To study non-maximally superconformal CFTs.

- Gluons are In the adjoint representation of a gauge group, which by the AdS/CFT
correspondence Is a global symmetry in CFT. In maximally superconformal CFTs, there are

no additional global symmetries.

¥ Gluon amplitudes are more OfundamentalO.

- In RBat-space, one can start from gluon amplitudes and construct graviton amplitudes using
double-copy relations | ].

- In this sense, the gluon amplitudes are more fundamental and are usually simpler. One
might expect the same Is true in AdS.

In this talk, we will develop bootstrap technigues to compute AdS gluon amplitudes at both tree
and loop levels. We will also see that these AdS amplitude share many features with the [3at-space

amplitudes.
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Setup
Gluons In AdS

A variety of non-maximally superconformal CFTs contains gluons in AdS:

#4d " = 2 SCFTs from D3-branes probing F-theory 7-brane singularities [
#5d Seiberg exceptional theories (D4-D8/O8 systems) | 1.$
#6d E-string theory (M5-branes on an Oend-of-the-worldO 9-brane) |

#3d ABJM with 3avors (by adding D6-branes wrapping an S H $%3) |
#4d" = 4 SYM with Ravors (by adding D7-branes wrapping an S # S°) |

What they have in common: an AdS-blling Obrane®

AdSy 1! S°# AdSy.! ) &
(d= 3,45

1

1. $
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Setup

Gluons In AdS

There are localized d.o.f. living on these ObranesO, transforming as aector multiplet under susy and
in the adjoint rep. under a global symmetry Gg (e.g., G = Eg for the 6d E-string theory).

Note the maximal Lorentz spinis 1~ they are non-gravitational. KK reduction w.r.t. S gives rise to
massless and massive gluons (and super partners). Gg is color group in AdS.

By contrast, gravity lives in the full 10/11d spacetime. KK reduction gives rise to massless and
massive gravitons.

An Interesting feature: gluon self-coupling is parametrically larger than the gluon-graviton coupling.

e.g. in 4d: - A feature of all the theories.

:\@M’M (X W ( 1 - At leading order in 1/N, gravity decouples and
gluon /N S N

graviton we have only a spin-1 gauge theory in AdS!



Setup

Gluons In AdS

The KK towers of gluon modes are organized into £

> BPS multiplets under the superconformal

group, labelled by an integer K= 2,3F .

pelds " IR JL x Scalar operators in CFT:
dual to
Sp 0 g E) 1 HK super primary —————» | > colorindices | = 1E ,dim(Gg)
A, 1 g) 1 g) 1 #HK+ 1 | B3 ESBE F
. « d) 2 K | » SU(2), Indices & = 1,2
Ip 0 E) 2 E) 1 Hk + 2 (# + > ) » SUJ(2)s indices $ = 1,2
| _ \ ,
spins under J(2)x! SU(2), = SO(4) We will call them Gsuper gluonsO.
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(R-symmetry) (global symmetry )



Setup

Symmetry constraints

We consider correlators of these super gluons, which are related to the spinning gluon correlators
by supersymmetry. We contract with SU(2) indices with 2-component spinors vg and 2

| (v : i ' SV LV VR, = - h b3
. %V, 9, and consider the 4-pt function Gk1k2k3k4(><,,\/,,\2f) Kk ke ke
Bosonic symmetry: 252, X2,x2,
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Setup

Mellin representation

Similar to momentum space In [3at space, the use of Mellin space [ Mack; Penedones] simplibes the
analytic structure of AdS scattering amplitudes.

13
det S, ,LY) %
0(U,V) = | _ 2U7V7) M (s, 1) » Mellin amplitude
| 42[2 -2) 3]42[2 -2) t]42[2 -2) u] + Jparticle states s—l—t—l—u:Z! .

A My = Qm (LU Py 1(s, 1)

st (11 J)! 2m

2L derivatives
m =0

Conformal twist ‘
of the primary

degree-L polynomial




Tree-level amplitudes

Bootstrap strategy

The basic bootstrap strategy [ Rastelli, XZ O1F superconformal symmetry + consistency conditions
pxes the AdS amplitudes. We will need the following concrete realization which applies to theories
In all spacetime dimensions.

