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Introduction ...

e

Dg| \JIEJ 7'7 LA il o &=
VALY 5 /\: 1: Bardeen, Carter, Hawking, CMP 31, 161 (1973)

(. The surface gravity  is constant over the event horizon of a stationary black hole.
1. For a rotating charged black hole with a mass M, an angular momentum J/, and a charge

Q,

M = L _6A + Q6] + BSQ,

i

where k is its surface gravity, {1 its angular velocity, and @ its electric potential.

2. Hawking’s area theorem: 6A 2 0, i.e. the area A of a black hole’s event horizon can never
decrease.

3. It is impossible to reduce the surface gravity & to zero in a finite number of steps.
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Introduction ...

Thermodynamics Gravity

Energy I <> M Mass

h .
Temperature 7' <> Z—K Surface gravity
T

A :
Entropy S < 1 Horizon Area

dE = TdS @ work tenns<—>dM=8£dA+Qd]+ DO
T

First Law First Law
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Schwarzschild -AdS
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Introduction ...

Kastor, Ray, Traschen, CQG 26, 195011 (2009)
Dolan, CQG 28, 125020 (2011)

J
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E:M:l +2r+]/'+ T:Z +3K£ S=7Zl:_2 (D:4)
21 Arrl
- M=2(IS-VP), dE=TdS+VdP
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Introduction ...

Thermodynamics Gravity
; )
Mass as Enthalpy H <> M Mass
hx
Temperature 7" <> — Surface gravit
: Enthalpy ) P 5, oV

A :
Entropy S < 1 Horzon Area

dH =TdS+VdP + - <> dM = = dA+VdP + --

8T

First Law First Law

H EiPPL. . ¢sM B 74

Mass
= Total Energy
- Vacuum
Contribution
(infinite)

Kastor, Ray, Traschen, CQG 26, 195011 (2009)
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Introduction ...
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%

Everyday AdS Black Hole Thermodynamics_-

* Hawking Page Transition Hawking, Page, CMP 87,577 (1983)

SOLID LiQuio GAS

Van der Waals Fluid and Charged AdS Black Holes Kubiznak, Mann, JHEP 07,033 (2012)

Black Hole Triple Points €= Solid/Liquid/Gas Altamirano, Kubiznak, Mann, Sherkatghanad,

CQG 31, 042001 (2014)

Holographic Heat Engines jonnson, cQG 31, 205002 (2014)

Thermodynamics geometry Ruppeiner, RMP 67, 605 (1995)

Holographic Thermodynamics visser, PRD 105, 106014 (2022)

Free Energy Landscape R.Liand J. wang, PRD 102, 024085 (2020)

Black hole topological thermodynamic S.-W. Wei, Y.-X. Liu and R. B. Mann, PRL 129, 191101 (2022) 8/35



Introduction .........c.m.
Equation of State of RN-AdS BH

L @
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Introduction ......:

Gibbs Free Energy of RN-AdS BH

167
J
v Fixed YCP\aV‘ge
T ] ;
= G(T’P) = Z[H- S 8—72-P;ﬂ3 + ﬁ\
3 + 1.5
/ s J G e e
. //é%%% | 1 VdW Fluid!
Kubizna
b k, Mann, JHEP 07, 033 (2012) 0 - 4\
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L.andau functional

Landau approximate the free energy of a system
it exhibits the non-analyticity of a phase transition and turns out to capture
much of the physics

Landau believed that the order parameter m near the critical point 7. is a small
amount; thus the free energy function F'(7,m) can be expanded to the power of m

near T, (second-order phase transition)
1

F = a(T) + %b(T)mQ b Lo(T)mt — Bm o, B
a(T)=ag+a1(T-T)+---,
b(T)=by(T —T¢)+---,
c(T)=co+c1(T—-T.)+---.

For black holes: x.-v. Guo, H.-F. Li, L.-C. Zhang and R. Zhao, PRD 100, 064036 (2019).
X.-P. Li, Y.-B. Ma, Y. Zhang, L.-C. Zhang, and H.-F. Li, CJP 83, 123 (2023) .



