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Content

® Holographic entanglement entropy inequality (HEI)

® Prove a HEI

® Independent HEI



Entanglement Entropy

Hilber space of a bipartite system: H;, = H;QH,
Density matrix of a quantum state: p;, = |¥;2 (V12|
Reduced density matrix: p; = Trypq,

Entanglement entropy: S; = —Tr(p;1np,;)

Rényi entropy: Sl(Q) = ﬁlog (oSl llizr% Sl(Q)

Replica trick: path integral on g copies of word sheet



EE in Multipartite Systems

e FEntanglement between two quantum states

n(n—-1) ; \ .
@ : EE 1n a n-partite system: constraints
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Subadditivity (SA)

S, +5S, =54,



Entanglement Entropy Inequality

e Strong Subadditivity for black hole information paradox
® Quantum information, quantum transportations...
® It isa challenge to prove multipartite HEIs in QFT

® Holography offers a geometric approach



Holographic Entanglement Entropy

® Ryu-Takayanagi surface §

E
b=l 5. Area(&Ey) I 4
A—ngllqn N ﬂ
e Homology
A

® Divergence



Holographic SA: Simplex Basis

Sz — S[zz] Sl + SZ 2 512
S ="Sr 11 Sz = 516 5
512 = Sp121 + Sp21

Slz — min(sz,sz)

® Divergence cancellation

® Balanced HEI



Multipartite HEI: n = 2, 3

e Balanced HEIs:
Subadditivity (SA): S; + S, = S15
Strong Subadditivity (SSA): S15 + S23 = S, + S123
Monogamy of Mutual Information (MMI):
S12 + 813 +So3 =51 +S5, + 53 + 5153

e Configurations



Configurations

516{2,3 — S]_ +SZ +53 — 5[11] +S[22] +S[33] (N (N (N

516{23 = 81+ 533 = Sj117 + Sp231 + Si32 ~

/)

51dz,3 = S12 + 83 = Sp121 + Sp2171 + Sy33; N\ A~

51d3,2 T 51C3 + 5, = 5[13] 5[31] 13 5[22] @

5123 = Sp13] + S[321 + Sp21] m




Completed Connected Configuration

SSA: S15 + Sp3 = S5 + S123 = S + 553 = S5 + Sia3

(St1z1 + Si211) + (Siz3) + Siz21) = Si221 + (Spas) + Siz21 + Sp211)

S112] T S723] = Sp22] t S[13]




Circular Graph: Cross Inequality




Tripartite System: MMI
S S e S S S S5

(Stiz1 + St211) + (Spaz) + Siza1) + (Si23) + Siz2))

= 5[11] 1 5[22] I 5[33] W (5[13] 1 5[32] i 5[21])

Staz] 1 51231 + 5[31] = Spaa) t Sp221 + S[33]



Prove by Cross Inequalities




4-partite System: Compatible

513 = Sp111 + S[331 = Sj131 + S[31]

534 = Si22] t S[aa] = S[24] T Sjaz]

S111] t S[22] T 9[33] T S[a4

= 5[13] s 5[24] e 5[31] + 5[42]



Compatible Theorem

Theorem: For two HEEs Sy and S, if

1. XnY=0

2. RT sufaces of Sy and Sy are nonplanar

Then, Sy and S are incompatible.




Allowed Configurations

® Incompatible pairs in a 5-partite system

S124 | S134 | S135 | S235 | Saas
Sa4 v
Sos v
Sas | v

e Compatible Completed Connected (CCC) configurations



A HEI of a 5-partite System in CCC

25173 + Sio4 + Sip5 + Si34 + Siss + S335 + So45 =

d d d
S12 + 813 + 81y + 833 + S35 + S45 + Sia34 +S1235 +S1245

25[13] 5 5[14] i 25[25] g 5[31] i 5[41] 3 5[42] ik 5[52] =

25[11] + 5[12] + S[zz] + 5[23] + 5[33] + 5[44] + 5[45] + 5[55]



Circular Graph




Steps to Prove a HEI in CCC

® Worite the HEI in CCC in

terms of simplex basis

® Draw its circular graph

® Reduce the circular graph

by cross inequalities



Non CCC configurations: Cuts

]
:

Sty Ciy! 54y S5,
|




Cut Theorem

C C
Theorem: A cut C Spllt S S UARNL Into S e and Sk’ 1"

8 [ | T s B e (SR

Thus, C induces C, / U ]

G TS Tl s S O, TP AT O T I s SO S et 8nST
e ey e izt



Cuts in a n-partite System

e All the cuts belong to (n — 1) levels

® A level-k cut induces some level-(k — 1) cuts

® There are nk(z_k) cuts in level-k

nk(n o)y 5 n?(n?-1)

cuts

® There are total 2



Dependency Acyclic Graph of Cuts

n*(n®—-1)

12

n =3 = 6 cuts n =4 = 20 cuts
26 =64 > 17 220 = 1048576 — 1570
configurations configurations



Dependency Acyclic Graph of Cuts

n =5 = 50 cuts
1125899906842624 — 2,864,048

250

configurations



Configuration Theorem

Theorem: If a balanced HEI is valid in

CCC configurations, then it

is valid in all configurations.




