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Part 1.  Pseudo-(R nyi) Entropy Introduction



Def. Of  EE in discrete systems
Divide a quantum system into two parts A and B. 

Factorization Property

Reduced Density Matrix:

von-Neumann entropy :
Fine grained Entropy



Definition of  EE in QFT:

In QFTs, the EE is defined geometrically 
(called geometric entropy). 

Continuum 
Limit      →0 

No  factorization  in 
Gauge theory and 
gravity!!



Definition of  Transition matrix  in QFT:

Properties:

Reduced Transition matrix:

T. Takayanagi et al ’20

Phi != Psi



recursion relationrecursion relation

recursion relation

T. Takayanagi et al ’20

PE:

Reduced transition matrix( 𝜓ଶ 𝜓ଵ ≠ 0 )

Introduction: Pseudo-(R nyi) entropy

We can also define the corresponding “pseudo-R nyi entropy (PRE)” with respect to 

భ మ

relationPRE: 

Transition matrix

Partial trace

PE and PRE are normally complex!



Trace of
is always similar to an upper triangular matrix ஺ (Schur's theorem).

Therefore
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Introduction: Holographic pseudo-entropy

In AdS/CFT correspondence, pseudo entropy (PE) is dual to area of minimal 

surfaces in time-dependent Euclidean asymptotically AdS (aAdS) spaces

T. Takayanagi et al ’20The picture is taken from arXiv: 2005.13801

𝑨

relation

relation

CFT side:

aAdS side:



What happens if we think about the pseudo-(R nyi) entropy 

in real-time?

Introduction: PRE in real time (Our focus)

relation

i.e. we consider

relation



Introduction: PRE in real time

relation

relation

relation

One simple scheme in 2d CFTs is to 

consider two locally excited states:
Vacuum

Primay,
descendent …

Regulator



Part 2:Pseudo-(R nyi) entropy for locally 

excited states in 2d CFTs 



relation

PRE for locally excited state: Replica trick

𝑛ଵ + 𝑛ଶ ∗ 𝑛-point function on Σ௡ 𝑛ଵ + 𝑛ଶ -point function on Σଵ

relation

Euclidean Path Integral 



relation

PRE for locally excited state: Single primary

relation

For , ଵ ଶ , ஺
(ଶ)is reduced to 4-point functions on ଶ. 

We further assume ଵ ଶ to simplify the results

Σଶ

Note1: Conformal map between 𝚺𝟐 and 𝚺𝟏

Note2: Analytic continuation of  𝒕



PRE for locally excited state: Single primary

relation



PRE for locally excited state: Single primary

relation



PRE for locally excited state: Single primary



relation

PRE for locally excited state: Single primary

Late time limit ( ):

S. He et al’ 14

relationRational CFTs:

Large- CFTs:

Quantum dimension of  𝓞

(𝑐 → ∞)

P. Caputa et al’ 15



PRE for locally excited state: Single primary

Full-time evolution: =(
೔

మ

೔

మ )-excitation in free scalar
𝒅𝓞 = 𝟐

relation

𝑥ଵ 𝑥ଶ 𝑨 = [𝟎, ∞)

𝑨 = [𝟎, ∞)

relation

𝑥ଵ 𝑥ଶ 𝑨 = [𝟎, 𝑳]

 𝑨 = [𝟎, 𝑳]



PRE for locally excited state: Single primary

relation

When , the late time limit of is true for any order

of .

relation

(spin)-excitation in critical Ising model
Example:



relation

relation

PRE for locally excited state: Linear combination
excited by linear combination operators

The expected late time limit ( ) log𝑑௣
2-point function of  𝓞



The expected late time limit of
𝑞𝑢𝑒𝑛𝑐ℎ

𝑣 = c 𝑣 = c

𝐸𝑛𝑡𝑎𝑛𝑔𝑙𝑒𝑑 𝑝𝑎𝑖𝑟

𝜙 𝑥 − 𝑐𝑡𝜙 𝑥 + 𝑐𝑡

The EE of A contains only the contribution of the right-moving mode as t 

goes to infinity

Schmidt decomposition
Sub-Verma module



Verify it with numerical results:  in critical Ising model

PRE for locally excited state: Linear combination

logd𝕀 logdఌ 



Hidden symmetry of  PRE 

Based on On-going work, Psuedo Hermitian vs PRE

For diagonal CFTs:



Part 3: Summary



Summary

• We obtain the full-time evolution picture of pseudo-(R nyi ) entropy for locally excited states.

• We obtain several limiting behaviors of ஺
(௡). ( 𝒪bound for rational CFTs)

• We find a interesting insertion configuration of operators, for example:  ଵ ଶ for ,

in which the th pseudo-(R nyi ) entropy may behaves like R nyi entropy.

• We obtain the late time limits of the th pseudo-(R nyi ) entropy for linear combination 

operators, which are in good agreement with numerical examinations.



Thanks for your attention


