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1. Motivation

As the bridge connecting the theoretical frame and the experiment data, scattering amplitude is always
one of central concepts in the quantum field theory. Its efficient computation (including higher order

contributions in perturbation) becomes the necessary, especially with the coming of the LHC experiment



[]. The on-shell program!® in the scattering amplitudes, as the outcome of the challenge, has made the

calculations of one-loop amplitude straightforward [[L(].

In general the loop computation can be divided into two parts: the construction of integrands and
then doing the integration. Although the construction of integrands using Feynman diagrams are well
established, sometimes it is not the economic way to do so. Looking for a better way to construct integrands
is one of current research directions?. For the second part, i.e., doing the integration, a very useful method
is the reduction. It has been shown that any integral can be written as the linear combination of some
basis integrals (called the master integrals) with coefficients as the rational function of external momenta,
masses and spacetime dimension. Using the idea of reduction, loop integration can be separated into two
parallel tasks: the computation of master integrals and the algorithm to efficiently extract the reduction
coefficients. Progresses in any one task will enable us to do more and more complicated integrations (for

a nice introduction of recent developments, see [[LT]).

For the reduction, it can be classified into two categories: the reduction at the integrand level and
the reduction at the integral level. The reduction at the integrand level can be systematically solved
using the computational algebraic geometry [13, [[3, [4, [§]. For the reduction at the integral level, the
first proposal is the famous Passarino-Veltman reduction (PV-reduction) method [[[d]. There are other
proposals, such as the Integration-by-Part (IBP) method , g, 9, k4, p1, p3, ], the unitarity cut
method [[I, B, [, B4, B3, B, BT, ], B9, Bd, Intersection number [B1, B3, B3, B4]. Although there are a
lot of developments for the reduction at the integral level, it is still desirable to improve them by current

complexity of computations.

In recent papers [B3, Bd, B7, B, BY we have introduced the auxiliary vector R to improve the traditional
PV-reduction method. Using R we can construct the differential operators and then establish algebraic
recurrence relation to determine reduction coefficients analytically. This method has also been generalized

to two-loop sunset diagram (see [B§]) where the original PV-reduction method is hard to be used. When

using the auxiliary vector R in the IBP method, the efficiency of reduction has also been improved as

shown in [0, (]

Although the advantage of using auxiliary vector R has been demonstrated from various aspects, the
algebraic recursive structure makes it still hard to have a general understanding of reduction coefficients
for higher and higher tensor ranks. Could we get more by this method? As we will show in this paper,
indeed we can get more if we probe the reduction problem from a new angle. The key idea is the concept of
generation function. In fact, generation function is well known in physics and mathematics. Sometimes

the coefficients of a series is hard to imagine, but the series itself is easy to write down. For example, the

!There are many works in this topic. For introduction, please see following two books [E, E] Some early works with on-shell

concept are [E7 E7 7ﬁ7 E7 E]

2For example, the unitarity cut method proposed in [E7 57 ﬂ] uses on-shell tree level amplitudes as input.



Hermite Polynomial H,,(z) can be read out from the generation function

2tx—1t2 - "
et :ZHn(x)a. (1.1)
n=0

Thus we can ask that if we sum the reduction coefficients of different tensor ranks together, could we get a
simpler answer? For reduction problem, the numerator of tensor rank k is given by (2¢- R)* in our method

and we need to see how to sum them together. There are many ways to sum them. Two typical ones are

In this paper, we will focus on the generation function of the type 12(t) because it is invariant under
the differential action, i.e, % = e”. We will see that the generation functions satisfy simple differential
equations, which can be solved analytically.

The plan of the paper is following. In the section two, we present the generation function of reduction
coefficients of tadpole integral. The tadpole example is a little bit trivial, thus in the section three, we
discuss carefully how to find generation functions for the bubble integral, which is the simplest nontrivial
example. With the experience obtained for bubble, we present the solution for general one-loop integrals
in the section four. To demonstrate the frame established in section four, we discuss briefly the triangle
example in the section five. Finally, a brief summary and discussion is given in the section six. Some
technical details have been collected in the Appendix, where in the Appendix A, the solution of two typical
differential equations is presented, while the solution of recursive relation for the bubble has been explained

in the Appendix B.

2. Tadpole

With above brief discussion, in this section we start from the simplest case, i.e., the tadpole topology to

discuss the generation function. Summing all tensor ranks properly we have3

t(2¢-R) 1
Itad t R /df€2 M2 Cl_>1(7f,R, M)/df€2 M2 (2.1)

where ¢11(t, R, M) is the generation function of reduction coefficients and for simplicity we have defined
[dt;(e) = Z.d:T%(O). To find closed analytic expression for ¢;,1(t, R, M) we establish the corresponding
differential equation. Acting with dr we have

o 0

OR OR

tzéz £(2¢- R) e

3The mass dimension of parameter t is —2.



at one side, and (% . %cl_ﬂ(t R, M) ) f Al s+ 52 47z at another side, thus we get

o 0

8R 6R01_>1(t R M) = 4t M Cl_>1(t R M) (23)

By the Lorentz invariance, ¢11(t, R, M) is the function of r = R - R only, i.e., c1,1(¢t, R, M) = f(r). It is
easy to see that differential equation (R.3) becomes

drf" +2Df — A2M?f =0 , (2.4)

which is the form (A.I4) studied in the Appendix A. This second order differential equation has two
singular points » = 0 and r = oo, where the singular point » = 0 is canonical. The solution has been given
in (A.33). Putting A = 4,B = 2D,C = —4t2M? in (A.29) and the boundary condition ¢y = 1, we get

immediately

t2 M%) D
Cl_>1(t, R, M) = Z % = OFl (@, §;t2M27’) . (25)
n=0 " \2/n

Before ending this section, let us mention that when we do the reduction for other topologies, we will

meet the reduction of [ d¢ # Using the momentum shifting, it is easy to see that
(H(26R) H(2(E+K) R) 1
/dﬁ " /dgW = KR (4R, M)/dée2 ik (2.6)

The results shows the advantage of using generation function with exponential form.

3. Bubble

Having found the generation function of tadpole reduction, we move to the first nontrivial example, i.e.,

the generation function of bubble reduction, which is defined through

el(20R)
Ibub(th) = /d€(£2 _ M2)((€ — K)2 — M2)

1 1 1
_ _ 5 (3.1
c2—>2/d€ 2 e +02_>11/d€ 3) +C2_>1;0/d£((£_ =) (3.1)

For simplicity, we have not written down variables of reduction coefficients explicitly. If written explicitly,
it will be c(t, R, K; My, My) or c(t, R?, K - R, K?; My, M) if using the Lorentz contraction form.

