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Introduction

Scattering amplitudes:

The central objects in theories of fundamental interactions.

A bridge between theories and experiments.

Hidden simple structures, e.g., MHV, BCFW, color-kinematics
duality, double copy.

Connection with mathematics, e.g. algebraic geometry,
combinatorics.

“Scattering amplitudes are the most perfect microscopic structures
in the universe.” —by Lance Dixon

However, it is still in general difficult to calculate scattering
amplitudes at higher orders (loops) and of many external particles.
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Introduction

Cross sections (decay rates): constructed from amplitudes squared

G~ [ dvmaPotinh M

@ O is an observable, e.g., transverse momentum, rapidity, event
shape, spin correlation.

@ &, is the n-body phase space.

@ Ocandependon mm+1m+2, ...

@ Optical theorem can be applied for a few observables.

@ Most of the observables are difficult to calculate precisely.

o Simplicity appears for large scale hierarchy.
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An example

, Pa i
SN2 Py U
*
A Ps M
et/ D2 Pa -

do asCF[2(3T23T+2 (2T1) 33T —2)(2 - T)}

opdT  2n TA-T) (1-T)

with
>l pil
i 1Pl
No analytical NLO results though only one parameter appears.

Numerical NNLO results have been obtained [Gehrmann-De Ridder,
Gehrmann, Glover, Heinrich, '07]

T = max,;T,; = maXpg
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An example

In the imitT=1—-T — 0,

do  asCp 4 1 0
ogdT 27 L’ In <T) +0(r )]

Can we obtain this large logarithm without performing the
complicated phase space integral? (Is there a simple way to
calculate this logarithm?)

Actually, since asInT ~ 1 or even larger than 1, it is not valid any
more to expand the cross section in a;. Infinite higher orders of
such kind of logarithms matter.

Jian Wang universal structure of large logarithms April 29, 2021 5 /50



An example: soft limit

In the soft limit of ps — 0 with ps ~ O(A).

IMV12 = 0(\0), 2)
MY 2 = 0(2°), (3)

2Re[MI MD*, = M 282 Cr s +o( (4)

535545

After phase space integration (factorized),

1 dol  g2¢k

- = d d d9 % pe | 6(p2
p— 2(%) / nypsdn_psd®2ps 6(p?)

n
X [5(7 - gps)e("—l% —nyps) +(n- < ny)

2a5CF 1
=S o 1 O() (5)

s €

4

Ny psn_ps
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An example: collinear limit

In the collinear limit of ps || p3 with ps - p3 ~ O()) and
niyps =z ny(p3 + ps).

(M2 = (A°)7 (6)
2

M2 = |Mp g2 Cr—z, (7)
S35

2Re[M§”M§”*1c ~ |Mog2cr =21 =2)

After phase space integration (factorized),

1 doM g 2 +(1-2z)? S35
— 162/d535/dz[zl A s o - 22

asCrl _
_ A s eE 25 0(6) (9)

™ 6
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An example

The sum of the soft and collinear contribution is

i d(agl) + oﬁl) + O'g—l))

OB dr

_ 205 CF EC;Ze |:17——1_2€ — 17_1_6] (10)
T € €

. 2OésCF —2¢ 1 In 7

T Ecm [625(7')_ ( T >++O(6)] 4y

@ The poles are cancelled with virtual corrections ~ §(7), as the
requirement of infra-red safety.

@ The large logarithm arises from the mismatch of the scales in
the soft and collinear regions; 7Ecy, vs. /TEcm.

