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The simplest QFT

Harmonic oscillator of 21st century: hidden simplicity & structure in ./ = 4 SYM (planar limit)

Integrability (planar limit): strong coupling via AdS/CFT, Wilson loops & OPE
Yangian symmetry ... Ising model of gauge theories!

All-loop integrands <-> positive Grassmannian + amplituhedron [Arkani-Hamed, Trnka]

(Integrated) amplitudes + Feynman Integrals: extremely rich laboratory for perturbative QFT!
iterated integrals (polylogs & beyond), symbology, cluster algebras, differential egs, bootstrap + Qbar,...



Amplitudes/WL in SYM

Amplitudes (MHV tree stripped) = null polygonal Wilson loops (strong+ weak coupling)

[Alday, Maldacena][Brandhuber, Heslop, Travaglini] [Drummond, Henn, Korchemski, Sokatchev]|...]

Ap1spr D) © Wiy 2, e, ) ~ (TEP exp <zq§A - dx)

dual space: (X, — X,)* = A%4%, (0., — 60" = 1% (Yangian) symmetry broken by IR/UV divergences

1
BDS ansatz [Bern, Dixon, Smirnov: AI,I?DS ~ eXp(ZrcuSPFr}_loop) —> BDS-normalized amps: Rn,k — ‘Q[n,k/Ar]zBDS

 Dual conformal invariant (DCI) function of 3(n — 5) cross-ratios (n = 4,5 ftrivial)

* natural separation into transcendental (w. discontinuities) & algebraic part (only poles)

R, ~ (Yangian invariants) X (Transcendental functions)

helicity,“rational/algebraic” DCI,“uniform weight”=2 L

Only MHV (R

n0 ~ pure functions) & NMHV expected to be generalized polylogarithms!

k > 2 (NNMHV...): elliptic integrals etc. will appear [Bourjaily et al] [A. Kristensson, M.Wihelm, C. Zhang]



Momentum twistors ioues

 Unconstrained variables for any massless kinematics (useful for QCD etc), naturally a planar ordering

. “Light-rays” of dual space, linearly realize dual symmetry SL@4): Z, = (Z{ | x") 1= (A7, x"4; 5| 0%427)
. Basic SL(4) invariant: 4-bracket (ijk[) := abchi“Zij,fZld eg. (i—1ij—1j) x(x;— Xj)2

- With DCI, only cross-ratios of invariants appear! configuration space: G(4,n)/T (note G(2,n)/T ~ M)

| L .
Momentum Twistors and D..Coomaluaiancs so© =si) -+ Wilson n-gon invariant under inversion: 2+ . % 2, 5
” \ Zal/)‘Q ”’z%‘ = (ki +Ekip1+---+ kt_j_l)g = 8441 i1

ﬂoa—l}v P | * Fixed, up to functions of invariant cross ratios:

»Zq —s . .
i7"kl

O Lines intersect S Uiik]l =
/ \Z"E:\Y/ <§;;:\e/—|ike } ! ‘1712&73?1
.. infinity '
—@\/ ity )~

2 2 (a — lab — 1b) ’ .)-:E,iH =kf=0 Sno sEc;h variables for n = 4,5
(pa T+ pa+1 + o 4 pb—l) _ (xa — xb) - (a _ 1a100)(b _ 1b100> Y — ;I?§3:I?;‘£6 _ 812545
Any well-defined expression must be projective-invariant. r14T36 81235345
Expressions independent of /., are DCl, e.g., cross-ratios. n=6-> precisely 3 ratios: — =2
(xq — xp)%(x, —x3)> (a—lab — 1b){c — 1cd — 1d) ©234°123
(x, — x4)%(xp —x.)? (a—1lad — 1d){b — 1bc — 1c) n="7=>6ratios. W — 534561
In general, 3n-15 ratios. - 83455234




Symbology & bootstrap

_ o dry, (" dt et dt
Multiple polylogs: G(a, 7)) = > symbol & letters [Goncharov, Spradlin, Vergu, Volovich]

o i—a1Jyg bh—a

dG™ = ) G Vdlogx, = S(G™) =) SG" ) @x eg. Slogk) =x, SLiyx) =—(1—x) @x

l

trivialize polylog relations; 1st entry: physical discontinuities, last entry: differential

For n=6,7: only 9 & 42 letters! conjecture: cluster variables of G, (4,n)
finite-type (Dynkin) cluster algebras A3 for n=06, E6 for n=7[Golden et all[.. ]

hexagon/heptagon bootstrap: ansatz with alphabet + symmetry conditions (Qbar + collinear etc.,
-> unique answer to very high Ioops [Dixon et al] [Caron-Huot, Dixon, Dulat, McLeod, von Hippel, Papathanasioul]|...]

starting n=8: infinite cluster algebra for G(4,n), how to obtain finite alphabet? square roots & more?