The generation form (B.1]) can produce some nontrivial relations among these generation functions of



reduction coefficients easily. Noticing that?

ot(20-R) HOK-R) ~ ot(20R)
Ibubt,Rz/dE = (2K /d€~ _
N R V- ([ el vz (T K~ M) - D)
1
= (t2KR) {CQ o(t, R*, —K - R, K2;M1,M0)/d€
- (2 — Mg)((¢ — K)? — M?)
1
2 2.
ey 5t R, -K-R K 7M17M0)/d5m
1
~(t,R?> —K - R, K?; My, M, /dz 3.2
+02_>1;1( ) ) ) y 41, 0) ((E— K)2 _M12)} ) ( )
we have
Cosa(t, R2 K - R, K2 My, My) = @5y o(t,R?, —K - R, K% My, M) , (3.3)
Cy 3t R K - R, K? My, My) = ¥ e, | o(t, R?, —K - R, K% My, My) (3.4)
Cy 5t R K - R, K? My, My) = 'K Fe, | (t, R?, —K - R, K* My, My) (3.5)

by comparing (B.9) with (B.1]). The first relation (B.3) can be a consistent check for ¢y_,o while the second
relation (B4) and the third relation (B.§) tell us that we need to compute only one of ¢, ,,= functions.
Another useful check is the mass dimension. Since the mass dimension of ¢ is (—2), we have

[cas2] =0,  [ea1] = -2 (3.6)

3.1 Differential equations

Now we will write down differential equations for these generation functions. Acting Or - Or on both sides
of (B.1) we have

4422 H(20-R)
2 - M§)(({ - K)? - M7)
(H(20-R)
(2 —Mp)

Op - 8RIbub(t, R) = /dg(e

= 42 M2 Iy (t, R) + 4t2e!HF) / de (3.7)

4Comparing to the shifting symmetry discussed in (@)7 one can also consider the symmetry with £ — —¢. For this one, we
have R — —R and K — —K_. If using the variables R?, K - R, it is invariant. In other words, the symmetry ¢ — —¢ is trivial.



thus we derive

Or - Orca_sa(t, R*, K - R, K?; My, My) = 4t>MZcyo(t, R* K - R, K% My, M) | (3.8)
Or - Orcy_13(t, R% K - R, K? Mo, My) = 4t*Mge, ,5(t, R* K - R, K* Mo, M) (3.9)
Or - Orc,_, 5(t, R? K - R,K? My, M) = 4t2M302_>1;5(t, R’ K - R, K? My, M)
+ 4t2e!CE B ey (¢, R? M) . (3.10)
Acting with K - Or we have
t2K -/ t(2¢-R) (Do — D t(2¢-R)
K@beub(t,R):/df (2 )6 . :/dg ( 02 l+f)€ ;
(02 — Mg)((£ — K)? — M7) (2 — Mg)((¢ — K)? — M})
Luo(t, R g wercn) [ gp_ ¢ 3.11
= tfLyw(t,R) — t — ' —_— )
it )~ [ s #1620 [at e (311
thus we derive
K - Ogrca_yo(t, R, K - R, K? My, M) = tfcoyo(t, R% K - R, K?; My, M) (3.12)
K - 9rey_y4(t, R% K -R,K? My, M,) = tfe, 11t R% K - R,K? My, My) — tci_1(t, R%, My) (3.13)

K - 0rcy_,5(t, R* K - R, K% My, My) = tfc, . 5(t, R? K - R, K? Mo, My) + te'®XBei (¢, R?, My) (3.14)
where f = K? — M? + MZ. Above two groups of differential equations can be uniformly written as

Ogr - Orer = 4t2MgCT + 4t2£RhT , (3.15)
K -Oper = tfep + téhr (316)

where hp is the possible non-homogenous contribution coming from lower topology (tadpole). For different

T we have
T:{2—>2}: hTZO or fRZSK:O, (317)
T={2—1;1}: hp=cii(t, R2, My), €r=0, Ex=—1, (3.18)
T= {2 - 176} : hT = et(2K.R)Cl—>1(t7R27M1)7 é.R = 17 £K =+1. (319)

Generation functions are functions of f(r,p) with r = R? and p = K - R. It is easy to work out that

0 0
— P R 2
Sar = DonlO + Kby, K - s = 20, + K0, (3.20)
0
N2 — 2 202
S = (410} 4 4p0,0, + K0} +2D0,) (3.21)



thus (B.19) and (B.16) can be written as

(4r0? + 4p0,0, + K?02 + 2D0, — 4t*M§)er = 4t°Erhr (3.22)

(2p0, + K20, — tf)er = téxchr . (3.23)

Equations (B.22) and (B.23) are the differential equations we need to solve. We will present two ways to

solve them. One is by the series expansion of the naive variables r,p. This is the method used in [B3, B{].
However, as we will show, using the idea of generation function, the powers of r, p are independent to each
other, thus the recursion relations become simpler and can be solved explicitly. Another method is to solve
the differential equation directly and get more compact and analytical expression. An important lesson
from the second method is that the right variables to do the series expansion are not r,p but their proper

combination.

3.2 The series expansion
In this subsection, we will present the series expansion of r, p. Writing®
o0 o
c= Z Cnmr"p", h. = Z hmr"p™ (3.24)
n,m=0 n,m=0

and putting them to (B.29) and (B-23) we get following equations

0=2(n+1)(2n+2m+ D)cpr1m + K2(m +2)(m + Vepma — 42 Mgy m — 42 Erhy . nym >0 (3.25)
0=2n+1)cpp1,m + Kz(m +2)cnmt2 — tfenme1 — t€xhnmer  m,n >0 (3.26)

0= K% —tfeno—téxhnog n>0 (3.27)

Using (B.2§) and (B.26) we can solve

4M3t? tf(m+1)
Cn+1,m — Cnom — Cn,m+1
’ 2n+1)(D+2n+m—1) 2(n+1)(D+2n+m—1)
4t2£Rhn,m - th (m + 1)hn,m+1 (3 28)
2(n+1)(D +2n+m—1) '
—4MEt? tf(D+2n+2m)
Cnm+2 = Cn.m + Cn,m+1
’ (m+2)(D+2n+m-1)K? " (m+2)(D+2n+m-—-1)K? ™
—4t2 Eghinm + €k (D + 21 + 2m)hy, m+1 (3.20)

2(n+1)(D+2n+m —1)

®Since we are considering the generation functions, the n, m are free indices, while in previous works @, @] with fixed
tensor rank K, n, m are constrained by 2n + m = K. One can see that many manipulations are simplified using the idea of
generation functions.



Now setting m = 0 in (B-2§) and combining (B.27) we can solve

(—t2f2 + AM3t?K?) (€ f — 4ERK )y o + t&k K2hy 1
Cn+1,0 = Cn.0 — ’ ’ (330)
0T om+ 1)(D +2n— 1)KZ™ 2(n + 1)(D + 2n — 1)K 2
tf 75£Khn,0
Cn71 = cho + K2 (331)

Using equation (B.3()) we can recursively solve all ¢, o starting from the boundary condition ¢pp = 1 for
Ca—yg Or g = 0 for co—y1. Knowing all ¢, o we can use (B.31)) to get all ¢, 1. To solve all ¢, ,,, we use (B.25)

and (B.20) again, but now solve

4MEt 2n+1)(D+2n+m—1)
n,m = 77, nm — n+1,m 4t hnm_ 1hnm 3.32
Cn,m41 f(m—i—l)c : Hm+ 1) Cat1m + HERMm — Ex (M + Dhpmyr  (3.32)
~ —2(n+1)(D +2n+2m) 442 M2 42 ghn m,
2 = T N m K2 T Dm R T g Dmr oRe O3

Both equations can be used recursively to solve ¢, ,,. After using one of them to get all ¢, ,,, another one

becomes nontrivial consistent check. Among them (B.32) is better, since it solves (m + 1) from m.

Using above algorithm, we present the first few terms of generation functions for comparison. For co_9

we have
L ft (DA —4K2MR)2 ,  (AK2ME — f2)i
22 =1+ 5P+ 5y Ty Ry P 2D - K2
f(2+D)f = 12K°M3)t* 5 f(f* — 4K>Mg)t
+ S0 DK P S aeE P (3.34)
and
_ t D ft? ft?
i =0 P~ sp et e - Re
(D(2+ D)f? —8(D —1)K?MZ)t3 (Df? —4(D — 1)K2M3)t?
— 6(D 1) D(E2)? 0 p? + 2(D_1)D(K2)20 D+ .. (3.35)
and
o t (~Df +4(D - 1)K2)2 Ft2 (Dff +4(D —1)K2M2)t3
10 = 0T Pt oo nmwee P T amo DR 2(D — 1)D(K?2)? :

o o B 2 _ 27 72 F2\43
COE R D 2)+DM0)6(351241F)25’?2)§ DM+ DDA s, (330)

+

where we have defined f: K? — M2+ M} = —f+2K>.

