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Motivation Accelerated cosmic expansion

Horizon problem  
Flatness problem  
Magnetic monopole problem  

LCDM



H0  tension

红移沙漠：

2 < z < 1100
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伽⻢马射线暴暴：

Motivation Hubble tension

0 < z < 10
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Motivation GRBs

Gamma ray bursts (GRBs)



GRB Cosmology 

Liso � ⌧lag
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The luminosity correlations: 
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Amati correlation: 
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Figure 1: The Amati correlation of 101 GRBs. Solid line is the best fit, and
dashed lines represent the 1σ dispersion. (Adapted from Figure 1 in Wang et al.
(2011).)

2015). This correlation shows that more luminous bursts
are also characterized by shorter time lags, i.e., Liso ∝
τ−1.25lag (Norris et al. 2000). This correlation has been used
as a redshift indicator to estimate z for GRBs (Band et al.
2004), and to constrain cosmological parameters and dark
energy (Schaefer 2007; Wang et al. 2007). The interpreta-
tion of this correlation is various, including viewing angle
of the collimated jet (Ioka and Nakamura 2001) or radia-
tive cooling effect (Crider et al. 1999).

• Liso − V correlation. Fenimore and Ramirez-Ruiz (2000)
found that the time variability is correlated with the lumi-
nosity of GRBs, which indicates that more luminous bursts
have more variable light curves. Later, this correlation is
confirmed with more GRBs by Reichart et al. (2001) and
Schaefer et al. (2001). But the intrinsic scatter of Liso − V
is very large (Guidorzi et al. 2006; Wang et al. 2011), and
the index is still under debate (Li and Paczyński 2006).
The variability V is different for various instruments. The
origin of the Liso − V correlation may be based on the
screening effect of the photosphere (Kobayashi et al. 2002;
Mészáros et al. 2002).

• Amati correlation. Amati et al (2002) found that the
isotropic energy Eiso is correlated with the rest-frame peak
energy of the prompt spectrum, i.e., Epeak ∝ E0.52iso . Sub-
sequent observations with various detectors (such as Swift
and Fermi) confirmed this correlation (Amati et al. 2009;
Ghirlanda et al. 2010; Sakamoto et al. 2011; Wang et al.
2011). Moreover, it was found that the Amati correlation
also holds within individual GRBs using time-resolved
spectra, and the slopes are consistent with the correla-
tion from time-integrated spectra (Ghirlanda et al. 2010;
Frontera et al. 2012). The possible interpretations of Am-
ati correlation include the synchrotron mechanism in rel-
ativistic shocks (Zhang and Mészáros 2002) and emis-

sion from off-axis relativistic jets (Yamazaki et al. 2004;
Eichler and Levinson 2004). Figure 1 shows the Amati
correlation including 101 GRBs. The intrinsic scatter is
0.62.

• Yonetoku correlation. The correlation Liso ∝ E2peak
was found with a sample of 16 GRBs (Yonetoku et al.
2004; Wei and Gao 2003). This correlation was con-
firmed by Liang et al. (2004). Similar as Amati correla-
tion, Epeak − Liso also holds within individual GRBs using
time-resolved spectra (Ghirlanda et al. 2010). The possi-
ble origin of this correlation is similar as that of Amati cor-
relation. Figure 2 shows the Yonetoku correlation. The in-
trinsic scatter of this correlation is 0.62 (Wang et al. 2011).

• Ghirlanda correlation. A tight correlation between spec-
tral peak energy Epeak and collimated energy Eγ was
discovered by Ghirlanda et al. (2004a) using 15 GRBs.
The intrinsic scatter is up to 0.1, so this correlation is a
promising tool to constrain dark energy (Dai et al. 2004;
Ghirlanda et al. 2004b). By considering the wind cir-
cumburst density, Nava et al. (2006) found this correla-
tion also holds, and the intrinsic scatter is even smaller.
One of the major challenge for this correlation is that
most of GRBs observed by Swift do not show achro-
matic breaks in the afterglow light curve (Willingale et al.
2007). So the break time is very hard to determine.
This correlation can be understood within the annular
jet model (Eichler and Levinson 2006) and photosphere
model (Thompson 2006). The latest Ghirlanda correlation
is shown in Figure 3.