Generalized polylogarithms

Chen. Goncharov, Brown ... The {n-1,1} coaction can be applied iteratively.

+ Can be defined as iterated integrals, e.g. * Define the {n-2,1,1} double coproducts, F>k~J,
x g via the derivatives of the {n-1,1} single coproducts F~.
G(ay,as, ..,n, X) = f —a, G(a,,..,an,t)
0

dFi = Y es F*°7 dInsy

* Ordefine differentially: | dF = X s F* dIn sy

* And so on for the {n-m,1,...,1} m™ coproducts of F.
 The maximal iteration, n times for a weight » functiol
the symbol,

* There is a Hopf algebra that “co-acts” on the

space of polylogarithms, A:F - FQF

* The derivative dF is one piece of A: A,_; ;F = ¥, s Fc @ In s,
* so we referto F°¢ asa {n-1,1} coproduct of F

- s, are letters in the symbol alphabet $

Generalize the classical polylogs

Define HPLs by iterated integration:

x dt X dt

0 How(x) = J§ 7 Hw (), Hy(x) = [§ 7= Hw(®)
Li;(x) = —In(1 —x) = Z X « Or by derivatives:
=1 K dH,w(x) = Hyp(x)d Inx dH,(x) = —Hy(x)d In(1 — x)
. dat . . o XK . L Q= _
Li, (x) = fox = Li,_(t) = Zkzli_n Symbol alphabet: § = {x, 1 — x}

« Weight n = length of binary string w
« Number of functions at weight » = 2L is number of binary strings: 2%/
« Branch cuts dictated by first integration/entry in symbol

Derivatives dictated by last integration/entry in symbol

 Regular at x = 0, branch cut starts at x = 1.
+ |terated differentiation gives the symbol:
S[Lin(x)] = S|Lin-1(x)] ®x
= =—(1—-x)RxQ ...Q0x



Grassmannian cluster algebras

Symbol alphabet for n=6,7 (to high loops) given by cluster variables of G(4,n) [Golden et al][Dixon et al][Drummond et all...

Cluster algebras: mutations from an initial quiver-> a; (cluster variables) grouped into overlapping {a;, -, a,;} (clusters) [Fomin, Zelevinski]
-> only finite for Dynkin-type quiver, A (d(d + 3)/2),B, ~ C(d(d + 1)), Dd(dz), E¢ 7 4(42,70,128), F4(28), G5(3) !

For G(4,n) only finite for n=6,7[speyer, wiliams]: A; & L¢ cluster-algebra alphabets!

(1235)(1456) + (1345)(1256)

(1245) — 1345} = (1356),
hexagon: 6 choose 4=15 <a b ¢ d> (9 unfrozen + 6 frozen)
(1234) (1234)
heptagon: 7 choose 4=35 <a b ¢ d> (28 unfrozen + 7 frozen) N . ‘
+ 14 degree-2: (1(23)(45)(67)) + cyclic &(1(27)(34)(56)) + cyclic “235?.\? 1236, % 80
(1245) —( 1256) \ | (1356) — (1256)
(a(be) (de) (f3)) = (abde){acfg) — (abfs) (acde) B RS
(1345) — (1456) (1345) — (1456) |
—>DCl letters: 9/42 X coordinates of A;/E cluster algebra (2345) | \|“<3456> (2345) T(aase)

[from 2005.06735 by Caron-Huot et al]



(Extended) Steinmann relations

Basic properties of (massless) QFTs [steinmann]: double discontinuities of any Feynman diagram (amplitude)
vanish @ overlapping channels (no two overlapping Sq. e b1 for planar) e.g. for 3-particle case:

3 4 3 4
Nt N
? \’/—@M& 5 vs. 2 /\ %—/ DlSCsj’j 112 (DISCSI.’!. 012 (An,k)) =0, forj=i£1,ix2,
Py Py

[from 2005.06735 by Caron-Huot et al}

For n=6: (1245) ~ (2356) ~ (3461) no pair for first 2 entries; even stronger constraints for n=7!