Jian Wang universal structure of large logarithms April 29, 2021 8 /50



An example: Renormalization group view

Scale hierarchy: Ecy, > /TEcm > TEcm, or equivalently
thard <K teoll K tsoft, OF )\hard < )\coll < Asoft- The phySiCS at
different scales decouples from each other; no interference between

waves of different length happens; the process factorizes into hard,
jet, and soft functions.
do
ogdT

=|Cx(p)|? / d1sdTcdTed(T — Ts — Te — TE)
J(Tca M)J(Tfa :LL)S(TSa /‘L)
Laplace transform f(N) = Jo© dxe™Nf(x):

M :|CH(,U)|2](N7 M)](N, M)S(Na :u)

ogdTt
The RG equation:
d " 2
—J(N = [yl N 12
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Lessons learned

The logarithms (at leading power) can be derived by
© Factorization of the cross section

@ Calculation of the anomalous dimension of each ingredient
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Factorization

Factorlzatlon of hard function (integrating out hard fluctuation in

=

Cu(p) =1 — O‘ZSF In2 [:fg +3ln E2 +cH (13)
RG equation
LCH(M) (er - ‘|"7H> Ch(p) (14)
dln 12 E2

Solution

My 2 2 Myln &5
CH( ) CH(,uh)exp [2In 74_7 In 'u2:| ( Cgl> Hh
'uh Hh Hh
(15)
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Factorization

The interaction between collinear modes in different directions.

e

All attachments can be summed to a collinear Wilson line
0
Wc(x) = Pexp [igs/ dsin - Ac(x + sn)
—Oo0

Necessary to form a gauge invariant building block, Wjﬁc, which is
independent of the other directions.
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Factorization of jet function (integrating out collinear modes in
loops and final states)

J(p?, 1) = Disc m ® m om

[p?,1%]
My log £ s+ o7

J(p? 1) = 6(p) [1 + c)] + p2

*

d 2 p2 J 2’ —J 27
') _ [ 2FJ|og—2w} J(pz,u)+2h/ dq? (P ”2 §" 1,
dlog p? 0 p°—q

PG I 1 ()" ] e
J(p? ) =exp |2 log? = —vlog =5 | [ (8y) | 5 | —,
(% 1) 2 ° 2 12 () PP |, Ml

Jian Wang universal structure of large logarithms April 29, 2021 13 / 50




The factorization of jet function is closely related to the property

262
S45

ML +2=3+4+5) = M(L+2—=3+4) x Pz,

and

1
1672
A similar factorization happens for the initial-state collinear
splitting. The parton distribution function satisfies

d¢3|6011 = d¢2 dZdS45[S45Z(1 — Z)]_6

d Ldz
it = [ ZRyEn(x/z.0)

with the DGLAP evolution kernel
_asCp 1+ z2
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The interaction between the soft modes and collinear modes

<-<
(102

Mk () = S (-2dT (P wtinh) 16

1

The result depends only on the direction and color charge of the
collinear mode. The information about the momentum and spin of
the collinear particle is irrelevant. This is called Eikonal
approximation. All attachments can be summed to a soft Wilson
line

0
Yn(x) = Pexp [igs/ dsn - As(x + sn)

—00
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Factorization of soft function (decouple of the soft interaction with
collinear mode)

S(7s, 1) = F(7s, k)X

with the measurement function
F(rs, k) =0d(rs —n-k)0(A-k—n-k)+ (s —A-k)O(n-k —f-k)

Only UV poles in S. IR poles cancel between real and virtual
corrections. The RG equation is similar to that of jet function.
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Large logarithms

Summarize the results based on factorization of the cross section,

2n—1

In™ 7 m
g ag | chd g Chm . +dpmInN" T | 4
m=0 NLP

Cnm are fully determined by the anomalous dimensions of (the hard
function), jet function and soft function. In this sense, they are
universal.

There are another kind of logarithms, whose coefficients are dy,.
Though they are suppressed, they are numerically important as
well. The question is how to develop a factorization formula for
this power suppressed contribution.
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Recent development

Actually, 7 can be the N-jettiness variable, the threshold variable
1 — M?/s, the transverse momentum of a lepton pair g7, the mass
ratio m2/m?, - -

@ Phenomenology: useful for NN(N)LO differential calculations
in g7/ N-jettiness slicing methods [Voult, Rothen, Stewart,
Tackmann, Zhu '16, Boughezal, Liu, Petriello, 16]