• Liso −Epeak −T0.45 correlation. Firmani et al. (2006) found
a tight correlation Liso ∝ E1.62peakT

−0.49
0.45 using parameters in

prompt emission only. T0.45 represents the “high signal”
timescale.

• Liang-Zhang correlation. Without imposing any theo-
retical model, Liang and Zhang (2005) found an empiri-
cal correlation among the isotropic energy of the prompt
gamma-ray emission Eiso, the rest-frame peak energy
Epeak, the rest-frame break time in the optical band tbreak
using 15 bursts. The correlation reads Epeak ∝ E0.52iso t

0.64
break.

If we take the optical break time as the jet break time, this
correlation is similar to Ghirlanda correlation. The intrin-
sic scatter of this correlation is also very small, so it could
be used to constrain dark energy (Liang and Zhang 2005;
Wang and Dai 2006a; Wei et al. 2013). The Liang-Zhang
correlation is shown in Figure 4.

• LX − Ta correlation. Dainotti et al. (2008) discovered a
tight correlation between X-ray luminosity LX and Ta,
where Ta is the time at which the X-ray light curve es-
tablishes a afterglow power-law decay (Willingale et al.
2007). The intrinsic scatter of this correlation is about
0.33. By adding a third parameter isotropic energy Eiso,
Xu and Huang (2012) found a new correlation, i.e., LX ∝
T−0.87a E0.88iso .
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Extended Amati correlation: 

log
Eiso(1 + z)�kiso

1erg
= a+ b log

Ep(1 + z)�kp

300keV
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: the isotropic energy 

: the peak spectral energy Ep
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: the bolometric fluence
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Figure 1. One-dimensional likelihood distributions and two-dimensional contours at 1�, 2�, and 3� confidence
levels using A118 (blue), A102 (magenta), A220 (green), and BAO + H(z) (red) data for all free parameters.
Left panel shows the flat ⇤CDM model. The black dotted vertical lines are the zero acceleration lines with
currently accelerated cosmological expansion occurring to the left of the lines. Right panel shows the non-flat
⇤CDM model. The black dotted sloping line in the ⌦k0 � ⌦m0 subpanel is the zero acceleration line with
currently accelerated cosmological expansion occurring to the lower left of the line. The black dashed horizontal
or vertical line in the ⌦k0 subpanels correspond to ⌦k0 = 0.
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What are copulas?  
      The word copula was first employed in a mathematical or statistical 
sense by Abe Sklar (1959) in the theorem describing the functions that 
“join together” one-dimensional distribution functions to form 
multivariate distribution functions.

Type of copulas 
            t-copula 
           Gaussian copula  
           Frank copula 
           …….

Copula



How does copula work?
    Assuming a variable x, its probability density function (PDF) and cumulative 
distribution function (CDF), respectively, are f(x) and F(x):

例例如：

Integrate

Copula



    Now, we introduce other variable y which obeys a standard Gaussian 
distribution. Its the PDF and CDF are: 

Copula



If x and y are independent 
of each other, the joint 
CDF of variables x and y is 

For the case that x is related to y, we can use copula to obtain the joint 
distribution of variables x and y 

Copula



Gaussian copula function 

u=F(x) v=G(y) 

ψ2 is the 2-dimensional standard Gaussian CDF 

ψ1 is the 1-dimensional standard Gaussian CDF 

The PDF of joint distribution H(x,y;ρ) is 

Here c(u,v;ρ) is the density function of Gaussian copula, 

Copula



where ψ-1≡[ψ1-1(u),ψ1-1(v)]T, I stands for the identity matrix, and 

For concrete f(x) and g(y), the PDF of joint distribution H(x,y;ρ) has the expression

Copula
c(u,v;ρ) has the form 



 ρ=0.8 

Copula



The conditional PDF of variable y is the probability of y when x is fixed, 
and it has the expression 