Here we have presented the general recursive algorithm. In the Appendix B, we will show that these



recursion relations can be solved explicitly, i.e., we find explicit expressions for all coefficients c;, p, .

3.3 The analytic solution

In previous subsection, we have present the solution using the series expansion. In this subsection, we will
solve the two differential equations (B.22) and (B.23) directly.
Let us start from (B.29) first. To solve it, we define following new variables

=K —p® y=p, (3.37)

then (B.29) becomes
(2p0, + K29, — tf)c(r,p) = (K28, — tf)c(x,y) = téxhr | (3.38)

where we have used
p—vy, r— %23/2 O, = K20,, 8, = —2ydy + 9, . (3.39)

The differential equation (B-3§) can be solved as (see the discussion in the Appendix, for example, ([A.F))

t Y t
c(z,y) = %eKif?y <G(m) —i—/o dwe_Kwit{KhT(az,w)> , (3.40)

where the function G depends only on x, while hp = hyp(x,y) is the function of both z,y.
Now we consider the equation (B.23). The first step is to simplify it by writing

(4r0} + 4pdy0, + K0 +2D0,) = %(2;)@ + K20,)(2p0, + K20,) + (4r — —=)9% +2(D — 1)9, .(3.41)
Thus using (B.23), (B-23) becomes

2012 AT2 N2 2 2 42
<4xK2a§ +2(D —1)K%0, + " (7~ 4K MO)) c= <—t£K8y 4 ACRK - ! 5Kf> hr.  (3.42)

K? K

Putting (B.40) to (B.49) and simplifying we get

202 2772
(4;;;1{283; +2(D - 1)K?9, + e IéK MO)) G(x)
_tf 4126 R K% — 12
= K2 K2 (—t§K8y+ R e 5Kf> hr(z,y)

12— AK2M3)
K2

2 Yy "
- (4:1:[(28% +2(D - 1)K?0, + it > / d’we_K_withhT($,’w). (3.43)
0

Equation (B.43)) is the form of ([A.14) which has been discussed in the Appendix. One interesting point is



that since the left hand side is independent of y, the right hand side should be zero under the action of J,.
One can check that it is indeed true.

Having laid out the frame, we can use it to solve various generation functions.

3.3.1 The generation function co_.»

For this case, we have hp = 0, thus using the result (A:29) we can immediately written down

D—1 (t2(4K2M? — f?)z\
cas2(t, 7, p, K2§M0,M1) = OFl((DS 9 ; < 4(K02)2 eﬂy|m—>K2r—p2,y—>p (3.44)
One can check it with the series expansion (B.J) given in the Appendix B. Comparing to it, the result
(B.44) is very simple and compact. This shows the power of using the generation function. Also, the
differential equations (B.29) and (B.29) tell us the right variables for the series expansion should be z,y
instead of the naive variables r, p.

3.3.2 The generation function Cy 173

For this case we have £ = 0,6 = —1 and

> (3.45)

< (t2M@)

T+ 0
hT(T) = Cl_>1(t, = sz MO) E [<)
n=0 7

which satisfies the differential equation (P.4). The (B.43) becomes

20 £2 2172
<4$K2a§ +2(D —1)K?0, + alt) I?ZTK MO)) G(x)

— K212 <8 - K{;) hr(z,y)

202 2772
+t <4xK2a§ +2(D —1)K?9, + FU7 - 4K MO))

7 / dwe™ 1#2" hy(z, w) (3.46)

0

A first important check is that the right hand side of (B.4() is y-independent. Acting 2 7y at the right hand
side we will get

te K2y{ tf< ;g;)hT(:E y)—I—K2 <82 ;{{; >hT(x,y)

+ <4$K2a§ +2(D —1)K?9, + i ;f2M2)> hy(z, y)} (3.47)

,10,



Using

x+y2 :r:+y2

1 2
K2 K2 Y
Orhr = e Orhr, Oyhr(r) = Orhr = e Orhr (3.48)

Ozhp(r) =

one can check that (B.47) is reduced to the differential equation (R.4)), thus we have proved the y-independent

of (B.49).

Setting y = 0 in (B.4() we get

2(£2 2n72
(4:;;1{263 +2(D —1)K?%9, + ) _IéK MO)) G(x) = t*fhy(z,y = 0) (3.49)

where we have used Oyhr(z,y = 0) = %&hqw = 0. The differential equation (B.49) is the form of (JA.14))
and we get the solution

t*f - —2Go(w) “ -1 2Go (&) LD
G(z) = {2 Col@) e | Ay = 0)Gy (e (3.50)

where

(D —1) AK*Mg — f?)

Go(x) oF1(0; 5 K2 x) (3.51)
Putting all together we finally have
1 Y _tf g,
Co_17(Ty) = Feﬂy G(zx) — t/ dwe” K2 hp(z,w) (3.52)
’ 0

Although we have a very compact expression (B.59) for generation function, in practice it is more
desirable to have the series expansion form. In the Appendix A we have introduced three ways. Here we

work out the expansion by direct integration. Using (B.45) we have

Y tf S (t2M2)" Y gy [ w\"
dwe” K2 hy(z,w) = E / dwe” ®kZ" < > (3.53)
/0 n=0 n! ( )n 0 K2
To work out the integration, we see that
et — 1
d 3.54
/ ue® au I — - (3.54)

- 11 —



thus

_ (;2::711! (eaT (e—aT _ Z (—?!T)Z> - 1) _ _E);@z:n!eaT 3 (_(;!T)z 355)

i=n+1

where the symbol |V (z)],n-1 means to keep the Taylor expansion up to the order of z(®~1). Using (B.55)

we have

! NN T |
/0 due™ (8 + yu?)" = ;WBN_Z’YZ/O due™u?
S N Nei i —(20)! ar = (—aT)
N Z mﬁ Vit © > il (3.56)

j=2i+1

y ) e ()
/ dwe™ 72" “hy(z,w) = ye Y Z Z Z [j; Sz v\ (3.57)
0 ? . .

The evaluation of G(z) can be found in (A:23) as

f:Z Pr)i M) () (AKPMG - f) (3.58)
i _1 (%)Z 4n—z(K2)2n—z—l
Collecting all pieces together, we finally have
co n—1 i ;
M2 7 n 4K2M2 2\n—i—1
62_>1,’1‘(t,7’7p7K2;M07M1) = —eK2yZZ ZD f( 0) ( n)z( 2)2n—i— 1f )
7 n=0 i= 0 "2 Jn (7)@ 4 (K )

ZZZH:(K(?)” oL (%] (3.59)
(D), =) (G+2i+1) '

n=0 j=0 =0

This result can be checked with the one given in (B.14). One can see that the formula (B.59) is much more

compact and manifest with various analytic structures.

4. The general frame

Having the detail computations in the bubble, in this section we will set up the general frame to find

generation functions for general one-loop integrals with (n + 1) propagators. The system has n external

- 12 —



momenta K;,i = 1,...,n and (n+1) masses Mj2,j =0,1,...,n. Using the auxiliary vector R we have (n+1)
auxiliary scalar products (ASP) r = R-R, p; = K;- R,i = 1,...,n. From the experience in the bubble,
we know that these ASP’s are not good variables to solve differential equations produced by Or - Or and
K;-0g,i=1,...,n. Thus we will discuss how to find these good variables in the first subsection. Then we
discuss the differential equations in these new variables in the second subsection and finally their solutions

in the third subsection.