We can write down an ansatz in terms of linear combination of exchange and contact Witten
diagrams.

Cubic selection rules:
¥ R-symmetry and SU(2), symmetry
¥ sub-extremal: p < k; + K

%nsatz —

(with unknown coe!cients )

multiplied with SU(2), ; polynomials



Tree-level amplitudes
Bootstrap strategy

We then impose the superconformal conformal Ward identities to solve the coelcients. In Mellin
space these are di"erence equations [XZ O1B The amplitude is Pxed up to an overall coelcient.

This strategy Is very useful. it works for all these theories in di"erent dimensions. However, for
higher KK levels the method becomes increasingly cumbersome: more exchanged Pelds and also
more terms in the contact part. Moreover, the structure of the answer is quite obscure.$

An improved method was proposed In [Alday, XZ (PRL, PRX], which constructs the amplitudes
from a simplifying limit. It makes the calculation much simpler, but also writes the answer In a very

Illuminating form. The method was originally introduced for maximal sugra, but works for super
gluon amplitudes as well, as we will see now.



Tree-level amplitudes

Bootstrap strategy

The key notion is the Onaximally R-symmetry violating O (MRV) limit. In
the u-channel, this is dePned to be v; = v, (ord = ().

| x | IR ijg

ViVi— Vi V3Va_ Vs \(
" K . k Jr=K
Only Jg = - *+ - = Kcan be exchanged in the u-channel.

LS
2

The MRV amplitudes are drastically simplibed:
1) there are no u-channel poles (all particles carry Jgeych < JrR1 T Jr2)-3

2) combined with susy, It also implies that certain low-lying two-particle states (long operators)
decouple in the MRV limit. The decoupling of such states manifest itself as zeros,$

.e. MRV = (U) 2#K)! (poles%ir@pand).



Tree-level amplitudes

The OMRVO method [2lday, Behan, Ferrero, X7 JHEP O

The latter feature In facts holds for the exchange contribution of each multiplet, and gives rise to the
following elcient algorithm for computing super gluon amplitudes.

1. We write down an ansatz for the s-channel exchange contribution of a multiplet 9

)\spyp(a)Mep,O(Sa t) T AApyp—Q(a)Mep—l—l,l(Sa t) - Arpyp—ll(@)-/\/lep—l—Z,O(Sa t)

2. Imposing the zeros in the MRV limit bxes the coefbcients (e, UP to an overall factor.

éThe zeros only exist for a specibc choice of contact terms in the bosonic exchange
:amplitudes. Such a choice breaks Bose symmetry (1.el 5 2 exchange).

3. We go away from the MRV limit and obtain the exchange amplitude for general R-
symmetry conbPgurations by using the solution from step 2.

:Naively inserting the solution from 2 breaks Bose symmetry. Fortunately, thereassimple :
:prescription to restore it while preserving the MRV zeros. It amounts to adding contact terms:



Tree-level amplitudes

The OMRVO method [2lday, Behan, Ferrero, X7 JHEP O

4. We now use these multiplet exchange amplitudes in the total amplitude ansatz

sagiiigsio oo

Alnsatz — E Og A(k1kzlkska) [
p

DS — f11I2JfJ13[4 Dt —_— f]1[4JfJ1213 bu —_— fIlfgijI4IQ

and iImpose the superconformal Ward identities. Remarkably, It turns out that our
prescriptions for going from the MRV limit to the general conbguration has automatically
absorbed all the contact interactions N all contact terms in the ansatz vanish! This greatly
reduces the computational complexity, and clearly bnds the OrightO way to write the answer.



Tree-level amplitudes

The OMRVO method [2lday, Behan, Ferrero, X7 JHEP O

By considering mixed correlators of the form -pPPQAQg. we can completely bx all correlators
(including the overall factors). This method gives all tree-level super gluon amplitudes in all
these non-maximally superconformal theories!