L.andau functional
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4D Schwarzschild-AdS BH — w=%(1+5) s=m m= (147

P 2
[ Gibbs Free Energy G=M -T,§ _%[HI’LJ_Q[H T n
A

@ On-shell Gibbs free energy: G= M —T},S or calculated directly from the Euclidean action
@ Off-shell Gibbs free energy: replacing the Hawking temperature 7, with the

ensemble temperature 7

gy G B0 o
[Free energy landscape G=M - IS— 5 (1+ L) nTrs }

R. Li and J. Wang, PRD 102, 024085 (2020) 13/35



Thermal pOtential Landau functional

(

[ Equation of state s

Thermodynamics

>LEquation of motion }

Classical Mechanics

-

Provided

b

The process of a system from an unknown state to an equilibrium state:

selecting a relation (equation of state in equilibrium) from all possible relations

o fF(X,T, P)dX

F(X,T,P) =P — §{X,T)

Z.-M. Xu, B. Wu and W.-L. Yang, CQG (2021)

14/35



Thermal potential

» Canonical ensemble at temperature 7 composed of a
large number of states

€ The real black hole state (on shell) is the solution
of the Einstein field equation

& while others (off shell) are not

» T=T), : the ensemble is made up of real black hole states

15/35



Thermal potential

fla) = /(Th — T)dS.

The integrand: the deviation of all possible states from the real black hole state

A Z.-M. Xu, PRD (2021)
A ==

» Degree of the thermal motion is measured by the product of temperature and
the entropy.

» T =T, is just one of the ways to get the value of the ensemble temperature 7.

» For a simple thermodynamic system, according to the first law of
thermodynamics dE =T,dS — PdV
J(x)=L



Thermal potential

Thermodynamic Properties Geometric Characteristics

» Equilibrium state is the one that makes the potential take the minimum value

Y o717
ds "

» Thermal stabilityis related to the convexity and convexity of the extreme point

®0:(S, Y)/0S > 0, potential well, stable
€ 01(S, Y)/0S < 0, potential barrier, unstable



van der Waals fluid

van der Waals fluid (P+ ;—2) (W—b)=7  T=ksT
Chemical potentials u, or equivalently Thermal potential

the Gibbs free energy G = uN

b'T 2@ L:P _E_ 1 —b
(—_Tln(v—b)—l-v_b—?—ﬂ'lnnj - G )/
dL T a
— =) = = — —

dx v—>b v?
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van der Waals fluid

van der Waals fluid
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(a)T = 0.9007, (b)T = 0.9007, and P = 0.647F
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Schwarzschild black hole

4D Schwarzschild BH

[ Instability ]

0.15 - L e e 1
L — T=0 ]
/Thermal potential \ ; Ain]
< o10f — T=03
X 5 Tgﬁ — T=0.5
f(X):L:——ﬂ'Tx S * — T=1.0
:2 5 0.05 -
8
\ / 0.007 \ \ \
Y| RN W e
0.0 0.2 04 0.6 0.8 1.0

Response parameter: x
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Charged black hole

4D Reissner-Nordstrom BH [ Metastability |

( D

hermal potential
Q 2

X
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/) 2 2x

N v
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Schwarzschild-AdS black hole

4D Schwarzschild-AdS BH

[ Stability ]

O e
. — T=030 1
/Thermal potential \ | T=Thin
o 027 —— T=038
= - —— T=Twp
4 7P S e
f(x)= L——z——ﬂTx +——————3 X g0 -
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Schwarzschild-AdS black hole

4D Schwarzschild-AdS BH

[ D

Thermal potential 010

[Hawking-Page phase transition}

f(x)= L_E_ﬂTx +4%Px3 '

N v

0.06 -

Landau functional : L

0.04 -

0.02 -
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Charged AdS black hole

4D RN-AdS BH

Thermal potential )
4P 2
f(x)=L ol e Rl +Q—
2 2r
~ /
v dimensionless
g N
L i
Nz, t,p) ;= — == | = + 6z + px® — 4tx”
Y(z,t,p) c. 4(3:+ +p )
> Y
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Charged AdS black hole