For divergent amps/integrals, need suitable subtraction due to 2-pt singularities (frozen)

Remarkably, data for n=6,7 reveals extended Steinmann relations: adjacent entries satisfy same constraints!

A new property of general QFT (for n=6,7) [Caron-Huot et al] More amps & integrals @ higher n/L?

For hexagon/heptagon, ES relations imply cluster adjacency: two cluster variables can appear

consecutively only if there exist a cluster with both [Drummond et al



(1245)2(3456)2(6123)2 ~ (1356)(2346) ~ (1345)(2456) (1236)
(1234)(2345)...(6123)° "1 7 (1236)(3456) > °'~ (1235)(1246)(3456)’ d°F d°F

a) =

8x,-3xj axjax,- ’ 75 />

L (1234)({1567)(2367) o (2457)(3456)

" (1237)(1267)(3456) T (2345)(4567) Dl
- (1234)(2567) o (1(23)(45)(67)) ): Diyp Fo:9% =0, i=1,2,...,1,

217 1267)(2345) 1T (1234)(1567) a,f=1
_{1567)(2347) L (134)(56)(72)

31 — y 61 — -

(1237)(4567) (1234)(1567) s izl..3 form=6.
where we have again denoted the cluster o7-coordinates in blue, and First symbol entry of A, €

aj;, [ = 1,...,7, forn=7.
(a(be)(de)(fg)) = (abde)(acfg) — (abfg){acde)

together with 4;; obtained from a;; by cyclically relabeling the momentum twistors Z,,, — Z,,. ;1.

Fadhan =0,]1 < <3, forn=26

if F' functi f weight 2.
Fali:a”+8=076=1727]<i<77 fOI‘I’l=7}1 unction o1 welg

Steinmann Relations: {

Farditl =(,1 <1 <3, forn=26.

Extended Steinmann Relations: { Faiais — () § :_1’2, 1<i<7, forn="1.



Steinmann cluster bootstrap

hexagon/heptagon bootstrap: compute amplitudes for n=6,7 without computing integrands/integrals at all

(1). hexagon/heptagon space: all integrable symbols (+ more) with A3/E6 alphabet
(2). first entry, Steinmann & ES relations/cluster adjacency -> huge reduction of the space

(3). physical constraints: final-entry, collinear, multi-Regge limits/OPE...

weight n 0 1 3 4 5 6 7 8 9 10 11 12 13

2

9 26 75 218 643 1929 5897 ? ? ? ? ?

6 13 20 63 134 277 562 1117 2192 4263 R8240 ?

6 13 26 51 98 184 340 613 1085 1887 3224 5431

Firstentry 1

3
Steinmann 1 3
3

Ext. Stein. 1

Table 1: The dimensions of the hexagon, Steinmann hexagon, and extended Steinmann hexagon spaces at
symbol level.

weight n 0 1 2 3 4 5 6 7

Firstentry 1 7 42 237 1288 6763 ? ?
Steinmann 1 7 28 97 322 1030 3192 9570
Ext.Stein. 1 7 28 97 308 911 2555 6826

Table 2: The dimensions of the heptagon, Steinmann heptagon, and extended Steinmann heptagon spaces
at symbol level.

Constraint L=1L=2 L=3 L=4 [L.=35 L=6
1. 5 6 27 105 372 1214 36927
2. Symmetry  (2,4) (7,16) (22,56) (66,190) (197,602) (567,17957)
3. Final-entry (1,1) (4,3) (11,6) (30,16) (85,39) (236,102)
4. Collinear  (0,0) (0,0) (0*,0%) (0%,2%) (1*3,5*3%) (6*%,17*?)
5. LL MRK 0,0) (0,0) (0,00 (0,00 (0%,0%) (172,2*%)
6. NLLMRK (0,0) (0,00 (0,00 (0,00 (0%,0*) (1*,0%%)
7. NNLL MRK (0,0) (0,00 (0,00 (0,00  (0,0) (1,0%)
8. N°LL MRK (0,0) (0,0) (0,00 (0,0) (0,0) (1,0)
9. Full MRK  (0,0) (0,00 (0,00 (0,0 (0,0 (1,0)
10. TYOPE (0,00 (0,00 (0,00 (0,00 (0,0 (1,0)
11.T20PE  (0,0) (0,00 (0,00 (0,00 (0,0 (0,0)

