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Motivation and main results

• We know in detail about the exterior of a black hole.
Black hole thermodynamics, various inequalities, LIGO, Event-Horizon Telescope and so on

• Though the interior a black hole cannot be observed for us, it 
may be crucial in understanding black hole physics, gravitation 
and quantum physics.

• Black hole information paradox may be solved by including 
``island" that lies in the interior of black hole.



Motivation and main results

• A basic question: how many horizons can appear in a black hole?

• Schwarzschild black hole has one horizon; Kerr-Newman black 
hole has at most two horizons; dS-RN black hole has 3 horizons; 

• We also can construct multiple horizons in various gravity 
theories coupling with various matters

It seems that there is no universal restriction on the number of inner horizons!



Main results: Einstein-Maxwell-scalar theory

• In planar or spherically symmetric case, if the event horizon has 
positive temperature, then there is no inner horizon;

• In hyperbolically symmetric case, if the event horizon has positive 
temperature, then there are at most two horizons. In addition, 
the second horizon must have nonzero surface gravity.

• In zero temperature case, if the black hole is charged, the event 
horizon is a double root and there is no inner horizon.

All these results do not depend on the scalar potential V and factor Z



Main results: Part II-general case

Then there is at most one odd-order inner horizon inside every connected 
branch of black hole event horizon. 
In addition, if a connected branch of black hole event horizon is even-order, 
then there is no inner horizon.

Assume Γ is a spacelike cross-section of black hole event horizon. If the 
Einstein's equation and SEC are satisfied, the spacetime is static or stationary 
axisymmetric with ``𝑡 − 𝜙’’ reflected isometry



Part I: black hole with charged scalar field
• We consider following model

Here Z>0, V is arbitrary analytical function.

• The metric has following ansatz

The gauge symmetry and EoM insure the phase of scalar is constant.



Method and basic idea
Our main tools are following lemmas:

• Lemma1: For hairy charged black hole (i.e, ψ and At are not zero somewhere), 

At(zi) must be zero if f(zi) = 0

• Lemma2: Following quantity is radial-independent

In this talk I only focus on non-zero temperature case. For zero-temperature, one can refer to our paper  2009.05520



Proofs for planar/spherical case
• At horizons, we have

• If there are two horizons, we then have

• In the case k≥0, this is impossible!



Proof in hyperbolic case
• We first prove, if inner horizon appear, then f’(zI)>0.  Otherwise, 

we have

• Then we can prove there is no the third horizon. Otherwise,

• This is impossible because the two sides have different signs





Example of double horizons when k=-1



Part II: 
Theorem of no-multiple inner horizons for 

static black holes



Basic assumptions and conceptions

• In static black hole, one may study how many foots of 𝜉𝜇𝜉𝜇may 
appear

• Maximally analytically continued RN black hole has infinite 
horizons

𝜉𝜇𝜉𝜇

𝑟

It is more suitable to ask the number of horizons 
inside a connected branch of black hole event horizon.



Basic assumptions and conceptions
• There is one linear-independent Killing vector 𝜉𝜇 standing for static symmetry;

• “Horizons” always stand for ``Killing horizons’’;

• Even-order and odd-order horizons;

• Odd-order horizon may have zero surface gravity;

Even-order horizons

𝜉𝜇 is 
tmelike

(spacelike)

𝜉𝜇 is 
tmelike

(spacelike)

Odd-order horizons

𝜉𝜇 is 
tmelike

(spacelike)

𝜉𝜇 is 
spacelike 
(timelike)



Basic assumptions and conceptions

• Every connected branch of event horizon is simply connected;

• Weak cosmic censorship is true: all singularities hide in the event 
horizon;

• We assume a stronger version: all singularities hide in the innermost 
horizon;

Event horizon

Inner
horizon

singularity

Weak cosmic censorship

Event horizon

Inner
horizon

Strongger weak cosmic censorship

singularity



Basic assumptions and conceptions

Strong energy 
condition

𝑻𝝁𝝂 −
𝑻𝒈𝝁𝝂

𝒅 − 𝟏
𝒍𝝁𝒍𝝂 ≥ 𝟎

Weak energy 
condition
𝑻𝝁𝝂𝒍

𝝁𝒍𝝂 ≥ 𝟎

Dominant energy 
condition

−𝑻𝝁𝝂𝒍
𝝁 is future-

directed timelike

Null energy condition
𝑻𝝁𝝂𝒍

𝝁𝒍𝝂 ≥ 𝟎

𝑙𝜇is at null limit
𝑙𝜇is a future directed 

timelike vector

Matters are 
attractive

Energy flux is 
not 

Superluminal 

Energy not 
negative 

Positive mass 
theorem;

Hawking’s topology 
theorem

Penrose 
inequality;
zero law

Second law;
Focus theorem; 

singularity 
theorem

Focus 
theorem; 

singularity 
theorem

We have also absorbed 

cosmological constant term to the 

energy momentum tensor

𝑇𝜇𝜈 = 𝑇𝜇𝜈 − Λ𝑔𝜇𝜈



Proof 1: compact horizon
• If there are more than two odd-order inner horizons inside odd-order 

event horizon

• The metric in the spacetime region 𝒱 has following (d+1) decomposition

𝜉𝜇 is 
timelike

𝜉𝜇 is 
timelike

𝒱
Odd-order Event 
horizon

Even-order Event 
horizons

𝜉𝜇 is spacelike 

Equal-t s𝐮𝐫𝐟𝐚𝐜𝐞 𝚺𝒕

Horizons: N=0

𝚺𝒕



Proof 1: compact horizon
• In the spacetime region 𝒱

• These two equations contain all information of Einstein’s 
equation.