_VEQ
= =g gttt

4D RN-AdS BH o (ML 8 g )

4x 2 4
[second-order phase transition] [ﬁrst-order phase transition]
120
B 110
100k
0.95} p=L> o
00 05 10 15 20 25 30 35
x
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Thermal potential

AN

T/

/_ Maxwell equal area law N
| =l =7
S S
i
T = _[T(S,P)dS
L §, -5 5, J
\
Swallow tail intersection
G| =G|
5 5,
TS:TS:W
1 2
L 2
/ ™\
Global minimum
oL
2=
oX r.p
N &
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1. Fokker-Planck equation

Due to thermal fluctuations, the black hole moves stochastically in the thermal potential, which leads to
different phase transition characteristics.

The probability distribution /7(x,?) of these black hole states (on-shell states and off-shell states) evolving in
time under the thermal fluctuation should be described by the probabilistic Fokker-Planck equation

oW(x;t) [0 .
. {axf(x)w

one-variable time independent drift coefficient constant diffusion coefficient
Ly (x) = ey(x), L:—Da—2+v.(x), V.(x):i ’(x)}z—lf”(x).
Ox? T ’ 4D 2
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1. Fokker-Planck equation

’ 272
4D Schwarzschild BH V.(x) =2 Pl g
* D ' AxT
Thermal potential
x 9) 82 £ gD P
f)=2 - lx o)+ (2= 1= Ju(x) =0
2
If the ensemble temperature 1s exactly in accordance g, =2xT(n+1), n=0,1,2,---
with the temperature expression of a Schwarzschild ;
black hole, that is 7 =7,=1/(8zM) _ e J =y
i = (5) " g Ha(@e
n—+ 1

S o m=i 1.2 ..
aM 28/35



1. Fokker-Planck equation

3D BTZ BH ;
~ .

Thermal potential
2
n
f(x): x2_7Z'TX EH:E, =012
8[ 2 1 1/4 1 e
- - 0 = (gpr) @

The most prominent difference is that the ground state is zero

The energy spectrum only depends on the parameter of the black
hole itself: the AdS radius /
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g(th’p)

2. Phase transition rate

F———— e e —

e |

1.105_ , € Which of the two processes dominates in
o8 \ the phase transition of the AdS black hole?
1.00

. @ Under what circumstances will the two
O.goi processes achieve dynamic balance?

1 0.70
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g(th’p)

2. Phase transition rate

110 L
1.05
1.00

0.95

0.90

0.0 0.5 1.0 1.5 2.0 25 3.0 0 1 2 3
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2. Phase transition rate

{ Kramer’s rate} A B

To determine the rate at
which a Brownian particle
escapes from a potential A: it might describe a molecular rearrangement

well B: it might describe a molecular dissociation

A i) F (Tmax) _f <wmax>5 F{Dain)

2T ©

Lk
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(b) net transition rate

(a) transition rate

SCPMA (2023)

Xu, B. Wu and W.-L. Yang,

Z.-M.



Summary

/ Thermal potential can directly reflect the physical process of black hole \

phase transition

® Geometric representation of the first and second order phase transition
of the black hole

® Observing the thermal-motion behavior of states of the canonical
ensemble in thermal potential due to the thermal fluctuation

® Phase transition between small and large black holes for a charged
AdS black hole presents a serious asymmetric feature

® Overall process is dominated by the transition from a small black /

\ hole to a large black hole
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Summary

Thermal potential f(x) =

g —r— Schwarzschild-AdS black hole % x + % B — 2Tx2

7|, =7, =1 Reissner-Nordstrom black hole % -y % T2

oL TT(S’PMS Charged AdS black hole ly+ %P3 4 & o7y2
e Charged BTZ black hole 12 gy By
i 1 T P
Swallow tail intersection Rotﬂtlng BTZ blaCK hOle ﬁ?xz - Tx + m_'r
G|, =G|,
r),-1], =T

L o o

Global minimum

¢ Thank you !
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