@ Theory: NLP factorization and resummation [Bonocore, Laenen,
Magnea, Melville, Vernazza, White, '15, '16, Liu, Penin, '17, Moult, Stewart,
Vita, Zhu, '18, Beneke, Broggio, Garny, Jaskiewicz, Szafron, Vernazza, JW, '18,
Laenen, Damste, Vernazza, Waalewijn, Zoppi, '20, Liu, Mecaj, Neubert, Wang
'20]

© Amplitude: soft theorem, soft bootstrap [Strominger '13,Rodina '18]
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Improvement for subtraction

W*: w/o Power Correction v.s. fit v.s. w Power Correction
T T TTTTT] T T T TTTTT] T A T TTTIT] T T T TTITT

-~ —— w Power Correction
—a— wj/o Power Correction
Fitted w/o Power Correction

I

S

IRRNRRRNRERAARRRRRRRRRR

ANNLO/NNLO

o.

&
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>

RN AN AN
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103 1072 10t

g

0™ [GeV]

Figure: O(a2) correction for DY production with N-jettiness subtraction
from 1612.02911

Without the power corrections, 7.t should be set to below
1073GeV to reproduce the exact NNLO coefficient. The cut can be
relaxed by a factor of 10 when the power corrections are included.
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Recent development

Beyond leading logarithms (at O(as)) [Boughezal, Isgro, Petriello,
'18, Ebert, Moult, Stewart, Tackmann, Vita, Zhu, '18 ]

Beyond 2 — 1 or 1 — 2 [Beekveld, Beenakker, Laenen, White
'19,Boughezal, Isgro, Petriello, '19]

Threshold/Thrust resummation at NLP [Moult, Stewart, Vita, Zhu,
'18, Beneke, Broggio, Garny, Jaskiewicz, Szafron, Vernazza, JW, '18,
Bahjat-Abbas, Bonocore, Damste, Laenen, Magnea, Vernazza, White '19,
Ajjath, Mukherjee, Ravindran '20]

Rapidity divergences in g1 spectrum or energy-energy
correlators [Ebert, Moult, Stewart, Tackmann, Vita, Zhu, '18, Moult, Vita,
Yan, '19]

Soft quark Sudakov [Liu, Penin, '17, Moult, Stewart, Vita, Zhu, '19, Liu,
Mecaj, Neubert, Wang, Fleming, '20, JW, '20]

Subleading power effects in B physics and heavy quarkonium
pl’OduCtiOh [Ma, Qiu, Sterman, Zhang '13, Lee, Sterman '20, Li, Li, Sheng
Wang, Wang, Wei, '17,'20]
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The soft limit at NLP

In the soft limit k* — 0, (LBK/soft theorem [Low, 58, Burnett, Kroll,

g))
e(k)-pi  euk, I
(k. (pi}) = ST (S0P ) (o) (a7
i * Pi * Pi
with
0 0 1
po g 0 oI < N 1
JI P aph/ pi apfh, * n ! 4[7 7 ] ( 8)
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The soft limit at NLP

In the soft limit k* — 0, (LBK/soft theorem [Low, 58, Burnett, Kroll,

o3])
e(k)-pi  euk, I
MOk, (pi) = S (g T (1P SRl ) a7y
i k- pi k- pi
with
0 0 1
JH = pt —p¥ YO YR = Dy Y 18
I p, aph/ pl Op/l“ + N ) N 4[7 ”y ] ( )
Integrating over the constrained phase space,
1 1
d?ks(k*)0(K° f(k 19
[ R ) (19)
1 1
= 4 20
-7 ; +InT (20)
1. 1 Int 1,
6—2T—€2+ ; —|—2In7' (21)
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LBK Theorem

Consider a process ud — ud + g.

k

Ak (o)) = Z(—gs)Ti <5(kk.)l-3ip,- N E#kkf/j

!