HEI in Multipartite Systems

How many HEIs in a n-partite system?

e ='2:085s =W eS4n "2d0uS 185 58 (O

n=3:5.,=20, 5 +S5,3 = 5,,3 (enhanced SA), SSA, MMI
n = 4: S = 0, enhanced SA/SSA/MMI, ...?

How many independent HEIs in a n-partite system?



Finite HEI

® Divergence and trivial HEL: S > 00 = S = 0
® Balance condition and finite HEI
S1+S, =5, (SA)

S12 + S23 = 57 + S123 (SSA)




Enhanced HEI

e Enhanced from lower partite system
Sl T 52 = 512 = 51 iy 523 = 5123

— 512 + 5367 = 512367



Dependent HEI

SA: 51 r 53 = 513
SSA: S12 + 853 = 55 + 5123

MMI: 512 i~ 513 s 523 = 51 ¥+ Sz T 53 - 5123

MMI + SA = SSA



Nontrivial Independent HEI
e n=2: SA
o n =3: S84 MMI
e n =4: nonew independent HEI

® n=>57



I-symble
e = Z]gK(_l)UlHS]

112 — Sl +Sz —Slz 2 O (SA)
I123 =51 + S8, + 53 — 515 — 513 — S23 + 5123 < 0 (MMI)

® Balance condition: finite HEI

® Superbalance condition: independent HEI



Independent HEI for n = 5

) Gkt STy e b e s TR e

v F® g e e (e GEE L L AT

SUITR Sz s el 1o bz st iz zuit 1O SE Laphs

— %2 sl iz sy e ous il el Pl 255 chvilion s

L1238 w24 el 13e il 45k Tipaant Mp3e R lagus Tl T3450m11 2545

= &gzl SMaucE Sl S cpnidilaiic el b s S 58 St Al ae E okas

—l153 — l1p4 — I35 — Ip4s — I345 + 11234 + 1135 + L1945 + [1345 + Ip345 — 112345



Independent HEI forn = 5

NN

(a] CCCI and CCC4 ) cce2 (c) CCC3 and CCCS8

I1234 + I1235 + 11245
> l123 + 1124 + 1135 + 1545 @/ \% y2 % ﬁ v @ >
) CCC5 and CCCY ) CCC6 ) CCCT

(g) CCC10 ) CCC11 (i) Joint form of Q3




Examples forn = 6,7

_1123 ¥ 1124 4 1134- % 1135 e 1136 o 124-6 e 1256 "D 134-6

+11234 + 11236 + 11246 + 11346 + 11356 T 12456 — 112346 = 0

=18 —daas S ri47 e s er st Ao a7 1ot e I3 asvevign7 5 lote
+11545 + 11247 + 11256 + 11345 + 11347 + 11356 + 11456 + 11457
+15345 + Io347 + I3356 + o456 + 12457 + 13456 + 13457

—l12456 — 112457 — l13456 — 113457 — 123456 — 133457 = 0



Summary

® Holographic entanglement entropy inequality (HEI)
e Simplex basis and CCC configurations

® C(ircular graph and cross inequality

® C(Cuts and Configuration Theorem for non-CCC HEI

® Independent HEI: I-basis and superbalance



	Holographic Entanglement Entropy Inequality
	Content
	Entanglement Entropy
	EE in Multipartite Systems
	Subadditivity (SA)
	Entanglement Entropy Inequality
	Holographic Entanglement Entropy
	Holographic SA: Simplex Basis
	Multipartite HEI: 𝑛=2, 3
	Configurations
	Completed Connected Configuration
	Circular Graph: Cross Inequality
	Tripartite System: MMI
	Prove by Cross Inequalities
	4-partite System: Compatible
	Compatible Theorem
	Allowed Configurations
	A HEI of a 5-partite System in CCC
	Circular Graph
	Steps to Prove a HEI in CCC
	Non CCC configurations: Cuts
	Cut Theorem
	Cuts in a 𝑛-partite System
	Dependency Acyclic Graph of Cuts
	Dependency Acyclic Graph of Cuts
	Configuration Theorem
	HEI in Multipartite Systems
	Finite HEI
	Enhanced HEI
	Dependent HEI
	Nontrivial Independent HEI
	I-symble
	Independent HEI for 𝑛=5
	Independent HEI for 𝑛=5
	Examples for 𝑛=6, 7
	Summary

