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Motivations

To understand nature of QG
proposed by t’ Hooft and Susskind



AdS/CFT correspondence, Maldacena 1997

AdS5 x S° <= N =4 SYM theory

I. AdS5/CFT4

1. AdS4/CFT3 (ABJM)

I11. AdS3/CFT2

IV. nAdS2/nCFT1, nAdS2/SYK4

V. Non-AdS/CFT (Celestial
Holograph)

VL.DS/CFT
VIL....

Maldacena

Symmetry, field contents

Partion function

Lower point correlation
function, & application

Higher point correlation
function...



AdS/CFT correspondence,  Maldacena1997

* g . S. S. Gubser, 1. R. Klebanov and A. M. Polyakov, 9802109
Dictionary: GKPW E Witten 6802150
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To check (“prove”) the AdS3/CFT2 correspondence: STiba] G55
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Partition functions, generic correlation functions, etc.
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Recent Progress on Holographic correlators

* Most previous research focuses on holographic correlators in
pure AdS

* Holographic correlators from Minkowski AdS planar blackhole
holographic transport coefficients (specify B.C. on the horizon, ingoing)

* Holographic correlators from Euclidean AdS planar blackhole

Scalar operator correlators worked out (arXiv 2206.07720),
Only near-boundary analysis for stress tensor correlators (JHEP 09 (2022), 234)

We focus on correlators in the Euclidean spacetime
with nontrivial topology.
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Boundary Value Problem

Conformal boundary dM

. . with boundary metric vy
Bulk space M with metric

_ and gauge field A
g and gauge field A

= rza(:{lr=[]r'-'-’£I = Alr=0

* In general, for the given conformal boundary e.g., torus, we need to consider all
gravity saddles with different bulk topology and metric.

* Near boundary geometry is well-understood [Charles Fefferman, C. Robin Graham, arXiv:
0710.0919, Commun. Math. Phys. 217 (2001) 595-622)]

* The global boundary value problem is much more difficult.



Lower Dimensional: AdS3/CFT?2
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AdS3/CFT2

In AdS3/ CFTZ, the partition function Alexander Maloney, Edward Witten, 0712.0155
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Holographic stress tensor correlators:
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Variation of boundary Variation of bulk
metric ) e
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Holographic prescriptions:

1. Top-down: Regularity Boundary
Conditions

2. Bottom-up: Modular Variation*“-
Boundary Coordinate Transformation
=Metric variation
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Top-down approach

To the first order ds* =(1+ €Ly ) (dp? + cosh? pdt? + sinh’ pd®) + Ey;r;md:rid:ﬂj.

C. Fefferman and C. R. Graham,
Ann. Math. Stud. 178, 1 (2011), boundary preserving diffeomorphism
arXiv:0710.0919 [math.DG] s
e om0
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ensures solution is well-behaved

Thermal AdS3:

Regularity boundary conditions: bulk metric at rho=0 be regular.
p=70
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SH, Yi Li, Yun-Ze Li, Yunda Zhang, JHEP 06 (2023) 116

Two-point function:
1

1) R B 015 93 Voo
T(2) = / PwG(z — w) (TR — =03 )fon(w)
—1-6—G' (z,w) = d0(2,w) — ol 1
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1 : F 167TG( 0,032 + 20, fzz)(z) +L (Z): Regularity
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4GImT J+2 =

(T(2)T(w) = 5lor(z = w) + 4720, (2 = w) + 872G, (5)]

Consistent with:
T. Eguchi and H. Ooguri, Nucl. Phys. B 282, 308 (1987)

SH and Y. Sun, arXiv:2004.07486

Hard to obtain the higher point correlation function by using top-down approach !!!