4.1 Finding good variables

We will denote the good variables by x and y;,7 = 1,...,n. To simplify the differential equations, we need

to impose following conditions
(K;-0gp)r =0, (K;-0R)yj~dij, Yi,j=1,...,n . (4.1)
To see there is indeed a solution for (f.1), let us define the Gram matrix G and the row vector P as
Gij=K; - K;, (P1);=K;-R. (4.2)
Putting y; = >, Bjtpe to (1), it is easy to see that the condition becomes

K; - Ory; = Zﬁjt(Kt - K;) ~ 05, (4.3)
t

thus the matrix 8 can be solved as
B=l|G|G! (4.4)
where |G| is the Gram determinant. For z, let us assume
r=|G|r+PTAP, AT =A. (4.5)
Since
K;-0pw = |G|2p; + 2(P") p i, AP, (4.6)

where Pr_, i, means to replace vector R by the vector K;. Collecting all ¢ together, the right hand side of
(E9) is just (2|G|I + 2GA)P, thus we have the solution

A=—|GlG7". (4.7)
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Putting everything together, we finally have
z = |G|(r — PTG7'P), Y =|G|IGT'P (4.8)
where the mass dimensions of various quantities are
(Gl =2n, [(Gyl=-2 [Ayl=2(n~-1), []=2n+1), [y]=2n. (4.9)

From ([L.§) we can solve

1 Glz +YTGY
P=—GY. =
&Y ap

- (4.10)

4.2 The differential equations

Having found the good variables, we express differential operators dg - Ogr and K; - Or,i = 1,...,n using
them. The first step is to use ({.§) to write

0

spi = (2GR, — 2AGIKLG™P) 0 + |GIK[ G oy (411)

where we have defined KT = (K1, ..., K,,) and 0L = (8, ..., 0y, ). Thus we find

0

K- opr=IGloy,  Or-0r=2/G|(D —n)o, + 4|G|zd? + |GPoLG oy . (4.12)

The differential equations for ¢y, where T denotes different types of generation functions, have following
pattern

K- Orcr = ajer + Hry;, i=1,2,..,n (4.13)

Or - Orcr = agrer + Hr.p (4.14)

where a g, o; are constant (which are independent of T') and Hr,r, Hr,; are known functions coming from
lower topologies. Using the result (4.19) and (4.13), we find

|G|28§;G_layCT = OZ%G_IO(]CCT + H%KG_IOQC + |G|8§G_1HT;K (4.15)

where a% = (o, ..., ) and H%;,C = (Hr1, ..., Hrn). Thus the differential equations (f.13) can be written

as

(67 1 .
Oy, — — = —Hr; 1=1,2,... 4.16
< Yi |G|>CT |G| Ty s Ly ey TV ( )

- 14 —



while ([.14) becomes
(4|G|202 + 2|G|(D — n)0, + &r) er = Hrir (4.17)
with

aR = a%G_la;c — QR, Hr.r = —H%;;CG_IO(]C — ’G’@gG_lHT;]C + Hp,g . (4.18)

Having given the differential equations (fL.16) and ({.17)), there is an important point to be mentioned.
For ([£1d) and ({.17) to have solution, functions H are not arbitrary, but must satisfy the integrability

conditions, which are

a . .
<8yf |63|> = <ayi ) |G|> Hrgy Vo =12 om (4.19)

and

(4/G|20% + 2|G|(D — n)dy + ag) — |G| = (ayi - |G|> Hrp, Yi=1,2..n . (4.20)

Differential equations (f.14) and ({.17) are the type of ([A.T) and ([A.I4) respectively in the Appendix

A, for which the solution has been presented. In next subsection, we will solve them analytically.

4.3 Analytic solution

In this part, we will present the necessary steps of solving above differential equations (f.16) and ({.17).
Let us solve them one by one. For differential equation (f.16) with i = 1, using the result (A.5) in the
Appendix A, we have

1

1 Y1
CT(x7y) = G <FT($ Y2, .. 7yn) +

_o1
@ dwie \G\“’IHT;l(:p,wl,yg, ,yn)> (4.21)

where Fr(z,ys, ..., yn) does not depend on the variable y;. Now we act with (8y2 — %) at the both sides
of (f.21)) to get the differential equation

1
<ay2 - ’G’) FT(‘T Y2, - 7yn - ‘G‘ / dwle G‘ <ay2 - ’G’) HT 1($ w1,Y2; .- 7yn)
_oag 1
+e ‘G‘ylﬁHT;Q(xuyl7y27"’7yn)’ (422)
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Using (A.§) we find
G2 2y —fdy 1 [P — w2
FT(x7y27’”7yn) = el€l FT(‘Tuy37"'7yn)+e‘G‘ e lcl @ dee 1G] HT;2(x7y17w27’”7yn)
0
o2y, 10 gt (G2
—elcl @ du}le ¢ <€ ¢ HT;l(xawlquV’wyn) _HT;l(%wla?ﬁ = 077yn)) . (423)
0

Putting (£:23) back to ([L2]]) and doing some algebraic manipulations, we get

@] a2

CT($7y) = e‘G‘yle‘ ‘yzFT($7y37"'7yn)

a2, 1 [¥2 S PR
+elG17" — dlUge 1G] HT;2($7y17w27"'7yn)
Gl Jo
T . — 1w
+elel elcl @ dwie €T Hypg(xz,wi,y2 = 0,...,yn) (4.24)
0

Repeating above procedure with the action <6y2 — %) we can solve Fr(x,ys, ...,y,) and then find

o1, @z, a3
CT(‘Thy) = e‘Gl‘ yle‘G‘yze‘G‘yBFT(x7y47 7yn)
—i—e‘afg\‘%L ” dw e_\%g\wH (x w )
|G| 0 3 7;3\%, Y1, Y2, W3, ..., Yn

oy a3, ] Y2 _og
+6‘G‘y2e‘c‘y3 |G| d’w2€ ‘G‘w2HT;2(x7y17w27y3 = 07 7yn)

ay ﬁ _3 Y1 ag
+elcl¥eTa1Y2 o TaTY ]G! / dwie G\leT;l(a:,wl,yg =0,y3=0,...,9yn) (4.25)

By checking (.24) and (.2) we can see that after solving n first order differential equations (f.16) we get

Tl v
cr(x, Yty yn) =€ 197 F(z) + Hrx (4.26)
with
—1 ZJ n ajyj Yi —aw;
. e 16l ” ey Y i, 0, ... .
T,K ‘G‘ZZ - /0 dwze HT,Z(xyylv » Yi 1,’[02,0, 70) (4 27)
—~b
where for simplicity we have defined the sum ), to mean to take the sum over (a,a—1,a—2,...,b) with
a>b.

Before going to solve the only unknown function F'(x), let us check that the form ([.26) does satisfy
the differential equations ({.1g). When acting with (8yk - %) on the both sides, it is easy to see that the
first term at the right hand side of (#.26) and the terms in Hr.x with ¢ < k give zero contributions since

,16,



—kYk
they contain only the factor e I depending on y;. For the term i = k in ‘Hr.x, the action gives

~kt1
> i=n%5Yj

@6 Il HT;k($7y17"'7yk—17yk707"'70) . (428)

For the term ¢ = k 4 1 in Hr .k, the action gives

1 Sithesy;  fuen Oy 1 Weg
e 1G] / dwgyre 161 Oy, — Hr g 1(2, 91, s Yk Wt 1,0, .., 0)
|G| IGI
1 Xj=n%¥; [Yk+1 T +1%k41 o
= @6 |Gl / dwk+1€ IGI <8wk+1 - ‘2_‘1> HT k(x Y, - ’7yk7wk+1707’”70) (429)
0

where in the second line we have used the integrability condition ({.19). After partial integration we get

—kt1 <k+2
i=n®Yj 2j=nY;

1 1
—@6 1G] HT;k(‘Tuyh’”7yk—17yk707” ) +@€ 1G] HT;k(x7yl7’”7yk7yk+1707"'70)' (430)

The first term in ({.30) cancels the term in (f.28) and we are left with the second term in (f.30). Now the
pattern is clear. The ¢ = k + 2 term in Hp,x will produce two terms after using the integrability condition
and partial integration, the first term will cancel the second term in ([.3(), while the second term will be

the form

@6 ‘G‘ HT;k(x7y17"'7yk7yk+l7yk+2707"'70) . (431)

Continuing to the term i = n in Hp,x we will be left with |_(1;‘HT;k($a Y1, ---, Yn), thus we have proved that

(E28) does satisfy the differential equations ([.16).