[from 2005.06735 by Caron-Huot et al]



Amp/WL from Qbar equations caon-uo, s

T =00 A
A tree .
Qa Rn,k — a RQSC:()/ [Rn+l,k+1 - th,erzrﬁ,l] + CyChC:

(d‘zl:S Z-n.-+-1)
[ :0

a

1 , m . 11zt
loop parameter a:= 7 Teusp = g* — r g*+ - T g°+ ...

Figure 1. All-loop equation for planar AN’ = 4 S-matrix.

1st order diff egs for all-loop S-matrix: determine MHV & NMHV amps uniquely, given lower-loop amps

Last entries for all loops (important for bootstrap) MHV and NMHV (to all n) [sH, z. Li, C. Zhang]

computed 2-loop NMHV heptagon -> 3-loop MHV hexagon [Caron-Huot, SH] + 2-loop MHV to all n

nice observation: even for n>7, 2-loop MHV have letters that are (simple) cluster variables of G(4,n)!

However, for n>7, k+1>2 (3-loop MHV, 2-loop NMHV, even 1-loop NNMHYV): algebraic letters (square roots) ->
rationalization on RHS -> new data for symbol alphabet & structures !



2-1oop NMHYV + 3-loop MHV .2 i c. zhang

30 :;“:3 Dopeg = \.""'(-I—u_"")2 — 4uv
And

S(Zap,cd) ® XS g ®Xp qla—1ab=1bc —1]

a.b.c. 3 o’ = 1(1+u—v+A),
_S(Iaacd)xxtbcdxxaocd:a_‘ab_‘bcl e |
b—1 b—=1 . 4 . X2y g = opcat )™ ~Zane Xobcd = Yopcam D7~ 2000
+ S(IOde) X a.b. .C. d x XO J c.d .a_ a b_ C - 1 C] T (X_]_] j+1) — 24 a.b.c malal (X;,b,c,d—I +1)_] —Zd.a,b.c
' p vith 6 choices a—1,a,b—1, b, c—1, ¢ of the superscript, where
— S8(Zab.cd) ® XL p g ®XE a—1abc—1c] h
b.c.d a.b.cdl — ]
- (d(c-1¢c)n(ab-1b)) o .
r p Xa,b,c,d = : ) Xa.b.c.d = Xa,b,c,dlaera—1
+S(IOJCJ)XXOde§<XOJC0.G— b—1bC—1C] (dO){D—1bC—1C} ’ !
b (d(c—1¢) N (a—1ab)) b b
Xab,c,d = 5 : a,b,c.d — *a,b,c,dlberb—
o S(Io.b.c.d) & Xaa,b,c.d & Xg.b.c_d _G b—1bc—1 C] , WEEE T d(a—1a) N (bc—1¢)) ghty d1be+b—1
. - | . (dc)(a—1ab—1b) L._] .
*a, Xa,b,c,d = Xa,b,c,dlcerc—1

- (d(a—1a) N (b—=1bc))
Remarkably constrained & compact “algebraic part”: 4-mass ® algebraic' ® final’ X R; (all correlated!)

n=8: Aj;57;& A, 45, 9+9 independent algebraic letters (+180 rational letters)
9 A for n=9, 11*9 independent algebraic letters... -> 3-loop n=8 MHV: still 9+9 (+204 rational)! [z. Li, C. Zhang]

Origin of alphabet: Landau equations [Spradlin et al] tropical G+(4,8) etC. [Drummond, et al] [Arkani-Hamed, Lam, Spradlin]
poles/“letters” of Yangian invariants [Mago, Schreiber, Spradlin, Volovich] [SH, Z. Li] [....]



Feynman integrals from WLs



Uniform transcendental integrals

i “ J ] 3 1
1-loop MHV amp. = 2‘ .