) Ao((p}) (22)

i
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LBK Theorem

v g9 , 0 v
JH :pf‘ap' —p! op; + X (23)
iv im

We expand the propagators in diagram (a)

— . N Y
(P, k)f _ pe i, k, (24)
(pr—k)> —p1-k —p1-k
1 1 0 1
- kSt (25
(pr—p3— k)2 (p1— p3)? dp1 (p1 — p3)? (25)
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LBK Theorem

v g9 , 0 v
JH :pf‘ap' —p! op; + X (23)
iv im

We expand the propagators in diagram (a)

— . N Y
(P, k)f _ pe i, k, (24)
(pr—k)> —p1-k —p1-k
1 1 0 1
- kSt (25
(pr—p3— k)2 (p1— p3)? dp1 (p1 — p3)? (25)

Where is the blue part?
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LBK Theorem

v 0 , 0 v
JH :pfap' —p; op; + X (23)
iv im

We expand the propagators in diagram (a)

— . N Y
(P, k)f _ pe i, k, (24)
(pr—k)> —p1-k —p1-k
1 1 0 1
- kSt (25
(pr—p3— k)2 (p1— p3)? dp1 (p1 — p3)? (25)

Where is the blue part? It comes from diagram (e),
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LBK Theorem

v 0 , 0 v
JH :pfap' —p; op; + X (23)
iv im

We expand the propagators in diagram (a)

_ . NV
(Pl k)f _ _p1-e n XM, k, (24)
(pr—k)> —p1-k —p1-k
1 10

(pr—p3— k)2 (pr—p3)>  Opi(p1— p3)?

(25)

Where is the blue part? It comes from diagram (e), or from gauge
invariance.
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Subleading power operators

Understanding from the effective field theory [Beneke, Garny, Szafron,
Jw, '17,'18]

N
ESCET = Z Ei(¢ia ws) + Es(¢s) (26)
i=1
The general structure of subleading operators

J= /dtC {t; 1) J HJ it ) (27)

where .
Jilth, ty, ) = || wi(tiniy) (28)

k=1

with gauge-invariant collinear “building blocks”
Xi(tiniy) = W,.Tf,- collinear quark
Vi(tiniy) € ) fromp _

Al (tiniy) = WIDY W] collinear gluon
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Subleading power operators

LP:
JRO(t;) = piltiniy) . (29)
NLP [O()), O(A?)]:
@ i0, — JAL =9, JAO
@ in_Ds=in_0+ gsn_As — eliminated by E.o.M
o more building blocks  — JBY = 4 (t; ni )i, (ti,niy)
@ new building blocks, e.g., n_A — eliminated by E.o.M

o pure soft sector Js, e.g., g ~ O(\3), F ~ O()\*), not needed
at NLP

@ time-ordered product operators

TN E) = i / a5 T {0(6), 0} (30)
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LBK Theorem

We reproduce LBK theorem with two time-ordered products

/ AT, £ ()}, / T LA £ (x))
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LBK Theorem

We reproduce LBK theorem with two time-ordered products

/ AT, £ ()}, / T LA £ (x))

No operators with soft fields needed!
No Ward identity needed!
JAL is related to JAO.
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Factorization of Drell-Yan process at LP

At LP, the factorization picture is given by [Becher, Neuber, Xu, '08]

dopy 47

dQ? ~ 3N, Q4 Z/ dxadxs f3/a(xa)fo/8(x0) Gab(2)
6(z) = H(Q*) QSpy(Q(1 — 2))

Sov(@) = [ 9092 LT (V)Y () T @ . 00

v c
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Factorization of Drell-Yan process at NLP

At NLP, the picture is more complicated [Beneke, Broggio, Garny,
Jaskiewicz, Szafron, Vernazza, JW '18]

-
|
|
i
|
|
|
|
|
|

5(z) = Z/dw;d@;dw?d@,’-D(—§;w,~,@;)D*(—§;w§,dzf)
terms

3=
Q2/ d q 1 /d4X ei(XaPA+XbPB_q)'X

(27)32y/Q7 + G2 27

S(x; wi, @p, wh, @) .
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Factorization of Drell-Yan process at NLP

The D function combines the hard and jet function (at the
amplitude level).

