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1.Introduction/Motivation

\
Black hole thermodynamics: ro PR kA,
« Application thermodynamics to BH 2k c T AGH
« Combination of GR and QM. , ,
Bekenstein,PRD(1973), Hawking, CMP(1975)

\ /

_ Thermodynamics Black hole

Zero law T = const at equilibrium K = const along horizon

First law dE =Tds — pdV + udN oM = §5A+Q5J+CD5Q
Second law oS >0 O0A>0

Third law Absolute zero cannot be reached Extreme black hole cannot reach

Bardeen et al, PRL(1973), Smarr, PRL(1973)
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1.Introduction/Motivation
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Thermodynamics in ordinary system

> Boltzman-Gibbs thermodynamics

Extensive ==)

Proportional to the size of the system
Parameters are additive, E=E +E,

Intensive ==) °

Does not change with the size of the system
Parameters are not additive, 7T=17 =T,

Local equilibrium

 Locally define all physical quantities

.- Homogeneous Function

IF fQx,nx,) —— f(Ax, - Ax) = A" f (X, x,)

The Euler throrem:

insi="”tf P-V-T system: E=TS—-PV + uN
i=1 X,

=1 is required _ | EAS, AV, AN) =S, VN)

—————————————————————————————————————————————————————————————————————————
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1.Introduction/Motivation

Non-Extensive thermodynamics

> Tsallis thermodynamics

« Non-Extensive
« Long-rang interaction or few body system

» Whether BH thermodynamics be extensive or not?

————————————————————————————————————————————————————————————————

/ + Black hole thermodynamics is special , i.e., thermodynamics N
on its horizon!

« In some seems, horizon is a null surface with equal
gravitational potential.

« BH thermodynamics is reasonable to considered as extensive.

o Ty
R T ————

. * Why BH thermodynamics is non-extensive. y
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1.Introduction/Motivation

Classical and Quantum Gravity

The Smarr relation:

Enthalpy and the mechanics of AdS black holes
. d o 2 KA 1 ®A David Kastor!, Sourya Ray® and Jennie Traschen'

B d — 3 87Z-G N d _ 3 47Z_G Published 22 September 2009 « 2009 IOP Publishing Lid

M

Classical and Quantum Gravity, Volume 26, Number 19

Citation David Kastor ef al 2009 Class. Quantum Grav, 26 195011

Einstein field equation with energy-momentum tensor

A
= r=g5 "=®

" =(p+pu'u +pr*
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1.Introduction/Motivation
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€ Kerr—-Newman-AdS black holes in the extended phase space

Scaling argument:
M oe FP SR A o J 2 LA oo {2

(D—-3)M = (D -2) (@) A_Q(%

0A

The thermodynamic variables

B (ro2 +azz)(r02 +ZZ)+qzl2

M
21 ’E?

2 2 2 2

a 7 a +q
T:r0(1+l—2+3102 — >
To

27 (r> +a”)2r) I’ +a’l> —ra’)

3 rolez

%

S

Y/ Ar(r) +a’)

:ﬂ(r02+a2) o = g7y
= r+a’

|
. First law and Smarr relation:
| dM =TdS +VdP +QdJ + ®dQ
: M =2TS — 2PV +2QJ + DO

The phase transition

0.20pr

0.18F

o |

0.12 bt

6/28



1.Introduction/Motivation

More issues:

« Ensemble theory or ensemble of the theories

« Mass Mregard as enthalpy H

 The first law and Smarr relation of the rotating, charged
AdS black holes
dM =TdS + QdJ + ©dQ +\VdP,

(d =3)M = (d —2)(TS +QJ)+(d —3)DQ - 2PV

The extensive of the relation is absent.