I<j<I | | / ‘ g

2-loop MHV amp. = \'L: . , j 5 4
1< j<k<I<i
i / : :
J k k [ I—]. /
2-loop NMHV ;5 jxixs = ! = . (/,J, k, | non-adjacent) (/JT'"
. A . B
i / j i 5
J it J

(double-) pentagons for MHV/NMHV amps [Arkani-Hamed et al]
(e.g. numerators (£, iNJ), (£, knI)) (double-) penta-ladder [Drummond, Henn, Trnka] & more

uniform transcendentality vs. dlog (focus on IR finite integrals e.g. i <j—1 & k < [ — 1 for dp)
-> a class of integrals in N=4 SYM, also play an important role in general (master integrals)



Feynman integrals from WL

WL powerful for not only full amps, but also its building blocks: WL diagrams = Feynman integrals

How we originally computed 2-loop MHV: dR,, , = Z C, dlog(ij) w.C;; (super-) WL diagrams

i<j
2 1-]
L=1: X Y simplest NMHYV: difference of two WL diagrams=double pentagon!
[ (26)(i2) -
C‘Z,'L _A dTXdW <XY>2 - logu'z,z—l,z,l : ":2:' B
)'\IH.A'ZI o
AP xg?

L=2: 1-d 7-integral of box integrals

2< Sy i F1G. 2. NMHV component of super-WL as difference of two

X b= % % diagrams, each equals to a double-pentagon integral.



WL d log: 1-loop examples sz v, s, o vens

Why useful? swap order of integrals, left with simple line integrals (“smart parametrization™)

1 © dr
chiral pentagon: = , X():=2Z_+1¢ Z ., “fermions” at x := (iX) &y := (jY
e T T L Xy = At b =&y =0

o J d'CCing) (dij) [, {Enj)Iij)
)iy ejyyery ) diX)UIjYiXjY)

= Loen, = (star-triangle identity)

Nice d log 2-form: J dlog — .<IjY> __dlog <i¥jY>
(i) (YY) N GI)) (liX)

Trivially give well-known dilog (manifest DCI + weight-2)

/
Geometry: integrating 2(A”) in A (similar to Aomoto)

F1G. 3. The chiral pentagon written as a WL diagram. and

loop integral performed using “star-triangle” identity:.



6d 3-mass-easy hexagon [Del Duca et al] QD) (i, 5 k) =

(weight-3 polylog of 9 cross-ratios) 22 .02 x2.x2. a2 2

:_‘ r p ) y f
T Zp,i0,i+120,5C0,j+1L0 kL0, k41

6 2 2 2 N
_/dxﬂ Li i+1T5 k+1Tk i+1 Ag

momentum twistors G(4,n): all square roots disappear

(!

nice 3-fold dlog integral 0P (;

) = /O‘-"’ a7, Agk)inj N k)

(1-d integral of “deformed” pentagon) - (kZinj)(kZij) ‘_
. . . Z k
using symbol integration [Caron-Huot SH]]...] o | o
straightforward to get weight-3 symbol _ / dlog (k? v >_ d log UYkZ) —dlog (iXjY) _
R3 (kZi1Nj) (1Yi(kZ) N1) (1 XkZ)

without performing any integral 1o

[+ C
t+d

b b b
J dlog(t+c¢)(F(t) @ w(1)) = {F(t)®w(t)®(t+c))|zz, (J dlog(t+c)F(t)>®w, (J' dlog F(t))@(c—d)}



Two-loop amps from integrals

Longstanding problem: compute generic double-pentagon analytically (12 legs, lots of square roots)

All we need for MHV: Af;dlgl"\l; = Z I4,(i. j. k, [); how to see cancellation of square roots?

I<j<k<l

Ly, 7, k1) =

Component )(il )(].2 )(,? )(14 for non-adjacent i, j, k, [ (vanishes for L=0,1) given by 2 double-pentagon integrals

Surprise: Q result for the components free of roots (algebraic words vanish)!
For n=8: also observed in [Bourjaily et all by evaluating Idp(1,3,5,7) at a numeric point? Why cancel?