Since the variable y obeys a Gaussian distribution, the highest 
probability of y corresponds to

hp
2⇢ erfc�1 �2e�x(�x� 1 + ex)

�
+ y

i2
= 0
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Copula



Copula

From the highest probability of y, we obtain 



Two Gaussian distributions for                         and  x = log
Ep

300keV
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y = log
Eiso

1erg
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The PDF of redshift z of GBR data  has the special form

w(z) = ze�z

<latexit sha1_base64="/wGE5R6in5u9mkqwO1X5+N102zY="></latexit>

An improved Amati correlation



ycopula = a+ b x+ c erfc�1[2e�z (ez � z � 1)]
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a ⌘ āy �
(⇢2⇢3 � ⇢1) āx�y
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,
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(⇢22 � 1)�x
,

c ⌘
p
2�y (⇢3 � ⇢1⇢2)

⇢22 � 1
.
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Here

An improved Amati correlation

An improved Amati correlation:



An improved Amati correlation

220 long GRB data points 

79 low redshift GRBs 
z < 1.4
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141 high redshift GRBs 
z > 1.4
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Calibrating the Amati correlation The distance modulus of GRBs

A fiducial cosmological model:  LCDM ⌦m0 = 0.30
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H0 = 70 km s�1Mpc�1
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Table 1.

Amati method extended Amati method copula method

Best-fit(�) 0.68 CL Best-fit(�) 0.68 CL Best-fit(�) 0.68 CL

�int 0.512(0.045) +0.054
�0.034 0.503(0.046) +0.063

�0.025 0.510(0.045) +0.054
�0.033

a 52.710(0.061) +0.06
�0.061 52.587(0.333) +0.324

�0.334 52.847(0.144) +0.145
�0.137

b 1.290(0.126) +0.126
�0.123 1.521(0.367) +0.422

�0.301 1.209(0.150) +0.145
�0.148

c � � � � �0.217(0.207) +0.208
�0.198

↵ � � 0.319(0.729) +0.734
�0.702 � �

� � � �0.680(0.779) +0.624
�0.915 � �

�2 lnL 121.514 119.492 120.281

Note—The best-fitted values, standard deviations, and the 68% confidence level (CL) of
coe�cients of the yAmati, yexAmati and ycopula. The lnL is log-likelihood, and �AIC =
AICmodel � AICAmati. These results are determined from 79 low-redshift (z < 1.4) long
GRBs.

Figure 2. The Hubble diagram of 220 long GRBs calibrated by three correlations (yAmati, yexAmati, and
ycopula). The blue, orange, and green points denote the original Amati method, the extended Amati method
and copula, respectively. The red line denotes z = 1.4.

An improved Amati correlation GRB Cosmology 
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Figure 2. The Hubble diagram of 220 long GRBs calibrated by three correlations (yAmati, yexAmati, and
ycopula). The blue, orange, and green points denote the original Amati method, the extended Amati method
and copula, respectively. The red line denotes z = 1.4.

An improved Amati correlation Hubble diagram
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Figure 3. The probability density plots for the matter density parameter of ⇤CDM model. The left and
right panel show the ⌦m0 obtained with 141 high-redshift GRBs and 220 full-redshift GRBs, respectively.
The black line, red line and blue line represent the original Amati correlation, the extended Amati correlation
and the corrected Amati correlation by copula, respectively. The ⌦m0 is 0.3 in fiducial ⇤CDM model.

Table 2.

high-redshift full-redshift

⌦m0(�) 68%CL �2 ⌦m0(�) 68%CL �2

Amati 0.677(0.108) +0.120
�0.100 98.519 0.589(0.088) +0.091

�0.082 177.657

extend Amati 0.622(0.109) +0.118
�0.100 91.668 0.519(0.083) +0.089

�0.075 168.671

copula 0.308(0.066) +0.072
�0.056 91.693 0.307(0.058) +0.063

�0.051 166.426

Note—The best-fitted value of matter density ⌦m0 with its standard deviation �
and the 68% confidence level (CL). The results are obtained from the high-redshift
and full-redshift long GRBs which are calculated by correlation yAmati, yexAmati

and ycopula.