D(—&wi) = / d(n.pi)d(n_pi) C(nypis n_p7)

X J(nypi, xanypa; wi) J(n—pi, —xpn_pp; @;) .

The complexity comes from the fact that the soft modes do not
decouple from the collinear modes beyond LP, as seen from the
LBK theorem. We have to keep more indices (quantum
information) in both the jet and soft function.

L yuiin p _
[,g? = EXCXjL_XJ_ [i8,in_0B}} | %XC, B = Y1[iDFYy]
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Factorization of Drell-Yan process at NLP

Factorization of the collinear mode:

i/d4zT {Xc’aa(tn_F)E(Z) = 27r/ / (n42)

nyz
nga,e,abde <t U — ) XE,%E(UM)iaBM,de( =)

LO result:
Doe.ap,abde(N4p, n4-p's W) = Jogap,abde(nep; w)d(nyp — nyp')
1
= ———0(n4p— n+p,)5aﬂéad5eb .
nyp

We evolve other scales to the collinear scale. So we do not
calculate the NLO result.
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Factorization of Drell-Yan process at NLP

Factorization of the soft mode: We introduce the soft operator

Sacx2) = T [YI0OY-00] T VIO V2 0) 1581,

and the Fourier transform of its (colour-traced) vacuum matrix
element

Szé(Q w) / / n+Z IXOQ/Z—iw(n+z)/2 Ni Tr <0‘§2£(XO, Z_)’0> )
C

Divergences in LO result:

secst) = % {o@i) (<1 4 ) + [2] otwpm@- ).

w? w

Do we need additive renormalization?
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Factorization of Drell-Yan process at NLP

Introduce auxiliary soft function

dx® oqn —2i 1
So(@) = [ G0 2

Tr (0T [vi(XO)v,(XO)] T [YE(O)n(O)} 10).

SZE(va)\ren = /dQ//dw/ Z2§,2§(97W;Q/7w/) SZS(QI’W/)|bare

-+ / dQ/ Z2§,X0(Q7 W, Q,) SXO(Q/)|bare

225725(9,0); Q,w') = 5(9 — Q,)(S((/J — w’) + O(Oés) s

Cr1l
Zog o (Q,w; Q) = LCF?S(Q — Q)é(w) + O(a?).

™
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Renormalization of soft operator at NLP

Consider (g|S2¢|0). The renormalization factor of the soft function
is obtained by projecting on the colour singlet part.

Ny

The filled square and the two solid lines connected to it stand for
tge soft covarlant derivative and the Wilson lines contained in
LBl = 0 = ! L[iDE Y4 ], respectively.

€t 2 n_e*
(e(P)|Sae(52 )|o>tree—gsTA< L) S(@)(-np).

Choose n_e = 0 for simplicity.
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Renormalization of soft operator at NLP

n_ n_ j} n_
2 |
ny Ny : N4
O]
n— ) 71: n—
ny ! ny
) (0)’
! n— n_ ﬁ} n_
ﬁz\[
i ny (o : [
(p) (q) (r)
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Renormalization of soft operator at NLP
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Renormalization of soft function at NLP

RG equation:
I
L ( 525 (Q,w) ) _ % 4-CF|T'IE —CF(S((U) ( 525 (Q,w) >
dinp S () o 0 4CF|nMﬂ S0 (Q)
Solution:
(@) = T In 22 e [ ] 0(Q)3(0).
with
Ce 4rm as(v) as(v)
SLL ) = i < - [ >
1= e U am e
_OsCR 2
2w v
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Resummed cross section at NLP

oxrp(z, 1) = exp [4SM (ph, i) — 45" (s, )]
—8Ck |, asli) gy,
Bo as(ﬂs)
Expansion to fixed orders: First N3LO agrees with [Kramer, Lacnen,
Spiar, '96]
ez ) = —6(1—2) {4CF% [In(l ) L#]