Now we consider the differential equation ([.17). Using the form ([.26), we derive

=g
(4|G|292 + 2|G|(D — n)0, + @g) F(z) = e T (Hr,r — (4G22 + 2|G|(D — n)0y + ag) Hrx) (4.32)

One important point of (f.33) is that the right hand side must be y;-independent. To check this point, we
act 0y, at the right hand side to give
ap ZX i ivi 2 ~
———e~ G (Hrr— (4G|z0; + 2|G|(D — n)dy + ar) Hr.x)

+e |G = (Gyk%T;R — (4\G\x8§ + Q‘G‘(D — n)ax + &R) ayk'HT;K) . (4.33)
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Since we have proved

o 1
<8yk - ﬁ) Hrix = @HT;k ) (4.34)
(E:33) is simplified to
QT Xi=1 v -3 @i 9 - 1
b ol Hpp+e [© Oy Hrr — (4G|z82 + 2|G|(D — n)d, + ag) @HT;k . (4.35)

Using the integrability condition (4.20) we get

Q T Xi=1%ivi -3 oy

—@e IG1 Hr.r+e IG1 <8kaT;R — <3yk — %) ’HT;R> =0. (4.36)

Having checked the y-independent, we can take y; to be any values at the right hand side of ({.32). From
the expression (}1.21) one can see that if we take y; = y2 = ... = y, = 0, we have Hp,x = 0, thus (4.32) is
simplified to

(4)G|202 + 2|G|(D — n)d, + ag) F(z) = Hr.r(,0,0,...,0). (4.37)

Above differential equation is the form of (JA.14) in the Appendix A and we can write down the solution
immediately (see ([A.33))

_(D—n)

P = 1y(o) (o [ w2200 [Cie it ae 0.0, 0F ©FPOETT) aas)
0 0

where

(D—n) —agzx

Fo(z) = oF1(0; el

). (4.39)

Putting (4.39) back to ({.26) we get the final analytic expression of generation functions

Ti ivi
CT($7y17"'7yn) :HT;K+6 1G] F0($)
z _(D=n) —2F0(’LU) w 1 -1 2FO(£) (D*")_l
fo+ dww™ 2 e deIHT;R($, 0,0,...,0)Fp(§) " e £z . (4.40)
0 0

When we consider the generation functions of reduction coefficients of one-loop integrals with (n + 1)
propagators, there is a special case, where all Hr.;, H7.r are zero. For this case, we can write down
immediately the generation function

(D—n) —dpr, Shyem

Cn+1—>n+1(R7 Klu"'7Kn) = OFl((Z), 2 ’ 4‘G‘ )6 Il . (441)
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5. Triangle

In this part we present another example, i.e., the triangle, to demonstrate the general frame laid down in

previous section. The seven generation functions are defined by

(H(20-R)
I+i(t, R) dr / -
t / 2)((0— K12 — M2)(({ — K3)2 — M2) DoD1 D5

C3_>3/deOD1D2 +C3_>2;Z/d£H?7éi70 Dj —|—C3—>1, /CMDZ (5 )

Using the permutation symmetry and the shifting of loop momentum we can find nontrivial relations

(H(26R)

among these seven generation functions. The first group of relations is

c33(t, Ry Mo; Kq, My; Ko, M> c33(t, Ry Mo; Ko, Mo; Ky, M),

) =
C3 4o 5(t Iy Mo; K, My Ko, Ma) = ¢y ,o5(t, Ry Mo; Ko, Ma; Ky, M),
C3 4o q(t IRy Mo; K, My Ko, Ma) = ¢y ,55(t, Ry Mo; Ko, Ma; Ky, M),
C3 4. 5(t, Ry Mo; K1, My; Ko, Ma) = C3 4o, 7(t, Ry Mo; Ko, Ma; K1, My) ,
c3—1,0(t, By Mo; K, My; Ko, Ma) = c31,0(t, B Mo; K2, Ma; Ky, M),
c3—1;1 (¢, By Mo; K, My; Ko, Ma) = c31,2(t, B Mos K2, Ma; Ky, M),
c3—1:2(t, By Mo; K1, My; Ko, Ma) = c31.1(t, R; Mo; K2, Ma; Ky, My) . (5.2)
The second group of relations is
casa(t, B; Mo; K1, M3 Kz, Ma) = eV eay5(t, R; My; — K1, Mo; Ko — K1, Ma),
Cy_ya(ts B Mo; K1, My; Ko, My) = 21 Tey ) (t, Ry My; — Ky, Mo; Ky — K1, M),
C3 4. 7(t, Ry Mo; K1, My; Ko, Ma) = 2Kk 03_>20(t R; My; — Ky, My; Ko — Ky, M),
Cy_y95(t, R Mo; K1, My; Ko, My) = KR Cq_yo7(t, R My; =K1, Mo; Ky — K1, Ms),
csmn0(t, R Mo; Ky, My; Ko, M) = X7 Feg 1 (t, Ry My; — Ky, Mo; Ky — K1, M)
3 (t, Ry Mo; Ky, My; Ko, My) = €50 Feg_y0(t, Ry My; — Ky, Mo; Ky — K1, M),
cs1:2(t, By Moy K, My Ko, M) = e Feg 14 (¢, Ry My; — Ky, Mo; Ko — Ky, Ms) . (5.3)
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The third group of relations is

c3—3(t, Ry Mo; Kq, My; Ko, My 82 Res a(t, Ry My; Ky — Ko, My; — Ko, My),

C3_yo5(t Ry Mo; K, My Ko, M) = e R03_>22(t R; Ma; Ky — Ko, My; — K>, M),
Cy_yoq(ts B Mo; Ky, My; Ko, My) = 22 Tey ) (t, Ry My; Ky — Ko, My; — Ko, M),
C3 4o, = 2K2'R03_> t, R; Ma; Ky — Ko, My; — Ko, M),

c3—1;1(t, R Mo; K1, My; Ko, Mo K2 Bes 1 (t, Ry Ma; Ky — Ko, My; — Ko, M),

) =
) )
0 ) (t )
5(t, R; Mo; K1, My; Ko, My) o(t )
easnio(ts Ry Mo; K1, My Ko, My) = e2K2 Ry 1o (8, Ry Mo Ky — Ko, My — Ko, Mp) |
0 ) ( )
0 ) (t )

c31;2(t, R Mo; Kq, My; Ko, Mo K2 Bey ) o(t, Ry My; Ky — Ko, My; — Ko, M) (5.4)

Using these three groups of relations, we just need to compute three generation functions, for example,

€33, C3_ 97 and c3,1,0. The mass dimensions of them are

[t] = -2, [03—>3] =0, [63_>2;’{] = -2, [63—>1;i] =—4. (55)

5.1 The differential equations

Since we have given enough details in the section of bubble, here we will be more briefly. Using dr-0g, K -
ORr, K5 - Or operators, we can find
Or - Orer(t, Ry Mo; Ky, My; Ko, My) = 4t* Mg ep(t, R; Mo; Ky, My; Ky, My) + 4%Erhy (5.6)
K1 - Oger(t, R; Mo; K1, My; Kz, M) = tfier(t, Ry Mo; K1, My; K, My) — térhy + térhr . (5.7)
Ky - Oper(t, B; Mo; K1, My; Ko, Ma) = tfacr(t, Ry Mo; K1, My; Ko, My) — térhy + térhr . (5.8)

where T is the index for different generation functions and f; = K7 — MZ + M@, fo = K3 — M3 + M¢.