3.2. Constraining the ⌦m0 in ⇤CDM model

In order to compare the constraints of cosmological parameter by di↵erent correlations, we use
the minimizing �

2 method to constrain the matter density parameter ⌦m0 in the fiducial ⇤CDM
model and fix the Hubble constant H0 = 70 km s�1 Mpc�1 (Eq. A13). Here we respectively consider
two di↵erent Hubble diagrams: the high-redshift GRBs only (141 GRBs at z 2 [1.4, 8.2]) and the
full-redshift GRBs (220 GRBs at z 2 [0, 8.2]), which are calibrated from low-redshift calibration
above.
The probability density plots of ⌦m0 are shown in Figure. 3, and the best-fitted values are summa-

rized in Table. 2. Both of the original Amati correlation and the extended Amati correlation deviate

An improved Amati correlation Constraint on LCDM

141 220

H0 = 70 km s�1Mpc�1
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Figure 1. The Hubble diagram of 220 long GRBs calibrated from three di↵erent correlations (yAmati,
yexAmati and ycopula). The red dashed line denotes z = 1.4.

Figure 2. The probability density plots of ⌦m0 in the ⇤CDM model with H0 = 70 km s�1Mpc�1. The left
and right panels show the results from the 141 high-redshift GRBs and full-redshift 220 GRBs, respectively.

apparently di↵erent from the original Amati correlation and the extended Amati correlation. After
calibrating this improved Amati correlation from the 79 low-redshift GRB data points, which bases
on a fiducial ⇤CDM model with ⌦m0 = 0.3 and H0 = 70 km s�1Mpc�1, and extrapolating the results
to the 141 high-redshift GRB data, we obtain the Hubble diagram of 220 GRB data points. Applying

An improved Amati correlation Constraint on LCDM

H0 = 70 km s�1Mpc�1
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Conclusions

■ With the improved Amati correlation, the constraints on LCDM model 
from GRB data are very well consistent with the fiducial model.

■ The GRBs can be used as an effective cosmological explorer.

■ Using the Gaussian copula, we obtain an improved Amati correlation.
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Figure 1. The CDFs of the empirical and assumed redshift distributions of GRB data. The maximum deviation between two
CDFs is about 0.06 at z ' 2, and is less than the critical value D↵ ' 0.09, which means that the assumed distribution in our
work passes the K-S test.

use the 79 low-redshift GRB data to determine the coe�cients in ycopula, and then extrapolate these results to the138

high redshift data to obtain their luminosity distances, which will then be used to constrain the cosmological model.139

Since the isotropic equivalent radiated energy Eiso (see Eq. (A4)) is dependent on the luminosity distance, a fiducial140

cosmological model needs to be chosen. Here, the spatially flat ⇤CDM with ⌦m0 = 0.30 and H0 = 70 km s�1Mpc�1
141

is chosen as the fiducial model, where ⌦m0 is the dimensionless present matter density parameter. Then, the allowed142

regions of a, b, c and �int can be obtained by maximizing the D’Agostinis likelihood function143

L(�int, a, b, c) /
79Y

i=1

1q
�
2
int + �

2
y,i + b2�2

x,i

⇥ exp

"
� [yi � ycopula(xi, zi; a, b, c)]2

2
�
�
2
int + �

2
y,i + b2�2

x,i

�
#
. (16)

Here �int is the intrinsic scatter of GRBs, and yi denotes the observed log Eiso
1erg of the low-redshift GRBs. For a144

comparison, the Amati and extended Amati correlations, which are denoted by yAmati and yexAmati respectively, are145

also investigated. In our analysis, the CosmoMC code is used1. The results are summarized in Tab. 1.146