Extensive:
« Parameters are additive
 First-order homogeneouty

The Smarr relation is not
consistent with the Euler relation
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1.Introduction/Motivation

Holographic interpretation of cosmological constants

Regular Article - Theoretical Physics ‘ Open Access | Published: 14 December 2015

Holographic black hole chemistry

Classical and Quantum Gravity

o i Andreas Karch & Brandon Robinson

The extended thermodynamic phase structure of Taub—NUT

and Taub-Bolt Journal of High Energy Physics 2015, 1-15 (2015) | Cite this article
Clifford V Johnson' 398 Accesses ‘ 73 Citations | 2 Altmetric | Metrics

Published 28 October 2014 » © 2014 I0P Publishing Ltd
Classical and Quantum Gravity, Volume 31, Number 22
Citation Clifford V Johnson 2014 Class. Quantum Grav. 31 225005

Thermodynamic in frame of Holograhpy

Holographic thermodynamics requires a chemical potential for dE =TdS + QdJ + ®dQ — pdV + udC

color
Manus R. Visser E = TS —+ QJ + (I)Q + [,LC

Phys. Rev. D 105, 106014 — Published 16 May 2022

Regular Article - Theoretical Physics | Open Access | Published: 18 August 2022

K S} dG N Holographic CFT phase transitions and criticality for
= 87G N G+ Bd0 + 871Gy dh = (M =90) G charged AdS black holes
d o 1 RA 1 @A Wan Cong, David Kubiziidk, Robert B. Mann & Manus R. Visser &=
= d _ 2 87TGN —I_ (I)Q B d _ 2 4:7TGN Journal of High Energy Physics 2022, Article number: 174 (2022) | Cite this article

168 Accesses | 8 Citations | 1 Altmetric | Metrics
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1.Introduction/Motivation

Holographic interpretation of cosmological constants

dM =TdS + @O + pdC
M:TS+CI~)Q+,UC

C=L1%?%/G fixing L

-~ Phase Transition --=-===========mmmmomcmm oo o oo oo oo oo oo ~
4 \
! \
I 1
1 I
1 I
1 I
1 I
1 I
! I
1 I
s |

Eq I

I B |
1 I
1 I
1 I
! I
1 I
1 I
! I
1 1
\ )
. ’,’

ZYG, LZ, COG(2022)
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1.Introduction/Motivation
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/"> The Smarr relation of the charged rotating AdS black hole in
three dimensional spacetime:

(d —3)M =(d —2)(TS +QJ)+(d —3)®O - 2PV

No mass term, Absent of the electric field

« Whether BTZ black holes thermodynamics become additive again

> The Smarr relation of the modified gravity model.

(d-=3)M =(d-2)TS +(d =3)DPQO -2PV+(a, )+ eeeeee

« The mass M is not a first order homogeneous function

‘—_----------------N

' * Whether coupling parameters can be treated as thermodynamic variable

-
——————————————————————————————————————————————————————————————————

N i

S/
’
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2. Holographic thermodynamics of the BTZ black hole

> Introduce the central charge C

V ld—2 12
Holographic Dictionary : C = 4=2 o
loxG G
i Definition of [/ (on-shell Euclidean action) ---=---=---~ ~

Thermal partition function of CF7: W=-TlnZ,

On-shell Euclidean action: [, =-InZ

AdS/CFT correspondence: Z

CFT

=7/

AdS

o
el Tl T T Ty,

» The periodicity of Killing time: f=1/T

___________________________________________________________________

—=) |uC=-TnZ, =-TinZ, =TI,
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2. Holographic thermodynamics of the BTZ black hole

Additive thermodynamics of the BTZ BH /=0, 0=0

> The metric:
2

F() = —8GM + Ty K200 1 7 p(r) =0 In(5)
[ 47 [

> The thermodynamic variables '.__‘_’_0__:_%??__7{_:_83_”_9__0._:_.1__.)
_ V02 _Q2 ln(r—o) T:f'(ro): 7o _GQZ
RG]: 2 ] 4 27l 7
A
S = L — 4R O = aﬂ = _an(r_o)
4G 2G o0 )., [

» The heat capacity :
cy=1(2) =0
oT ),
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2. Holographic thermodynamics of the BTZ black hole

On-shell Euclidean action

« Einstein-Hilbert action :

I, = ! dx’ F F‘”\
E ——E-" X X o
« Gibbons-Hawking action:
1
Lopy = ..-a d x\/—K—— aMdzxan”At >_T]E:_(IEH+]GHY+[ct)::uC
. Ky p
« The counterterm action :
Lo ] My =27,k =87G,c=1 |
I, = ;LM dx \/5(7) :

» The total action central charge:

2 2 2
]E:IEH+IGHY+]ct:ﬂ(Q71n(FTO)+Q2 _ 0 j

13/28



2. Holographic thermodynamics of the BTZ black hole

Additive thermodynamics of the BTZ BH /=0, O0=#0

> Order homogeneity l/ ng 5 0G|
The thermodynamical variables with central charge '_ _ ~ @ -, !
8> Oln[s/4xC] T:(an I %
C1677IC 16IC oS )5 8m’IC 16ISC
~ (oM On[S/4C] _(an _ 8 0  Q’In[S/4nC]
O=|— = — H=| —— = = PP + 5 + 5
a0 ). . RIC oC Js 5 l67°IC”° 16IC 16/C

» Thermodynamic behavior

dM =TdS + ®dQ + udC,M =TS + ®O + uC

Neither a extremal point nor an inflection point, there are no phase transition.
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2. Holographic thermodynamics of the BTZ black hole

Additive thermodynamics of the BTZBH J#0, O=0

> The metric: > 16G2 )
f(r):—SGMJr; +—

r

» The thermodynamic variables

- ,,02 N 2G.J? Q_(@Mj 4GJ
T 8GI2 roz of Js, K
Al . T I”O T: f'(rO) — rO 8G2J2

N 4G 2G 4 27l* o«

» The heat capacity :
()
oT ),

S
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2. Holographic thermodynamics of the BTZ black hole

Additive thermodynamics of the BTZBH J =0, O=0

» Order homogeneity

The thermodynamical variables with central charge

S? 47 JC oM S  87’J°C
M=—7F—+ - I'=s|—| =—7%—=- 3
l6z’IC IS oS ),. 8zIC IS

oM 87°JC oM S’ A J?
Q=|—— = > H=\7"Z7| T Tzt e
oJ )y IS oC ), 167MC* IS

» Thermodynamic behavior

dM =T1dS +QdJ + udC, M =TS +CQJ + uC

Neither an extremal point nor an inflection point, there are no phase transition.
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2. Holographic thermodynamics of the dRGT black hole

Extensive thermodynamics of the dRGT BH

« The bulk action for dRGT massive gravity on the d=(n+2)-
dimensional background manifold M

j d'x\-g[R-2A—F, F" + mgiciUi( 2, )]

ly= lozG,

« The total Euclidian action
I, =1, +I +1I_ =1

——————————————————————————————————————————————————————————————————————

E’ Fﬂv = a,uAv o 5vAu M:[Iq; , K~ :\/ng/w

: ( 2) Z/é:[,q _[lC ]9

I n= 3 2 3

! 4 (=1 U =[KT -IKIL 1+,

: U = ( 1)” u—y[ y] e—) 2 3 2

| ; ) i—y)! U, =[KT' -qKLFIC1+KIICT+IICT —6K]



2. Holographic thermodynamics of the dRGT black hole

Extensive thermodynamics of the dRGT BH
> The equation of field

— 1 d 2 UV
5119 = 167G . jMd x«/—g[GW + Agﬂv + mgXW —Tﬂv]5g
1
S dd_lx\/—hn“5gwya
g
1 .
T arG, du d'x\-g[V, F" 154,
d
1
v 6Mdd_1x\/—hnﬂF“VAU
TG,
,¢ ------------------------------------------------------------------ S
{ =y Lo ) S U, ~K) ‘.
=SS S = | =
, i=1 y=l y -2 (Uyg,, —2UK,, +2K2,) :
1 I
1 2 3 |
| 1 y : (u3g/4v _32/[2’6/41/ + 6“11(:;41/ - 6IC/N) 1
_ 2
: W———gﬂvFﬂvF”V+2FMFV : :
" 2 —?4(Ll4gw—4lxl3le+12UZIC3V—24Z/{IIC5V+24IC:V) I|
\\ __________________________________________________________________ ;l