The various constant &, E, E are given in the table

‘ T ‘ST‘ hr ‘ﬁT‘ I ‘ET‘ hr ‘
| 33 o] o Jo] o Jo| o |
{3520} | 1 | hy 5|0 0 0 0
3=213 0| 0 |1 |[hy| 0] 0 (5.9)
3—=22)[ 0| 0 0| O 1| hy o3
{3510} 0 0 1 | hssio | 1| hasio
3—=151} | 1 | hgs11 | O 0 1 | haona
(3=1:2} | 1 |hssio| 1 [ hssio| O 0
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while hp are given by

h3—>2;6 = 62K1'R62—>2(t7 R27 (KQ - Kl) R, (KQ - Kl)z; My, MZ) )

h3—s1:1 €2K1'R02_>2;T(t,R2, (Ky — K1) - R, (K2 — K1) My, M),

h3_>1;2 = 62K1'RC2_>2;6(t, R2, (Kg - Kl) . R, (K2 - K1)2; Ml, Mg) s (510)
and ET are given by

h3_>2;f = 62—>2(t7 R27 K- R, K227 My, MQ) ’
310 = Cy_y11(t R, Ky - R, K35 Mo, My) ,
713_>1;2 = C2_)1;6(t, R2, K2 . R, K22; Mo, Mg) s (5.11)

and /HT are given by

h3_>2;’2\ = C2—>2(t7R27K1 : R7 K12;M07M1)7

h3—>1;0 = 62_>1;)1\(t7 R27 Kl : R7 K127 M07 Ml) )
31 = ¢y, 5t B2 Ky - R, K75 Mo, My) . (5.12)

The differential equations (F.6), (6.1) and (F.§) are indeed the form ([.13) and ([£.14) in previous section.

For triangle, the natural variables for generation functions are
T’:R'R, plzKl'R, pQZKQ'R. (5.13)
However, the good variables for differential equations (b.6), (b.7) and (5.§) are x,y1,y2 as

r = [KIK2 — (K| - K2)?)r — K3p3 — K2p3 + (2K, - K2)p1po
= |G|r — piy1 — p2y2
Yo = — (K1 - Ko)p1 + K¥po, y1 = — (K1 - Ko)pa + Kip1 (5.14)

which are defined in (f£§) with Gram matrix

K? K- K 1 K2 —K; K
G(K1, K>) = PRV ettt 2 A (5.15)
KKy K3
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Using the new variables, the differential equations are

(ayl - %) or = |—61¥|HT;1, <8y2 - %) or = ﬁHw (5.16)
(4|G|z92 + 2(D — 2)|G|0, + @r) er = Hrir (5.17)
where
a1 =tfi, as=tfs, dp= ARG + t2f§K%)|C;| 22N AUG - K) A2 M2 (5.18)
and
Hrr = — <K223y1 — (K1 - K2)0y, + JES Tg}Kl 'K2)> Hry
- (Kf@w (K1 K2)dy, + LS TgTKl 'K2)> Hro+ Hrp (5.19)

The solution is given by

a1

Y1 ﬂyz tri ﬂyz 1 b2 —ﬁwz
cr(x,y1,y2) = el617 el6I™ Fr (x) + elC] il dwae 16172 Hp.o(x, y1, w2)
0

o1, 22, 1 u _1 .,
+eGyleGy2@/ dwle Ie] 1HT;1(33,ZU1,0) (5.20)
0
where
. D —2) —agz
th = o F . ( . 5.21
and

- . z - 74 w 1 ; i
F"i(a) = Firi(a) <f0+ /0 dww™"7 ¢ 2 /0 A§ MR (@,0,0, .., 0) Ff (§) 712"

5(D22>—1> (5.22)

The generation function c3_,3: For this one, from the Table (B.9), we see that Hy., = Hro =

Hrp.g = 0, thus we write down immediately

ap, @y D —2) —agx
= elGT1Y1e1G1Y2 ( F (0 ( :
€33 € € 0 1(®a 2 3 4|G| )

(5.23)

The generation function c3_,o: There are three generation functions C3_ 97 We want to choose one
of them with simplest Hy, Ha, Hg. Checking with Table (B.9), we see that if we consider ¢, ,, 7, we will
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have Hgr = 0, Hy = 0 and

H3_>2;I;1($7917?42) = _62—>2(t7 R27K2 . R7 K227M07M2)

D—1 (PAKIME — B)(Kr— 1)\ G
- _ . F . . K .24
on (0 2 (S ) ) 524

where we have used the result (B.44) and expressed r, p1, p2 using (f.10)

- Ky + (K1 - Ko)yo Dy = K3yo + (K1 - K2)y1 . |Glz + Kiyi + KJy3 + 2(K1 - K2)y1ys
' G L G ’ GI? '
Thus by (b.19) we can find
a1 K3 —as(Ky - K»)\ B D—1 (t*(AK3Mg — f3)(K3r — p3)
Hs o1r = e ol | 0; ; N9
i G| 2 4(K3)
2 2072 g2 2, tfy _ 2 2402 2 2. .2
4(K3) G| 2 4(K3)
where we have defined
(n) d"
AFB (al,...,aA;bl,...,bB;a;) = da;—" AFB(al,...,aA;bl,...,bB;x) (527)

Putting them back to (5.20) we can find the analytic expression. Using it we can get the explicit series

expansion as discussed in the Appendix A.

For generation functions c3_,1.;, we can do the similar calculations. The key is to find Hr; and Hr.p,
which is the generation functions of one order lower topology. Thus we see the recursive structures of
generation functions from lower topologies to higher topologies. The logic is clear although working out

details takes some effects.

6. Conclusion

In this paper, we have introduced the concept of generation function for reduction coefficients of loop
integrals. For one-loop integrals, using the recent proposal of auxiliary vector R, we can construct two
types of differential operators (% . (% and K - %. Using these operators, we can establish corresponding
differential equations for generation functions. By proper changing of variables, these differential equations
can be written into the decoupled form, thus one can solve them one by one analytically. Obviously, one
could try to apply the same idea to discuss the reduction problem for two and higher loop integrals. But
with the appearance of irreducible scalar products, the problem become harder. One can try to use the

IBP relation in the Baikov representation [[£3] as did in [d, [].
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A. Solving differential equations

As shown in the paper, differential equations for generation functions can be reduced to two typical ones.

In this appendix, we present details of solving these typical differential equations.

The first order differential equation: The first typical differential equation is following first order

differential equation

<A% + B> F(z) = H(z) (A1)

where A, B are independent of z and H(z) is the known function of z. To solve it, first we solve the

homogenous part

<A% + B) Fo(z) =0, =  [Fy(z) = e Az (A.2)

Then we write F(z) = Fy(z)Fi(z) in (A.D) to get the differential equation for Fy(z) as

A%Fl(x) — FUH () | (A3)

thus we have

Fi(z) = Fi(z = 0) + /0 QA | (A4)

o |

Knowing the special solution of F'(z) in (A:4), the general solution of (A1) is given by

F(z) = Fo(z)Fi(x) + aFy(z) = e AT (Oé + /Ox dw%e%wH(wO (A.5)

where the constant « is determined by the boundary condition.