Final answer:

M — Oc M, + Oy M; + O, M, (for all amplitudes in all d)

Here the partial amplitudes M ;.. are linear combinations of multiplet exchange amplitudes
and are computed in a closed form.

Note, importantly, there are no intrinsic contact terms ! In f3at space, this indicates on-shell
constructibllity .



AdS double copy | |

OReducedO amplitudes

Let us write down the explicit results for AdS;, and point out some remarkable properties. It is

useful to rewrite the answer in terms of the OreducedGmplitudes which have built-in
superconformal symmetry.

Solution to scf. Ward id.: G kokak, = Oprotkikokak, T Rk ok, R( (1) z9)(1) #b)
In Mellln SpaCe Gk1]€2]€3]€4 :> Mk1k2k3k4 Gprot,k1k2k3k4 :> O

Hi koksky = /\7k1k2k3k4 R=R (a di"erence operator)
All in all, we have: M koksks = 20 My koksk,

This Is similar to extracting a supercharge delta function in the Rat-space SYM amplitude, I.e.,

~ ~

A =61(Q)5(Q)A



AdS double copy | |

OReducedO amplitudes

The reduced amplitudes of AdS; ! S° SYM can be written in the following simple form

! illj

o=ap

M kikokaks — | T : | : | |
Ik + =20)1() + ) I(k+ =) _
DL S Ul DL VIR DL S r=(1-a)1-5)
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Here £, )5ty @nd sy, y, Uy are integer parameters determined by the KK levels K. The kinematic
factors are given by

i 1 1 i 1 1 i _ 1 1

i :t—tM—l—Qj u—up +2t  ° w—up+2¢ s—sy+2k " S—sym+2k t—ty+2)

Apparently, they satisfy n%’ + nij +n’J = Olike the color factors cs + ¢+ + ¢, = O This gives
rise to an AdS version of the color-kinematic duality .



AdS double copy yer on

Double copy for all KK modes

Furthermore, we can replace the color factors by the kinematic factors. The result is precisely the
reduced Mellin amplitudes of 11B supergravity on AdS; ! S

| - _ Iillj
] .

M kokaks — STRTAYZ RN — !
X etebe T TR NG+ ) (ke )]
01 ijk ! E" 2 1

2,
CS’t,u % Ils

(s! sy +2K)(t! ty +2))(&! uy +21)
(super graviton four-point amplitudes [ Rastelli, XZ PRL O1})

This gives an AdS version of the double copy relation!

Note the following interesting features:

1) di"erent amounts of susy:4d " = 2to4d " =4

2) di"erent internal space dimensions: S8/ S



AdS double copy yer on

Tempting to complete the sequence as:

— ~
/ /

=4 " =2 SHVSS
If we now replace the kinematic factors by color factors, should we get the Mellin amplitudes of a
bosonic bi-adjoint scalar theory on AdS; ! St

N Yes! And we can check by explicit calculation!

CsCs CtC; y (t)0+ CuC,,
ps ! 1 ! 1 P op, ! 1

- Three scalar exchange diagrams dictated by the U(1) selection rule.

! —_~
nS,t,U ! CS,t,U '/\/lk]_ k2k3k4 %

(s) (u)
M ps,0+ M Pu .0

- Correct 3-pt functions of a conformally coupled scalar on AdS.! S' with ' ©interaction.

In summary, the AdS double copy relates 4-pt amplitudes of all KK modes of
1) IIBsugraon AdS,! S 2) SYMon AdS.! S 3) bi-adjoint scalar on AdS;! S,
In a way which fully parallels the [3at-space relation!



Loop amplitudes
Unitarity method

From the tree-level amplitudes we can further construct one-loop amplitudes by extending the (3at-
space unitarity method into AdS [Aharony, Alday, Bissi, Perimutter]. Schematically, the unitarity
method OgluesO together two tree-level amplitudes and sum over the modes in the loop.

We will consider the one-loop correlator with ki = 2 for simplicity.