Extrapolating directly the values of the coe�cients in Tab. 1 from the low-redshift GRB data to the high-redshift147

samples which contain 141 GRB data points, we can construct the Hubble diagram of GRBs. The distance modulus148

of GRBs and their errors are obtained from Eqs. (A5) and (A10). In Fig. 2, we show the Hubble diagram of 220149

long GRBs obtained from three di↵erent correlations (yAmati, yexAmati, and ycopula). The values of distance modulus150

obtained from the ycopula are less at low-redshift (z . 1) regions and larger at high-redshift (z & 1) regions than the151

ones from the original Amati correlation because a correction exists in the right hand side of Eq. (14).152

4.2. Constraints on ⌦m0 in ⇤CDM model153

To test whether the GRB can be regarded as the viable cosmological indicator, we can constrain the ⇤CDM model154

from the distance modulus of GRBs obtained in the above subsection, and check whether ⌦m0 = 0.3 is allowed after155

1
The CosmoMC code is available at https://cosmologist.info/cosmomc.

The Kolmogorov-Smirnov test (K-S test) 

4

• the PDF of redshift z of GRB data has the following special form (Wang et al. 2017):109

w(z)= ze
�z

. (10)

Here ā and � represent the mean value and the standard deviation of the Gaussian distribution respectively. Thus,110

the CDFs of x, y and z, respectively, have the forms111

F (x; āx,�x) =

Z x

�1
f(x̃; āx,�x)dx̃, G(y; āy,�y) =

Z y

�1
g(ỹ; āy,�y)dỹ, W (z) = 1� e

�z(1 + z). (11)

Since the distribution of redshift z of GRBs given in Eq. (10) is an assumed special form, we need to evaluate whether112

the redshift of observed GRB data obeys this form by using the Kolmogorov-Smirnov test (K-S test). The K-S test113

bases on the distance measure D which is defined to be114

D = max |WN (z)�W (z)|, (12)

whereWN (z) andW (z) are the empirical and assumed CDFs of redshift distribution of GRBs respectively. Apparently,115

D represents the maximum deviation between two CDFs. In our K-S test, we set the significance level ↵ to be ↵ = 0.05,116

where ↵ ⌘ 1� P (�↵) and P (�) is the the Kolmogorov distribution117

P (�) =
+1X

i=�1
(�1)i exp

�
�2i2�2

�
(13)

obeyed by the Kolmogorov stochasticity parameter �. Here � ⌘
p
ND and N is the number of data. Then, a critical118

value D↵ = �↵p
N

' 0.09 can be obtained, which means that if the data satisfies the assumed distribution, the probability119

that D < D↵ is about 95%. Conversely, the probability that D > D↵ is only 5%. If D > D↵, the assumed distribution120

will be rejected since it is a rare event. Fig. 1 shows the CDFs of the empirical distribution WN (z) and the assumed121

distribution W (z) used in our discussion. We find that D ' 0.06 at z ' 2, which is less than D↵. Thus the assumed122

redshift distribution of GRB data passes the K-S test and is acceptable.123124

Substituting the marginal PDFs given in Eqs. (9,10) into Eqs. (4-7), S(x, y, z;✓) can be derived. However, the125

concrete expression is very complicated, so we do not show it here. From the equation of S(x, y, z;✓) = 0, we can126

obtain:127

ycopula = a+ b x+ c erfc�1[2e�z (ez � z � 1)], (14)

where erfc is the complementary error function, and coe�cients a, b and c are defined as128

a⌘ āy �
(⇢2⇢3 � ⇢1) āx�y

(⇢22 � 1)�x
,

b⌘ (⇢2⇢3 � ⇢1)�y

(⇢22 � 1)�x
,

c⌘
p
2�y (⇢3 � ⇢1⇢2)

⇢
2
2 � 1

. (15)

Eq. (14) is di↵erent from the original Amati correlation (Eq. (A1)) by a redshift-dependent term, and this redshift-129

dependent correction term is also di↵erent from that of the extended Amati correlation (Eq. (B14)). We name this130

luminosity correlation from the Gaussian copula as the improved Amati correlation, and it is the main result of our131

paper.132

4. HUBBLE DIAGRAMS AND GRB COSMOLOGY133

4.1. The low-redshift calibration134

To test the viability of the improved Amati correlation given in Eq. (14), we use the latest GRB sample (Khadka135

et al. 2021), which contains 220 long GRBs in the redshift range of z 2 [0.03, 8.2]. These GRBs are divided into136

the low-redshift part (79 GRBs at z 2 [0, 1.4]) and the high-redshift one (141 GRBs at z 2 [1.4, 8.2]). We will137
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• the PDF of redshift z of GRB data has the following special form (Wang et al. 2017):109

w(z)= ze
�z

. (10)