2 (2T 300y 201 _ 2 _
-|—8CF(7F) [10°(1 = 2) = 3L, I0°(1 = 2) + 2L} In(1 - 2) |
3
+8C2 (%) [In°(1 - 2) - 5Ly In*(1 - 2) + 8LL In*(1 - 2) = L% In*(1 - 2) |
i
4
+ 1—36C,‘_1 (%) [In7(1 —2) = 7L, In°(1 — z) + 18L% In°(1 — z) — 20L, In*(1 — 2)
+8L}, In*(1— z)]
8

s\ 5
+2C? (?) [|n9(1 —2) = 9L, In*(1 — z) + 3212 In" (1 — z) — 56L% In°(1 — z)

+48L}, In°(1 — z) — 16L}, In*(1 — z)] } + 0(al x (log)"),
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Double logarithms in off-diagonal splitting kernel

The above result is shown for qg — Z (gg — H). If we consider
qg — Z+ X (gg — H + X), we need the evolution of parton
g§—q(q—8)

The DGLAP splitting kernel [vogt '10]

1 asC «
LL _ + GsbtrF _ s _ 2
qu (N) - N = BO(a)a a T (CF CA) In Na (31)
where
> B, , -1 .1 _ -1 1
BO(X)_;)(’]!)ZX aBn—]-,?aOag’O’%vO?E"' (32)
Compared to
PLY(N) = —2T cusp(as) In N (33)
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Off-diagonal DIS cross section

To calculate the splitting kernel, we consider the off-diagonal DIS
process. The partonic process contains IR divergences which must
be absorbed into the PDF. [Beneke, Garny, Jaskiewicz, Szafron, Vernazza, JW
20]

<9 (9)
~‘~\ g(Pz)
1/ (1-2)
q(p1) ’
q(p)
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Off-diagonal DIS cross section

To calculate the splitting kernel, we consider the off-diagonal DIS
process. The partonic process contains IR divergences which must
be absorbed into the PDF. [Beneke, Garny, Jaskiewicz, Szafron, Vernazza, JW

20]
<)
~‘~\ g(p2)
1/ (1-2)
a(p1)
q(p)

1 2 \€
_ H
W‘f’vq‘w*—wg _/0 dz <squz) Pas(54s: 2) Sqg=Q2 1%

& Q@ [Mapoqel’ _ asCr 22 2

= = — 4+ O(e, A
Pag(Sqg:2) 16m2M(1—€) | Mol? o 2 (A7)
The z — 0 limit generats a pole. This is an IR pole caused by Soft
quark. No simple soft Wilson line.
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Off-diagonal DIS cross section

One loop virtual corrections.

) - WW
/@99“ /

(1

(6)
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Off-diagonal DIS cross section

[y

o
Pag(Sag> Z)l1-100p = qu(sqgaz)hree?s:z
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Off-diagonal DIS cross section

as 1
Pag(Sag> Z)l1-100p = qu(sqgaz)hree?s:z

() omon()
() (&) - (£)]) oo

We get the terms with T; - Tg and Ty - T by standard method.
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Off-diagonal DIS cross section

as 1
Pag(Sag> Z)l1-100p = qu(sqgaz)hree?s:z

() omon()
() (&) - (£)]) oo

We get the terms with T; - Tg and Ty - T by standard method.
Caution: Keep z~¢! End-point singularity

11t 1 . 1

11d1 | e2|2 e2|3 1.1 1
?O ZF GnZ—EnZ—FanZ—i—"' —-g-'-g-g-'-
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Off-diagonal DIS cross section

A new scale \/zQ emerges dynamically.