2. Holographic thermodynamics of the dRGT black hole

Extensive thermodynamics of the dRGT BH

» The equation of field

1 v
G, +Ag,, +m.X, = —EgWFWF“ +2F,F/ V F*" =0

» The metric

d-2 i-1

2 —dx’ + ) ] sin® x,dx; k=41

&> =—f(r)df* + : +rhdedy (i, j =12..) =t (=
r L———T———4 d=2

> > dx] (k =0)
=1

fuv = diag(0,0, cghij) _ dx. +sinh’ xldz_f dxfﬁ sin’ X; (k=-1)

i=2 =2
> The metric function d=d-i |
) =k 2Ar? m +m2i( CyC; l_i[d)+ 2q°
dd, r®& S dy LS dydgtt
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2 Holographic thermodynamics of the dRGT black hole

Extensive thermodynamics of the dRGT BH

> Four-dimensional case

f(r)y=k+=

2

le

» The thermodynamic variables

V, is the solid Angle

M =

Vr (k+ r +q2 +coclm2
St I? r+
3 2 q2
4rr, ?+Cocl

+

g 2 2
r.+cyent,)

2 2 2
1, +cyc,m,)

S =

D=

v, , Vgl
1_
4G 0=0 47zG

_4q9  _ 28

I rl 167G G
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2. Holographic thermodynamics of the dRGT black hole

» The on-shell action of the black hole spacetime

BH —

ﬁVn
167G

{7

2 4

12

2
me D

d=2

(i—2)cye,

i=1

d—i-1

i+1

o J
pad-icl —4 2% rh
H3 :|+ d2 +

]

» The on-shell action of the AdS background without black hole

> On-shell Euclidean action

AdS —

l67G,

2

{_

12

pv,

i=1

; ¥ (i -
R —mgz 7

2)60 szzl

—1

i+1

Hd

|

—1

T

E =

1
— Uy =1

p

sas) = HC

1

on—shell

= }21_130(1311

1 i+l
3@ +m Z(l )CO

2 |

Hd
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2. Holographic thermodynamics of the dRGT black hole

» The on-shell action of the black hole spacetime

. R=wx
BV 2 4o 2d72(i_2)c(l)c pd=i-1 - d, 2 .d
I, = - —r° —-m -4 —=0r"
Mo1en G, | |17 ) d-i-1 H , d !

i=1 Jj=3 2

» The on-shell action of the AdS background without black hole

14 2 a ' & (i—2)c(i)c. d-ini T
I, =—2—|—=R"-m “R d,
B 16nG, | 1P 2 d-i-1 1]_[3 !

i=1

. . 1
> On-shell Euclidean action [T/, = ;(IBH —1,,5)=uC

. d; 2 i+l
[on—shell = }zl_I}}O(IBH _IAa’S) :ﬂl/nlﬁr |:k—r; 3 CD +m Z(l I)CO Hd :|

IFd,

d =4 ﬂVV+ I"+2 q2 2
| ( )> :m(l_l_z__z_FCOClmg

+

dM =TdS + ®dQ + udC, M =TS+ DO + uC
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2. Holographic thermodynamics of the dRGT black hole

> Whether coupling parameters can be treated as
thermodynamic variables ?

1 .
I, = [ d'xJ-g[R-2A-F, F*+m}Y cUJg, f)]
b y7y) g i~ ’ ~~
1 2y, o2 cocm?V, “
: ol 0c1 a2 4_

| dM =Tds + vdp + 22220 g, @-3IM=@-)TS—2vp - 2 242
I 167 16 |
i @ —2gm?Vaor{™ ,@-- egesm? Va2 4y )
: 167 o 167 + !
g P d—4 " d—5 '

: (d — 2)(d — 3)c3m2Vy_or? (d —2)(d - 3)(d — 4)chegm®Vy_ort ]
| + dC3 + 1
: 1677 8 I
: (d — 2)(d — 3)(d — 4)cAm2Vy_prd= :
| + T dey Eur. phys. J.C, 77,256(2017). !
i :
' (]

W\ M=2TS+ Qb — umy +2uya’ + pgp Eur. phys. J.C, 79,342(2019). J

\ 4

> First law and Smarr relation:

dM =t= TdS + DdQ + pdC + Cde, M == TS +DO+ uC+Ce,

22/28



2. Holographic thermodynamics of the dRGT black hole

Extensive thermodynamics of the dRGT BH

» The thermodynamical variables

M:Sc”ll+SCV2(52+k)+4n2Q2+4C2 &M :ﬂ
47l 4rlJSCV, 00 ). IJSCV,

T_(aﬂ) &l SCr@+h-4r0 4128 (aM) ST +)—470 —4S"
8S )y Anl 871S./SCV, \aClyy,  sACsy,