Generic dOUbIe pentagOn [SH, Z. Li, Q. Yang, C. Zhang]

Exactly the same method: 2d integral of a hexagon
(k =j+ 1, [ =1 — 1: chiral hexagon)

Xi=2i — 1l Yi=4 -1/,

1 ¢ k+1))—(k o D+[z,y] I,

. y ” y . . e 2, y] = dlog UXED 100 (i(5Y) N (ikL))
New: hexagon not “pure”, 15 boxes w. 2-form “leading singularities”; ! (iX5Y) (jY kl)

need rationalization for computing z-integrals o] = dlog L) 1 (i XjY)

0 2k) = 108 1y 8 T G (kD)
weight-3 symbol: “4-mass box @ algebraic letter” I o = F(z,y, 2k41,21) — F (2, Y, Tpr1, Tis1)
final-entry free of square roots (as 2-loop NMHV/3-loop MHV!) — Lo(I+1, z,y,1) + Lo(I+1, z, k+1,1)

— Lg(l-l-l, Y, k+1, l) -+ 10g Ul+1,z,y,1 log Uz y, k+1,1+1
compact algebraic words : sum of 16 simple blocks Iy = Lo(x, k, k+1,1) — Lo(z, k, k+1,1+1)
(algebraic)\(. i D—(ikLi =0 ! cancellation of square roots — Lo(i+1, 2, k, ) + Lo(I+1, 2, k41, 1)

AR s — Lo(I+1,k, k+1,1) + log 41,4 k1 108 Ug k k41,141
D (= )eterete SNG4 6y j 4 0y k + 03,1+ 0,) @ WK La(a,b,¢,d) := Lig(1 — tab,c,a)

0,£10,1}



Recursion for all-loop ladders .z v v g, o vana

Simplest multi-loop application: penta-box ladder integral Ui, 5:0) = I
recursion: L-loop as 2-fold dlog integral of deformed (L-1)-loop J
1-loop pentagon=2 dlog -> 2L-fold dlog integral o (LD @ittt G i-lij=1G) (i lii) (-1t 1)
(i—1i5j+1)(Iii+1)’ (jj+1i—13){Ij—15) (i—1ij—15)(jj+1ii+1)
"L—1 . . ) . : :
. ooy C (1X47Ya) (JYLI) (1 XLiYL)
Uy (i, g,1) —/ gdlog (i—1i7Y,)d log - dlog (jYLz'Iﬂf)leg X, D)

nice DCI form: simple deform & “odd” weight
objects in between (tree=1 — u — v + uvw)

x +1 g (ulrx+w) wrx +1)
Tx "\ +uw ' x4 w

"y

Upii(u,v,w) = /dlog

possible to get symbol to all loops w. 9 letters Uy (w0, w) = /leg(Ty L) U (u v(ty +1) 17v + w)
- y ¥y — L+% )

tu,v,w,1 —u,1 —v,1 = w,l —uw,1 —vw,1 —u—v+ uvw} vy + 1 ’ Tv + 1




Differential eq. & resummation

easy to show the recursion satisfy beautiful diff. eq. [Drummond, Henn, Trnka]

Uy(i,7:1):

]

(I —u—v+uwwuvo, o ¥, (u,v,w) =¥, (u,v,w)

recursion helps to resum the ladders: define ‘I’g = Z gZL‘PL (w. coupling const.), it satisfies
L=1

y 2 Ty T -
lI’g(u, v,w) =gV (u,v,w) + g~ | dlog(zy + 1)dlog ‘I’g(u, v, W)
Tx

this can be solved by series expansion of kinematic var. x = 1 — u‘l,y =1—vlz=1-w

_gzz i xty'e" ﬁ (k+m+n)
k,I= 1kl+g k,I=0,m= 1kl+g (k+m)(l+m)n=1 (k+n)l+n)+g°




Generalized penta ladders «:.z... v . vena

applicable to a large class of integrals w. “pentagon handles” (or similar 1-loop)—> reduce loop orders
in particular a recursion for “generalized penta ladders”: 2(L-1)-fold dlog of some 1-loop integrals

I—1 ] 1—1 ]
( ) £ / dlog(i—1ijY7)d log (iXyM) X | ) ' §%

\/ o R%—-O TX() \./ -

j+1 j J+1 J

straightforward to obtain symbol if no square roots involved 8 1

but need “rationalization” otherwise

e.g. ,(1,4,5,3) involves square root A, 4 ¢ ¢ = \/(1 — u —v)> — duy " 4



focus on €2, (1,4,5,7): 2(L-1) fold d log integral of 0.(1,4,5,7) = 6 %
1-loop (7-pt) hexagon
3 4
7 1
L—-1
(1X,4Y,) X,  (1245)(5671)  (3471)(4567)  (1267)(3456)  (1234)(4571)