(ﬁm\ — é:g AN
/ /

~
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Off-diagonal DIS cross section

A new scale \/zQ emerges dynamically.
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Two step matching:
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Off-diagonal DIS cross section

A new scale \/zQ emerges dynamically.
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Two step matching:
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Off-diagonal DIS cross section

hard

w,
¢ qo*—aqg

1 12\
= dz | — | P, Sqgs Z ‘
/0 (ng2> aghard (Sqg Z) sg=Q2(1—x)

asCr _1 Mz ‘ exp | — asCa l L2 ‘
27 € QR?%(1 —x) T e\ Q2
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The result can be expanded in the strong coupling,

2n

hard B Z (%>”C(n) 1 H ‘
gb*—qg - A nl 2n—1 QQ”(l —x)

n=1

W¢,q

with
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Consistency relations for DIS
W= Z Wy, fi = Z Corcfx
i k

Multiplicative renormalization factors
fk = Ziif;, Wo.i = CpkZki s

The splitting kernels are given by

The four relevant virtualities (scales) are:
e hard, p? = Q?
e anti-hardcollinear, p?> = QX% = Q%/N
o collinear, p? = A2
e softcollinear, p? = A2X%2 = A2/N
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Consistency relations for DIS

The LP is simple.
n1 n n (n) Manj € 1
Wo.g fe = fa( Z (47r> e2n ;)JZ_; by (€) (Q2k/\2(nk) +0 N

k: hard + anti-hardcollinear, j: anti-hardcollinear and softcollinear.
Boundary condition:

LP,LL e asCA 12\
¢.8 hard loops P ™ Q2
Solution:
asCal [P\ (1\\ e
Wos )74 = | 225 (1) = (K) Jov -]
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Consistency relations for DIS

Clearly, the above equation factorizes into
Cal [12\€
WLl — QAsCa L [ NE— 1
.8 P T 2\ Q2 ( )
LPLL _asCal &2 ‘ €_
R =1 (Y RS AW

MS Renormalization factor:

CalnN
ZngP,LL — exp [as Aln }

€

2 €
Cog = exp [QSWCAEE <(g2> (N —=1)—€ln N)]

Anomalous dimension:

asCa

PertH(N) = 2In N

s
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Consistency relations for DIS

Z(W(f) .f')NLP WNLPfLP + WNLPf'LP WNLPfLP WLPfNLP

i

hard
Using the boundary condition of W , v , We obtain
qp*—qg
1 CF (07 CF In N w 3 <
WNLP LP _ s ( a/w  Sa SF)
TONINNGr—Ca P e Jew—1\® ¢ 7F€

with

w=—elnN, a:%(CF—CA)In N

oGl {(“) (Nﬁ—l)—em/\/}, i=AF
™ Q?
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Off-diagonal DIS cross section

NLP _ ANLP 5LP ~LP > NLP
W, q ch,q qu + C¢,gzgq

Define
Wea/w
F(W7 3) = v = Fpole(W7 a) + Fﬁn(W, a)
1 C asCeIn N
NLP,LL _ F <Cr
Zas ~ 2NInNCr—Ca eXp[ T < } Fpole(w, a)

The off-diagonal splitting kernel

1 aCr d
Pg’_\(I]LP’LL(N) — _N sﬂ_ |:Fpole(Wa 3) — W EFpole(W7 a):|
1 asC
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@ The universal structure of the large logarithms in cross
sections is controlled by the factorization formula and the
anomalous dimensions.

@ The picture at leading power has been understood up to
higher order corrections.

@ At subleading power, the factorization becomes complicated.

@ For the diagonal channel, the soft function exhibits
divergences. One needs to introduce new soft function to
perform renormalization.
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@ For the off-diagonal channel, the end-point singularity appears.
The traditional factorization breaks down. We have to work in
d-dimension in order to generate the correct all order result.

@ A new scale in the end-point region indicates a two-step
matching. Using the consistency relations, we obtain the
off-diagonal DGLAP evolution kernel to all orders, which
contains double logarithms in itself.
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@ For the off-diagonal channel, the end-point singularity appears.
The traditional factorization breaks down. We have to work in
d-dimension in order to generate the correct all order result.

@ A new scale in the end-point region indicates a two-step
matching. Using the consistency relations, we obtain the
off-diagonal DGLAP evolution kernel to all orders, which
contains double logarithms in itself.

Thank you !
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