Loop amplitudes
Unitarity method

In the CFT language, this boils down to computing the leading logarithmic singularity log-**U. This
singularity corresponds to the double-discontinuity , and completely determines the correlator as

can be seen from the Lorentzian inversion formula | ]
1 P
H () !Iog2 U - é !aﬁf?)! ! r(]1)| U! 192n+2+ I (Z, Z) (One IOOp)

n, |

Here the contribution is from the unprotected long operators

aff)! are the OPE coelcients at the disconnected order (MFT)

(1)

. . . 1 l
‘n.1 are the tree-level anomalous dimensions, encoded In the H W

log U

Note there Is also an average, which arises because of operator mixing. E.g. : O303 :and : O,! O;:

have the same conformal dimension. However, by considering all -22pp. tree-level correlators, we
can unmix the data and compute the average.



Loop amplitudes

One-loop amplitudes I ]

This gluing procedure can be streamlined in Mellin space where analytic structure becomes simpler.
For the super gluon 4-pt function, there are several color channels and we apply gluing in each
channel. By further using crossing symmetry, we Pnd the following remarkably simple answer for

arbitrary G
M9z = dst Bst + dsu Bsu + dtu B,

Here dgt, Osu, Ow are OboxesO in the color space

I 4 1 k 1 l4

dSt _ —  fIK KL £LIM £MI,] dsu — dtu —_

|
I 15 15 4 15 2

The box amplitudes Bg, Bsy, Biw contain only simultaneous simple poles

| ]
' Umn

o, (s! 2m)(t! 2n)

Bst =

m,



Loop amplitudes

One-loop amplitudes I ]

The coelcients (., depend on the detalls of the theory

*—  4(3m*n! 4m*+3mn?! 16mn + 15m! 4n®+15n! 12)
27(m+n! H(m+n! 3)(m+n! 2)

AdS. ! S

T(m* PHn" 1), m+n”

18 m+Z ! n+i!I(m+n" 1)

N|O1

| 3m°n" 2m*+3mn°" 1Imn+6m" 2n°+6n" 3 AdS.

(Truncating the theory to AdS;, i.e., keeping only P = 2 modes. No mixing.)

The information about the spacetime dimension Is encoded In the asymptotic growth of C.... For

D
Con ! (mn) = 7 mn"#
mn - (m+n)%!21 y

we can show the Bat-space limit (s,t/ 3 ) of Bst becomes a one-loop box integral in the D
dimensional Bat space. Interestingly, the AdS.! S°1IB sugra one-loop amplitudes [
pare also made of box amplitudes of the same form as Bg;.



Outlook

We Introduced e!cient bootstrap methods to compute AdS super gluon amplitudes at both tree
and loop levels. The remarkably simple results enjoy many interesting properties, and the progress
can be viewed as baby steps towards a full-liedged amplitude program in AdS.

¥ Generalizations to higher points. $

- No intrinsic contact contributions N can we develop AdS versions of the Rat-space on-
shell recursion relations? $

- Make connections with the AdS CHY formalism | ] and
Pnd a closed form expression for all multiplicities?$

¥ Double copy relation.

- Can we Pnd similar relations for tree-level amplitudes in theories In other spacetime
dimensions?$

- Do such structure persist at higher points and at loop levels?



Outlook

¥ Physical meaning of many other emergent hidden structures (  not discussed).

In some theories, tree-level correlators are organized by a hidden conformal symmetry In
higher dimensions: brst found for sugra on AdS;! S° [caron-Huot, Triin] and AdS; ! S [Rastell

Roumpedakis, xz], and now for SYM on AdS. ! S° [alday, Behan, Ferrero, x7]). The gluon example

shows It Is not a special property of sugra, but more a property of conformal [3atness of
backgrounds. How can we understand this relation more precisely?$

For all known 4-pt amplitudes there I1s a Parisi-Sourlas-like dimensional reduction

structure. This structure allows amplitudes to be generated from the amplitudes of a
lower dimensional scalar Oseed theoryO by action of di"erential operators [xz: Behan, Ferrero,
X7: Alday, Behan, Ferrero, XxZ. What Is the origin of this amusing structure?



Thank you!