If we want to have the series expansion of x, there are several ways to do. The first one is to carry out
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the integration

Bz \@
iy (%)
dt A A.
/0 AeA AHZ:OQZ% n+a+1) al (4.6)
where we have used the expansion of H(z) = Y 7, hpa™. The second way is to put F(z) = > > fna"
directly to ([A.1) to arrive the recursion relation
fast = D b = ()t p(n), 20 (A7)
The recursive relation (A7) can be solved as
forr = o ] ]v@) +> e T] G) - (A.8)
i=0 i=0 j=i+1
It is easy to compute
- T (=B)"*!
= 1] = = A9
1= 1100 = G e (A9)
and
n—1 . ;
hi i B Ry d(—B)™
= = S Al
H ") =G H il H,’Y(j) “BEh - =B wan 0 A0
Jj=i+1 Jj=i+1 j=t
thus we have
-1, . ;
(=B)" | 5~ hiit= B
F(z) = ;:()(fo TP Y T " (A.11)

The third way is to use analytic expression ([(A-§). We need to compute dndxn

can see that, for example,

F(z) and then set = 0. One

dF(z) B _B, 1 B, 1
e <a+/0 deeA H(w)) +ZH(:E) ) (A.12)
thus
dF(x) B 1 B
T le=0 = —Za—I—ZH(x =0) . (A.13)

The important point is that when z = 0 the integration fox dw...

= 0, thus we have got rid of integration

and all we need to do are the differentiations over e4® and H (x).
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The second order differential equation: The second typical differential equation met in this paper is

the following second order differential equation

A d—2+Bi+C’ F(z) = H(x)
xdajz dx = a

(A.14)

where A, B, C are independent of x and H(z) is a known function of z. Let us to solve it using the series

expansion. Writing

F(z) = i fna"™, H(x) = i hpa"™
n=0 n=0

and putting back to ([A.14) we have

o0

Z hpx" = Z(An(n + 1) fnr12" + B(n+ 1) fpp1z™ + Cfrz™)
n=0

n=0

thus we have the relation
hn=Mn+1)(B+An)fos1 +Cfn, n>0.

Using it, we can solve®

hn 1

fn =v(0) fn + p(n),

The recursive relation ((A.1§) can be solved as

o1 = foHW(i) —I—Zp(z’) H v(j) -
i=0 i=0 j=i+1
It is easy to compute
n N (_C«)n-i—l B (_C)n—i-l

n>0.

Eln+1] = [[6) = (n+ DA TG (B/A+1i)  (n+1)1An+1 (B)

1=0

6 An important point is that although () is second order differential equations, but because the x in front of

n+1

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

around

x = 0 it is essentially the first order differential equation. This explains why using only fo and known H (z) we can determine

F(x) using )
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where we have used the Pochhammer symbol to simplify the expression”

() = - [[e+ -1 (A21)
Using

n—1
h; —h
H 70 I 0
s z+1)(B+Az i C
we have

F
A
=l

(A.22)

m

:i%fna: Zx_ {f0+nZ: Z}.

(A.23)
Let us define the following function

N —hirt o~ A" (B ;

which can be considered as the ”dual function” of H(x) corresponding to the differential equation ([A.14),
then we can write

n

—_

_hi B B
CE[Z] = LHA,B,C'(x = 1)an71

i

I
o

(A.25)
where the symbol |V (z)],n-1 means to keep the Taylor series up to the order of !
be written compactly as

n=1), Thus F(zx) can

o0

F(:E):an:E Zazu

[H{fo+ [Hapc(r=1)]n1} .
n=0

(A.26)
For the special case H(x) = 0, it is easy to see that

PG =RR. R =Y % (A.27)
A

The expression (A.27) is nothing, but the special case of generalized hypergeometric function (see

"From the definition one can see that ()n=0 = 1,V
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(C.2) of [[1]), which is defined as

. L > (al)n...(aA)nﬁ
AFB(al,.-.,(IA,bl,.-.,bB7iE) - nzz:o (bl)n(bB)n nl (A28)

thus we have

F(z) = foFo(z),  Fo= ol1(l; %; ) - (A.29)

Solution in ([A.23) is given in the series expansion. We can also write it in the analytic expression.
Writing F'(x) = Fy(z)Fi(z) we can find the differential equation of Fi(z) as

2 X
H(z) = Fy(x) <Ax% +(B+ 2Axdli?x( U%) F) | (A.30)

dF1(x)

which is the first order differential equation of =~ = U(x). Using the similar method as for the differential

equation (A1) we can solve

U(z) = o- 5 e-2F@) (al + / dw%H(w)Fo_l(w)ewo(w)wﬁ_1> , (A.31)
0

thus we obtain

F(z) = Fy(x) <a2 + /Or dww™ 4 e~2Fo(w) <a1 + /w d{%H(g)FO_l(g)ezFO(@{ﬁ_1>) (A.32)

0
where the aj,as can be determined using the initial condition of F(z = 0) and w. Using the
expansion of F(z) we see that as = fy and a3 = 0 thus we have
x w 1
F(z) = Fo(x) <fo + [ dww e [ dézH(é)Fo_l(€)€2F°(5)£%_1> . (A.33)
0 0

The analytic form (A:33) is very compact, but it is hard to carry out the integration in general. However,

we can use it to get series expansion just like before. One can see that

dF(z)  dFy(x) /x —B _9Fy( )/w 1 —1 2R (t); B -1
= w t—H(t)F 0
T T fo+ ; dww™ 4e ; d T (t)Fo(t) e ta
+Fy(z)z~ R 20(@) / dt%H(t)Fo(t)_lezFO(t)tg_1 (A.34)
0
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When taking the value at the x = 0, we need to be careful for the second line and evaluate it as

/ dt%H(t)Fo(t)_le2F°(t)t§_1 R %H(:ﬂ — 0)F; ! (2 = 0)e2F0@=0) / drta 1
0 0
1 —-1 2Fp (z=0) A B, —1 2Fp (x=0) 1 B
= —H(zx=0)F; (z =0)e" —zAaly=H(z =0)F; (x =0)e*"° —zA (A.35)
A B B
With the result (A.35), (A.34) gives
dF(z dFy(z 1
R ) (A36)
From ({A.14)) we have
dF 1 C
thus we see that
C dFy(z !
o= -gre =0 (B, (A.38)

d"F(x)
dx™

there is no integration to be done for x = 0.

For general we do same thing to get the series expansion of z. At each step, we use ([A.3) and

B. The explicit solutions of ¢, ,, for bubble reduction

In this part, we will show how to get explicit solutions for the recursion relations (B.30), (B.31), (B.39) and

B:39).
B.1 The generation function cy_,9

For this case, we have hy = 0, i.e., all hy, , = 0 in (B.30), (B.31)), (B.33) and (B.33). Using (B.30) it is easy
to find

N N-1
7 AR K*(f — o?)
o = oemmas = o o

where we have used the initial condition cpo = 1 and defined

tf 42 M2
OZZF, ﬁ: K20 . (B2)
Using () to compute first few Cn,m, One can see the pattern
1
CNom = —dNmCNO (B.3)
m!
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where dy ,, depends on both N, m and first few dy ,, are

(D +2N)a? — 3

dvo = 1. dw g — dnr o — B.4
vo=Lbidvi=a, dve= =5 oNT, (B.4)
Putting the form (B.3) to (B.39) we get the recursion relation
o] (B—a?)(D+2N +m—1)
AN m+1 = —dNm — d m B.
Nmtl = 0N, a(D+2N —1) N+, (B.5)
Using the formally defined operator P such that
Pf(N,m) = f(N +1,m) (B.6)
the solution of (B.H) can be formally given by
b ﬁ B_(B-a)D42N+tm-25\
N’M_mzl a a(D+2N —1) ’ -
_ (B (ﬁ—aZ)(D+2N+M—2)ﬁ B (5—042)(D+2N+(M—1)—2)]3
T\« a(D+ 2N —1) a a(D+2N —1)
B (B=—a®)(D+2N+2-2)=\ (B (B—a?))(D+2N+1-2)~
e <a ap+on-1 ' )\a aDraN 1) 1 )tve BD)

where since the appearance of the operator ﬁ, the ordering of the multiple factors is given explicitly. With

a little computation, one can see that

M NiaM—ifg _ 2\i
dn .y = Z S Gl dN,M;i (B.8)