Bottom-up approach

2 —dzdz (52~ (+L2+1)~(z+7,7+7)

l variation 07::(z) = a and 47,.(z) = a.

ds® =dzdz + adz® + adz?
=(1+a+a)d(z+ oz —2))d(Z+ a(z — 2)) + o(a?)
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For bounday torus: s

ds? = d2'dz’ 7" =7+a(T—71)

Variations of moduli on the torus “minus” boundary
local coordinate transformations are equivalent to
variations of the torus metric



Bottom-up approach SH, Yi Li, Yun-Ze Li, Yunda Zhang,JHEP 06 (2023) 116

® Global Variation

adz® + adz?

® Wely Transformation ~ ¢ Modular Parameter

) — Variation
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Key ingredient to obtain the higher point correlation function !!!



Acting on lower-point functional s, ¥iLi Yun-Ze Li, Yunda Zhang,JHEP 06 (2023) 116
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1 down approach!

Higher point correlations
are consistent with field

Then the integral constant is determined as

5 C[l] 5 9 theory.
5 0l s & arlD] SH and Y. Sun,
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Holographic torus correlators from thermal AdS3 saddle

@ [wo point correlator

1 7, 1
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- T. Eguchi and H. Ooguri,
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Three-point correlator Nucl. Phys. B 282, 308 (1987)
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T he recurrence relation

@ Holographic Virasoro Ward identity for vzz =

Oz (To2) — 20, F(T..) — FO(T.) + 167TG8§’F = i

@ We obtain a differential equation relating higher and lower point
correlators by taking the functional derivative with respect to F, we
solve the differential equation with integration constants to obtain the
recurrence relation

1
3272 G

(T2z2(2) Tzz(z1) - - - Tzz(2n)) = —i3+{Tzz(z1) - - . Tzz(2n)) + Snjlggi(z — 1)

= LS [afprtz — 2+ 26 (2N Tuclzr) - Texlzo)
i—1

1 SH and Y. Sun, arXiv:2004.07486
+(Grl(z = 2) = 26 (5)(2 — 2))0(Tez(z1) - . - Tez(2n)) ]



Higher Dimensional Correlators:

Euclidean AdS5 Planar Black Hole



Euclidean AdSS planar black hole

Thermal states of CFT4 holographically described by AdSs planar
black hole

The black hole is a solid cylinder B? x R3 with the metric

d2—i 1—p—4_1d2 1—‘0—4d2 d x>
5,92[( ,94) P+ ( 94)t+ X“]
0 0

The conformal boundary is at p = 0, and the horizon is at p = pg

Set pg =1 SH, Yi Li, 2308.13518[hep-th]

t direction

dxF =0

X direction
21



Gauge Fixing and Boundary Conditions

Gauge fixing: set A, = 0 in the region 0 < p < 1 (excluding the
horizon) by a U(1) gauge transformation

A=A dx' A+ dA
Boundary condition at the horizon: the solution has a regular limit as
p — 1 after a gauge transformation parametrized by A

ds® ~ ds® + s°d(2t)? + dx°

“Cartesian coordinates” “cylindrical radial coordinate” s = %cosh“1 p—lg
X = scos 2t
Y = ssin2t

— —

X — X 22



Gauge Fixing and Boundary Conditions
Components in the “Cartesian coordinates” are regular
lim A+ dA\ = Ax(X)dX + AV (X)dY + A (X)dx?

s—0 ‘

lim 0sA = Ax(X) cos 2t + A} (X) sin 2t

s—0

A; + 0N\
i e —2A%(X) sin 2t + 2A5, (X) cos 2t
s—0 S

im A, + 9.\ = A%(X)

5s—0

A, regular as p — 1

/ tht‘pZI — 0
0
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Equations of Motion

The Maxwell equation
dxF =0

Work with Fourier modes A; with Matsubara frequency
w = 2m, m € Z and spatial momentum p rotated to the x' direction
for simplicity. Also use the substitution z = p?

Transverse channel

(07 =

Z 1—-227° 4z(1 — z2)?