S= V;_f[(glz —47TI)\&2 1 —8aTe” +120° —12(G, +K) + 21> —8TE
+& 72 —87Te* +167° T + 60 —6(E, +K)]

(6] —4xTIWE> —82TE > +167°T°1 +120°1 —12(Z, +K)

1
+&21F —8aTE* +1678° T 1> + 61> —6(C, +K)]?
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2. Holographic thermodynamics of the dRGT black hole

Extensive thermodynamics of the dRGT BH
» Order homogeneity

v = Sal  SCV (6, +k)+4n’0% +4C° A 2720
4l 47l f;(jvpfz é?g? e / é;(jlyé
T:(aﬂj _ &l SCV(@E +R-4x° 0 +128° :((y) _ SOV (& +k) -4 0 —4S°
oS Joc 4nl 871S\/SCY, oC s, 87CSCV,
7T T N T ST X
 G=com’  pegtd g .S 1 1 When §5A85,0-40, E
| C I
E " i i C—>AC, M—>IM |
| = 2., .2 ® g O 1 ! :
I — _ P _4q9 _Y 0 A 1
i C, =G m, @ Y Q c 'l [T]=[@]=[u]l=— E
\ /’ ‘\ [l] J
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2. Holographic thermodynamics of the dRGT black hole

Extensive thermodynamics of the dRGT BH

> Thermodynamic behavior

~ ~ q) V2 l
<T-Scurves> ¢, =cyem. & =coe,my O :725_1 Q:gzzé
1. Find the inflection point . =3
B =—2"(¢,+k)=9C
Q. 241 (& +k) =€,
oT o’T
(_j - (azsj 0 5, =GR =SC
S Jp.c o.c 24
6 NeJE + i
Y 3im

Q.

{ =
Qc

T _S
TC SC‘ q_

)

2. Introducing the reduced parameters .

NV6¢é, 1 — /¢ +k(q2—3S2—6S)
t 1 2
5‘3/2(8«/52 + k + \/géll)
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2. Holographic thermodynamics of the dRGT black hole

Extensive thermodynamics of the dRGT BH

» Thermodynamic behavior

~ 2 =~ 2 2~ ® g - V,ql
<F-T curves> G, = CoCim, € =CoCyMm, m=o 0=0=7C

1. Introduce the Helmholtz free energy by a Legendre transform

F(T,0,C)=M(S,0,C)-TS

2. Introducing the relative parameters .

T S
t = — - —
r. ° S, —815/¢, +k —J6G1s(t=1) ¢*+ 5>+ 65
) f = = +
. 8./¢, +k 4s
g=2 -
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2. Holographic thermodynamics of the dRGT black hole

» Thermodynamic behavior

A V6157 — Jé, + k(g> 357 — 65) - —8ts,/52+k—\%511s(t—1)+q2+s2+6s
s32(84/¢, + k +6¢,1) 8./, +k 4-/s

— Phase Transition

1.6

1.4+
1.4 A

1.2 4
1.2 4

e o Qe
1.0 4 _—

TITe

0.8

F'Fc

0.8

0.6 1 0.6 1

0.4 - B

0.2

0.2 A

0.0 4 ; . ; ; . ; . ;
0.0 0.5 10 15 2.0 25 3.0 35 40 0.0 0.2 0.4 0.6 0.8 1.0 12 1.4 1.6
/5, T

<T-5> < F-T>

0.0

<@-Q >curves There is neither inflection point nor extremum on the curve.
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3 Summary and Outlook

> Extensive Black Hole Thermodynamics

« BTZ black hole thermodynamics becomes additive.

 Euler relation of BTZ black hole and dRGT black hole is established.
« Homogeneous Function are verified.

« Extensive thermodynamics of BTZ black hole and dRGT black hole.
« Thermodynamic role of the coupling parameters are determined.

« Thermodynamic phase transition is analysed.

> Outlook

« The universality of extensive thermodynamics.
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