; aM
=0
where

D4+2(N+s—1)+(M+1—t5) —2
Z H )+ ( )

> 15 dyaro =1 B.9
D+2(N+s—1)—1 P GNMO (B-9)

AN s =
1;[t1,..00t4)

and the summation sign is defined as

M

> = > (B.10)

1<t1<t2...<t; <M 1;[t1,..,t4]

Combining (B.3) with (B)) and (B.§), we have the explicit solution for the generation function of
C2—>2(t7r7p7K2;M07M1)‘
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B.1.1 The generation function ¢, 7

For this case, we have hy = ¢11 (¢, 7, Mp). Using (R.§) to (B.30) one can write down

tnt1,0 = V(n)en0 + p(n) (B.11)
with
B K2(5 _ a2) B t2n+l(M2)na
= i noram—1 "M T ap o 1)(72 +1)1(D), (B.12)

thus we can solve

eniro = coo [[ 1) + Do) T 20 (B.13)
i=0 i=0 j=i+1

where for current case, the initial condition is ¢g o = 0. To find ¢, ,,, we write

1 1 s (K%H)N1
= —dymeng — — 2 )y B.14
CN, N meN = S OR N, (B.14)
with the first few dy ,, and by,
dno =1, bno =0
dn1 = a, byi=1
—B+a?(D +2N) a(D + 2N)
dy2 = = AT AN B.1
N2E TN - 1) N2= (D aN 1) (B-15)
Using the form (B.14) to (B.32) we get the recursion relations
B (D+2N +m —1)(8 —a?)
m - — m m B.1
dN, +1 adN7 O[(D—|—2N—1) dN+1, ( 6)
B B(D+2N +m —1) (D+2N +m—1)
bNm+1 = —bNm — bN+1.m AN+1.m B.17
Nm+1 = DN, (D 1 2N) N+1m + DraN—1) v (B.17)

The solution of dy ,, can be similarly solved using the operator language as in previous subsubsection and
we find

M NigM—i(p _ 2V
dy.y = Z( i A(f o) dN,M;i (B.18)

(01
1=0
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with

Dt2(Nfs—1)+(M+1—t)—-2
D= R EST 0=1 B.1
dNM [tzt] 1_[1 D+2(N—|—S—1)—1 7 dN,M,O ( 9)
L1yeeey s

The solution for by, is a little bit complicated because the third term at the right hand side of (B.17).

To solve it, we write

bNm+1 = IN(M)bn,m + pn(m) (B.20)

where

v (m) = (g S 1)13) Coawtm =PI g, ma

Iterating (B.20) with proper ordering we have

bNm+1 = AN(m)AN (m — 1).. 3N (0)bn,o + TN (m)7n (m — 1).. x5 (1) pn (0)

+yn(m)yn(m — 1) AN (2)pn (1) + ... +n(m)pn (m — 1) + pn (m) (B.22)
Using
o~ _(D+2(N+a)+m—1)
(P)*pn(m) = D+2(N+a)—1) AN+1+a,m (B.23)
and

N (m)yn (m = 1)..98 (m — k)pn(m — k — 1)

ket LA D+2(N+s—1)+(m+1—t,)—1
—Z () (Z H D+2(N +s—1)

tlv 71]8 1

(DA2AN 4 i)+ (m k1)~ 1)

i m—k— B.24
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we finally reach

k41 k+l

D+2N+m .
bN,m—i—l - ( (D+2N dN+1m+ Z < > Z(_)
=0

X(D+2(N+1) (m—k—l)—l)
(D +2(N +i)—1)

’il HD—|—2N+S—1)+(m+1—tS)—1

D+2(N+s—-1)

AN 4 14im—k—1

(B.25)

1[t17 7t]8 1

where the condition by g = 0 has been used. The formula (B.14) plus (B.13), (B.1§) and (B:2H) gives the

explicit solution for generation function ¢, ., 5.

Knowing ¢, ., 7, we can use (B-H) to get the generation function Cy_yq.5 Or directly compute it using

B:30), (B:31), (B-32) and (B.33).

B.1.2 The proof of one useful relation

When we use the improved PV-reduction method with auxiliary vector R to discuss the reduction of sunset
topology, an important reduction relation between different tensor ranks has been observed in [Bg]. Later
this relation has been studied in [B9, 0, 2. For bubble it is given explicitly by

[0 _ P F2 =D fp o1y (r = DEAMGP* + (f2 = AMGK?)r) (r-2)

2 T D+r-3K2? (D +r—3)K2
(v (= D(E? = MG + MP)r = 2%) (-) =1, (r=Dfr -2
by IV e —— 2 1""I(B.2
TRE 20 (D +7r—3)K?2 20 1 K221 +(D+r—3)K2 21 (B:26)
where
. 20 - R)" , (2¢-R)" r) (2¢-R)"
[“:/de ( I(Q:/dﬁi IA:/CM— B.27
2 (02— M2)((6— K)2—M32) 21 (02— M2y 20 (¢ — K)2— M? (B-27)

We can use the series form to check the relation (B.26). Let us define

(N+1) _ (N + 1) (4M>2 2+(f2—4M2K2)7") (N)
_ (vy2) _ [ (DA2N)fpe (N +1)(4Mgp 0 ¢
FIN+2 =c < DN 1R (B.28)
where
[N/2]
N!
() = TS (B.29)
n=0

and ¢ can be ¢y_,5 or co_,1. Depending on if IV is even or odd, the computation details have some differences,
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thus we consider N even only, while N odd will be similar. Expanding (B-2§) we have

(2N + 2)' 0 2N42 (D + 4N)thQ 2N+1 4M02t260 2N
F2N + 2] = ——+—+%* — ) _ )
2N +2] = oy TP N2\ GN 12D 2N - DEKZ 2N+ )(D 2N - )K?

2N +2)! ni1 o t2(f* — 4MGK?)
t e TP | eveno 2N +2)(D + 2N — K2 N0

2N+2 Z np2N+2-2n (o _ (D+AN)Lf c

_ 4M0 242 B t2(f2 _ 4M02K2) (B 30)
(2N +2)(D+2N — DK2 ™" T QN £ 2)(D + 2N — 1)K2 AT '

For the term with 70p?N+2, using the relation (B.29) with n = 0,m = 2N, we find the part inside the
bracket is simplified to

—4€pt hoan + Ext(D + AN)hoan+1
2N + 1)(D + 2N — 1)K?

(B.31)
For the term with »V1p0 using the relation (B.3() with n = N, we find the part inside the bracket is

simplified to

(€ f — ERAK?)hn o + Ext K2 hy
2(N +1)(D + 2N — 1)K?

(B.32)

For the term with r"p?N*+2=2" the computation is a little bit complicated. First we use (B:2§) with
n—mn-—1and m — 2N — 2n + 2,2N — 2n + 1,2N — 2n to write all ¢; ; with ¢ = n — 1. Then we use
(B:29) with n — n—1 and m — 2N —2n+ 1,2N — 2n. After doing above two steps and making algebraic

simplification, we get

PExMs —rf) | P(=&xenf + EpAKP(N +1))
—fK(QN — 2n + 3)t
2n(D + 2N — 1)

hp—12N-2n+3 (B.33)

For different ¢ we use the different known hy as given in (B.17), (B.1§) and (B.19), thus one can see the

2 (]

relation (B.2d) is satisfied.
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