Hamiltonian constraint and 
evolutional equation of 
extrinsic curvature

(𝑑)
𝑅𝑎𝑏 is the spatial Ricci tensor and 𝒯𝑎𝑏 is the spatial components of stress tensor

SEC insures it nonnegative



• The maximum principle shows that the maximum 
of 𝑁2must be at the boundaries of Σ𝑡

• This is contradictory to fact that 𝜉𝜇 is timelike
inside Σ𝑡.

• Other way:

Proof 1: compact horizon Horizons: N=0

Equal-t spacelike 
region 𝚺𝒕

න
Σ𝑡

𝐷2𝑁2 = න
𝜕Σ𝑡

2𝑁𝐷𝑎𝑁 𝑑𝑆𝑎 = 0

න
Σ𝑡

ℎ𝑎𝑏𝜕𝑎𝑁𝜕𝑏𝑁 = 0 N is constant and so N=0

SEC insures it nonnegative



Axisymmetric stationary spacetime

• Two commutative linear independent Killing vector fields: 𝜉𝜇 and 
Ψ𝜇;

• Assume a “t-φ” reflected isometry;

• Under such assumption the metric will have following form
ds2 = −𝑁2dt2 + 𝛾2 d𝜙 − 𝜔d𝑡 2 + 𝑞𝐴𝐵d𝑥

𝐴d𝑥𝐵

• We can prove

If H is a Killing horizon, then N2 must be zero at H and vice versa.



ADM decomposition
• Assume there are three Killing horizon, then there is a spacetime 

region V bounded by N=0;

𝑁2 > 0𝑁2 < 0

𝑁2 > 0

Exterior 

Equal-t surface, where 𝑔𝜇𝜈 d𝑡 𝜇 d𝑡 𝜈 = 𝑔𝑡𝑡 = −𝑁2 < 0

dsΣ
2 = ℎ𝑎𝑏d𝑥

𝑎d𝑥𝑏 = 𝛾2d𝜙2 + 𝑞𝐴𝐵d𝑥
𝐴d𝑥𝐵



ADM decomposition of Einstein equation

• The Hamiltonian constraint and a momentum constraint read

• Due to stationary the evolutional equations of extrinsic curvature 
and induced metric read 𝜕𝑡𝐾𝑎𝑏 = 𝜕𝑡ℎ𝑎𝑏 = 0, which gives us 
following two equations

Here βa = −ωΨa is the shift vector field.



Extrinsic curvature
• The extrinsic curvature of equal-t surface is

• The we see 𝐾 = 𝑁−1Ψ𝑎𝐷𝑎𝜔 = 0, so equal-t surface is extreme



Constraint equation for lapse function

• Now we have two equations about scalar curvature

𝐷2𝑁2 ≥ 0

Nonnegative
Nonnegative 
due to SEC



Generalization in asymptotically de-Sitter case
• One significant difference in the dS case is that there is a positive 

cosmological constant which itself violates the SEC.

if the conditions are satisfied inside the cosmological horizon, then

• there is no horizon inside every odd-order connected branch of cosmological horizon and 

• there is at most one odd-order horizon inside every degenerated connected branch of 
cosmological horizon.

We have absorbed the 
cosmological constant 
term to the energy 
momentum tensor!

r

𝑓 𝑟

rr

𝑓 𝑟𝑓 𝑟

𝑓 𝑟 = −𝜉𝜇𝜉𝜈



• In the asymptotically dS case, the cosmological constant always 
dominates at infinity and break the SEC at infinity;

• However, in compact horizon case, we only requires SEC to be 
satisfied inside the cosmological horizon.

• In RN-dS black hole, there is an event horizon as well as an inner 
horizon behind the event horizon when the U(1) charge is small.

• When the charge is large enough to dominate the interior, there 
is no horizon except the cosmological horizon.

Generalization in asymptotically de-Sitter case



Physical significance

d𝜃

d𝜏
= −

1

3
𝜃2 − 𝜎𝛼𝛽𝜎𝛼𝛽 − 𝑇𝜇𝜈𝑘𝜇𝑘𝜈

• NEC and SEC will lead to the caustic singularity and so the 
formation of event horizon;

• We show that this is not the entire story: classical matter will also 
prevent formation of inner horizons.



Summary

• With quite general conditions, this work shows that the number of 
horizons is highly constrained by classic matters. 

Promote formation of 
horizons

Prevent formation of 
horizons inside BH

Classical 
matters

Play two opposite roles