(1,4,5,7) / Hdlog (147¥o)d log . 0 ‘®< Y1 - M7 {1256)(4571)” ? T (3467)(4571)" ° T (1256)(3467)" ¢ (1245)(3471)

5 4

beautiful DCI form: (rescaled) deformation

?

b) ?
Tx +U1U4 Tx+U1Us Tx+Ug

( up (v +1)  us Ty+’l£4>
Uy, )

usTy +1 * 1471yus Ty +1

1, .. 1
Qpy1 (w1, U2, u3, Ua) :/dlogTX+ (“1(7)("'“4) o Txuy  ua(Tx+ ))’

-> symbol to all loops w. 16 letters
I/tl, uz, Lt3, l/t4,1 — I/ll,l — l/tz,l — l/t3,1 — I/t4, QL+1(u1>u27ui>u4 — /dlog TY+]-

1 —wguy, 1 — wyuy, 1 — uz — ujug, 1 — vz — uylys y1, ¥2, ¥3, Va

nicely, alphabet of D4 cluster algebra [sH, Z. Li, Q. Yang] also appear for 6d 1-mass hexagon [Chicherin, Henn, Papathanasiou]
w. u; — 0 back to the 9 letters of \¥; : sub-algebra D; = A,



Cluster algebras & adjacency




Cluster algebras for integrals .z .. vang

Not only (h=6,7) amplitudes, but a large class of integrals (beyond N=4 SYM) have alphabet of cluster algebral

e.g. all-loop n=6 ladder integrals -> A5, certain n=7 integral -> £, ...

Systematically studied in a general setting: [Chicherin, Henn, Papathanasiou] €.g. 4-pt with a off-shell leg:
C, “folded” from A5 11z, 29, 23,1 — 21,1 — 25,1 — Z3} (24 + 2, + z3 = 1) 2d harmonic multi-polylogs

various 1-loop integrals w. A, C, D cluster algebras & 5-pt alphabet from limit of G(4,8)/T!

Natural question: more evidence for higher n (still DCI) & higher loops? algebraic letters?
(trivial) example: 8-pt box ladders: {z,Z,1 —z,1 =z} ~ D, = A12
n=8 amplitudes/integrals in R1 kinematics: C, =overlap A, + A, {v,w, 1 +v,1 +w,v —w,1 —vw}

much simpler than 4d — used to bootstrap octagons up to 3 loops! [w. z. Li, Y. Tang, Q. Yang]



Observation: at least for ladder integrals, alphabet does not grow beyond e.g. 2 loops,
independent of details (hnumerators...) = possibly fixed by kinematics (external dual points)!

e.g. 8-pt penta-box ladder D; = A, (not hexagon A,), 7-pt double-penta ladder D, (emb. in heptagon E)

| 7 |
1

» , “good”variables:zi=1—-u"",z,=1-— V_I,Z3 = 1 — w for D3
3 5

similarly for D4: introduce z;, *+Z,, Same para. as [Chicherin, Henn, Papathanasiou] :
D4 — {Zl, e, Z4,1 + 71, ool + 24y 21 — 29,21 — 23521 — g2y — 23520 — Zy» 21 T 2324, 2o T 232y, }

many more cases: D6 (n=9) & deg. to D5, D4 etc. D; D5
89 '\>‘/8\ e //1 8\>\ L /{
1 6 —< \ﬁ 2 7 <' } .
/X X X C
7 2 5 4 3 6 5 4
———— 3 () Octagon A (b} Octagon C
‘ 1
65 4 ~ A
6 — />— 2 D,

\
D6 N —
4

3



Cluster algebras from “kinematic quiver” sz ..o v

A possible origin: (truncated) cluster algebra from mutating quivers associated with the kinematics

2 3 2 3 23 8 1 3 1
1 4 1 4 1 4 ‘
7 o .
5 9 5 0 o6 3
7 b & 6 8 6
6 7 7

Figure 1: One-, two-, three-mass-easy hexagon kinematics with n = 7,8, 9 legs

nicely, our cases correspond to lower-dim cell of G+(4,n)/T described by plabic graph