Here ā and � represent the mean value and the standard deviation of the Gaussian distribution respectively. Thus,110

the CDFs of x, y and z, respectively, have the forms111

F (x; āx,�x) =

Z x

�1
f(x̃; āx,�x)dx̃, G(y; āy,�y) =

Z y

�1
g(ỹ; āy,�y)dỹ, W (z) = 1� e

�z(1 + z). (11)

Since the distribution of redshift z of GRBs given in Eq. (10) is an assumed special form, we need to evaluate whether112

the redshift of observed GRB data obeys this form by using the Kolmogorov-Smirnov test (K-S test). The K-S test113

bases on the distance measure D which is defined to be114

D = max |WN (z)�W (z)|, (12)

whereWN (z) andW (z) are the empirical and assumed CDFs of redshift distribution of GRBs respectively. Apparently,115

D represents the maximum deviation between two CDFs. In our K-S test, we set the significance level ↵ to be ↵ = 0.05,116

where ↵ ⌘ 1� P (�↵) and P (�) is the the Kolmogorov distribution117

P (�) =
+1X

i=�1
(�1)i exp

�
�2i2�2

�
(13)

obeyed by the Kolmogorov stochasticity parameter �. Here � ⌘
p
ND and N is the number of data. Then, a critical118

value D↵ = �↵p
N

' 0.09 can be obtained, which means that if the data satisfies the assumed distribution, the probability119

that D < D↵ is about 95%. Conversely, the probability that D > D↵ is only 5%. If D > D↵, the assumed distribution120

will be rejected since it is a rare event. Fig. 1 shows the CDFs of the empirical distribution WN (z) and the assumed121

distribution W (z) used in our discussion. We find that D ' 0.06 at z ' 2, which is less than D↵. Thus the assumed122

redshift distribution of GRB data passes the K-S test and is acceptable.123124

Substituting the marginal PDFs given in Eqs. (9,10) into Eqs. (4-7), S(x, y, z;✓) can be derived. However, the125

concrete expression is very complicated, so we do not show it here. From the equation of S(x, y, z;✓) = 0, we can126

obtain:127

ycopula = a+ b x+ c erfc�1[2e�z (ez � z � 1)], (14)

where erfc is the complementary error function, and coe�cients a, b and c are defined as128

a⌘ āy �
(⇢2⇢3 � ⇢1) āx�y

(⇢22 � 1)�x
,

b⌘ (⇢2⇢3 � ⇢1)�y

(⇢22 � 1)�x
,

c⌘
p
2�y (⇢3 � ⇢1⇢2)

⇢
2
2 � 1

. (15)

Eq. (14) is di↵erent from the original Amati correlation (Eq. (A1)) by a redshift-dependent term, and this redshift-129

dependent correction term is also di↵erent from that of the extended Amati correlation (Eq. (B14)). We name this130

luminosity correlation from the Gaussian copula as the improved Amati correlation, and it is the main result of our131

paper.132

4. HUBBLE DIAGRAMS AND GRB COSMOLOGY133

4.1. The low-redshift calibration134

To test the viability of the improved Amati correlation given in Eq. (14), we use the latest GRB sample (Khadka135

et al. 2021), which contains 220 long GRBs in the redshift range of z 2 [0.03, 8.2]. These GRBs are divided into136

the low-redshift part (79 GRBs at z 2 [0, 1.4]) and the high-redshift one (141 GRBs at z 2 [1.4, 8.2]). We will137

                     are the empirical and assumed CDFs 
of redshift distribution of GRBs respectively.

We set the significance level α to be α = 0.05, 
and obtain the critical value D = 0.09.

D = 0.06
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