9, 2 21_2 N
z WP Z)\R, g

24



By the substitution Ay(z) = (1 — 22)_%W(Z), we get a Heun equation

1 _ (142 1 __ (my2 1 _ (mn2 2 2 2 2
i dm- — 2 4 2
z2 (z —1)2 (z+1)2 8z(z —1) 8z(z + 1)
; 1 1 5 I 5 m. 1 p?+4m? + 2
= —1, = —, = —, = —1, = —,uU=—
U T g T gt T g 8

By the boundary condition A, regular as z — 1, we must have

Ay(z) ~ (1-22) 2w (2)

How to connect with UV (z=0) and IR (z=1) ???

25



Heun equation ¢ semiclassical Liouville CFT ¢ SUSY gauge theory

. .2 1.9 1. D
i—a ;—a £ —a
Ry, a7 | a7
e el P s A s
1_ .2 .2 2 .2
s—ai—a’—a+a +u
.2 St Tt F0 @ “ec I Jw(z) =0
z(z—1) z(z—t)

F: Nekrasov-Shatashvili function

u accessory parameter Commun. Math. Phys. 397 (2023) 635-727

6y _0 ¢ a ga.1
Wg(]')(z) = Z MQG" (a]_,ao, a)e(zaal 2 dao)F(aOO aélt)W(?)(Z)j
o' =+
M(—26"ap)T (1 + 260ay)
r(% T 931 — 9130 -+ a)r(% -+ 931 B 9;30 — 3)

My (a1, a0; a) =
and a is to be implicitly determined from the relation

SciPost Phys. 14, 116 (2023) ¢ — _% — P+ a2+ B+ tOF



Connect UV and IR

Transverse channel

2z w? + p?(1 — z%) , ~
2 _ _
% 1 — z2 Oz 4z(1 — z%)? 1Az =10
_ . ] Z 4 m*
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How about energy momentum tensor?

The linearized Einstein equation

1 , , 1 1 ,
S (VA Vidgrs + VV,0gn, — VAVadg — V,.V,083) + 40gu =0

IR boundary condition? Lv(ds®) + dds’

Gauge fixing: make the solid cylinder coordinates p, t. X the
Fefferman-Graham coordinates of the perturbed bulk metric in the
region 0 < p < 1 by a diffeomorphism

0ds® = Sgjidx’ dx’

0g,p regular as p — 1

IR B.C. 3
| detgialya =
0

28



In the scalar and shear channel we find

(Faalw = 2=, p)Taa ot B T, 00
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20 47 G 32 £0
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o i 2 s S
s 461F!’3t630f: —+ (—2 + 43 — m }ardao F):I | (m] p%p2+4m2_2
——21.an—=1.3]= 5 ,af:%i,am:[hu:— g
2m . 1 .
Calw=—,p)=2v(M)+1— = >  P(0— +ca)
ro 2 B.a—1 2
" 52 F ’ (14 20,8, F))|
s Cil i o + 20:0, 2.2 2
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We can reduce the sound channel to first-order equations of variables
htt h11 22+ == htl 0 htl, and by the substitution

[ ha [0 -3a1-222 2:1-2%) 0 0\
hll . 1l 57 %z 0 0
h h = 1 1
22; . 1 = 522 0 —5z p o|H
he 0 0 0 1—22 0
\ ohex /] N\ O 0 0 0 z/

We don’t know connection relation of local solutions of this Fuchsian
system.
Mo M, M_4

B o=+ Ty

) Unsolved sound

channel in a analytical way
30



Summary

OProposed prescription to study Holographic torus stress
tensor correlator, which are consistent with CFTs data.
OOffer a precise a check AdS3/CFT2.

OJJ and TT in Thermal CFT4 by holographical approach.
OOther topologies (higher genus, cross cap), Mixing

operators, etc.



AdS3/CFT2 G L / Ja(R—2A) - # [ JiK + SWIGE / /7.

16mG
Holography for generic 2D Riemann surface Kirill Krasnov, 0005106
Euclidean AdS3 by discrete identifications

torug , DJ[irwlﬁr : klein botele, Mobins mn‘}f

Thermal AdS3 @
Partition
>>

functions,

correlation > >>

functions, A A A N v
etc. 5 S,



Thanks for your attention