Algorithm: 1. find plabic graph for the kinematics (labelled by face var.)
2. draw the dual quiver, apply mutations -> cluster algebras
3. If it’s finite type -> the alphabet, otherwise need truncation!
4. similar to tropical G(4,n) for n>8: Minkowski sum from Pluckers etc.?




fs

(0 f1fe
0
0

fafas L+ f3)fa 14 fa+ fafa 1 00 0

0 fifofs fo(Q+fi+fif)l+fo+fifa210 0
0 0 fo 1+f 10-=1
0 0 0 1 11 0

L+ fat+ fafa, 1+ fa+ fs+ fofa+ filola, L+ fa+ fofa+ fafa + ofsfa+ frfofsfa}

o) 3
[ Bibg j
0 % 14
'ﬁﬂb.’s “ f
9 \Olzgéo o'
(T s
8 /s
7
Fs I+ fs L 0 000 fe fe 1+ fo 1 0 0
fafafs Fofa M+fitfifstfifsfs) 1+ fotfrfetfofatfrfofatfifafsfa 1+fo+f1f2 10 0 0 fifafafafsfe fafs Q+fr+fifotfifofatfrfofafe) % 1+ fit+fatfr fa+frfa fa 1+ A
0 fofs SRERRENE b 101 0 0 fsfs L+ fa+ fafs L+ fa 1
0 0 1 1 110 0 . - et . :

D5: 25 letters D6: 36 letters

1+ fi, 1+ fo,1+ f, 1+ fo, L+ fo+ fifo, L+ fa+ fifs, 1+ fi + fifa, 1+ fa+ fafa,



Bootstrap Feynman integrals .z .. vang

For €2,(1,4,5,8): affine D4 infinite cluster algebra! natural truncation -> 38 cluster variables + 1 limit ray

i

L
12

A
ﬁ

NS

5-dim space of algebraic letters

Use this 38+5 alphabet -> bootstrap to weight 8 (without Steinmann): nicely locate integrals by DE!

conditions
weight-6 function spacce
last entry
symmetry 23 <> 24
SYmmetry 2; < 2o
DE
boundary conditions

# free parameters

3030
257
146

310
3
0

"~ 2 2 o2 2
] \\/\,3 U= 1334.1,28 =2z, U= L;‘G£22 =(1—2)(1— 2).
Laogl Lol
.// 2648 26~ 48
5 Wy —1
/ B _ - (1234)(1568) (1234 (4578) ( ~ (1578) (3456))
. (#—a)/(z—a) a=0 1 (1256)(1348)° (1245)(3478)° \© ~ (1345)(5678)
unique algebraic building block @ two-loop (weight-4):
_LalLs LaLs Ls Ls L?L3Ly .
‘ . — F . — (5<) : ‘ - . ' o y — - 1
2468 = S| 2’4’6’8)®(L1L3le+L1L4®zz+LfL3L4 BT ST T I ®25)+rationa

conjecturally all-loop algebraic structure (checked to 4 loops):

Z S(F(2,4,6,8)) ® L; ® S(F))

1=1



Extended Steinmann relations universally sz . o vang

Remarkably, ES relations hold for all known finite integrals, NMHYV finite amps & MHV (w. subtraction)!!!

e.g. all ladder integrals (n=8,9, etc., up to 4 loops): cancellation between rational & algebraic letters

DiSC;?j :O(DiSC;it:O (S(£))) =0 for any 1 < s < w — 1 and any two overlapping channcls z2 mﬁz,‘ e (i7) o (Kl).

Z. tj ’

similarly, first finite amplitudes (NMHV components) @ 2 loops satisfy ES relations for all n

after subtraction, even 3-loop MHV octagon [z. Li, C. zhang] satisfies ES relations!

F? 5 . . .
SIEY =S (RY® L8 4+ pYR can also check rational letters satisfy cluster adjacency
( S ) 8 g 8 S of G(4,8) using Sklyanin brackets [Golden et al]

possible to bootstrap for n=8 (with alphabet of ~200 rational letters + 18 algebraic ones):
easy to get 2-loop MHV octagon (no alg. letters), what about 3 loops etc.? [z. Liet al, WIP]



