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Picture (Scattering System) 1

Elastic + 4+
Scattering
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Gra matter
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Motivation

®* No Spin Binary System

* IPN 1917
* 4PN 2005
* 6PN 2020
* 3PM 2022
* 4PM 2022

(GR-PN)

(

S0B)

EOB+

SFT)

GFT)

(
(
(EFT)

OPN 1PN 2PN 3PN 4PN 5PN 6PN 7PN
1PM |[|(1 2 o S+ 8+ 410 + 12 + 4 4+ ): el
o PM [( | 2 AL+ b |+ o8 + o0 4+ L2 + ): s
3PM o (1 ot | Elot |+ 2 + o + ¥ + ): G°
APM (1| + |24+ ot + o5 + o8 + ...) Gt
5PM T (1 | 4+ 2 + o4 + 5 4+ ...) @G°
6PM o + @2 F PRt ee) GF
[Lorentz, Droste, 1917

Damour et al. 2020

Damour et al. 2005

/vi.Bern et al. 2020

/vi.Bern et al. 2021



Why need Analytic?

Parameter oder estimation ,
Inspiral: v<<1

2 Gm _Ts 27T vV
UV v — ft ~y — W ~v ——

4 2T v 27T

Radiation power (LO), time and cycles E 2
2
9

dE 32 1 10 v _ 32 v7 N 52(;? ( . 13)
dt 5 dt 5 Gm Vi Uy

t
N ~ / fw(t) dt — L) 15 15 Impossible to use Numerical GR !!
t; 32 ’U?: ‘Uf



Limitation: Weak field

Star Mass Insp-i‘ral—LIGO Extrem Mass—ratio Inspiral (EMI)—LIS/

r
e g
H—= )\rad 1
7/ Apad ~ U Lo )
( / rad ) RG -
flow M body zone
Loz o (r ~m)
¢ ’ C b buffer
Multipole Moments ST Lo
- Radiation Modes ,
mH=r Matching external universe (7 ~ M)
( / 2) Bound State
Fe/T"rel Potential Modes
) Self-Force
RG
flow
Point-Particle
o —1 Wilson Coefs.
H =T —— Matching
Spinning
BH (or NS)




10g10(Tmin/Gm2)

Ambition: Extend to EMI

Post-Minkowskian

Z.Bern et al. 2023

'rmin/ (GmZ)

40 50 60 70

80

90 100

0.100!
0.010, -

Rel diff

T

-
|

80 100 120

COns

— 5X2

COns

- 5X2

COIlS

— |0X5

COIns

— |0X5

_I_ 5 XSOIIS

_I_ 5 XEOHS

_I_ 5 XgOIlS

_I_ 5 XgOIlS

|

+ 5 XEOIIS

_I_ 5X30I15 o

+ 5X20I15 -

||||||||||||||||||||||||||||||||||




Observable: Scattering angle (gauge invariant)

In COM frame

Eikonal approch:

:J" —2 2_1

Saddle point

(o — "1 Re?2
2 2

Vecchia, Veneziano et al. 2021



Scattering angle to Potential

Kalin, proto
2020, 2021

p*(r, E) = exp g/ Xb(b, E)db |
"I\ /52 — r2p(r, E)

B @ omte o () em-£52(0)



Boundary (Scattering) to Bound .. ...

2020, 2021
e, e == dr\ QU.ET) HZ 22 23
T o ) 2B(E)  C(J,€)
(J,g,?“) = A(g) - | ?"2
A(E) = p2.(8),
2B(E) = M, ()G
C(J,E) = My(E)G? —
Dn(g) — Mn 2(8) 2, Damouzrooeot al.
_____ T, 108S8.(J,€&) ® . AP 8S,(J, )

or — . 0E ' 2m om 57



Radiation?

Mougiakakos, Riva et al. 2021

Reverse Unitarity

Pha=3 [ (k" A0 |
A

N %Q%

Gl/2 f

G1/2

G1/2

G1/2

G1/2

G1/2




How to calculate Amplitude?

1. Hierarchy
2. PN-EFT

3. PN&PM-QFT
4. PM=EFT



Hierarchy

O(1/J) ~O(q) (classical expansion), 2 jo AL

O(v) ~ O(p) (nonrelativistic expansion) e e )

wesr
hard :(w,£) ~ (m,m) (rafr ~v*)
soft : (w,£) ~ (lql,g]) ~ I~ (m|v|,m|v]),

potential : (w,£) ~ (|q||vl,|g|) ~ J~ (m|v|*,m|v|),

radiation: (w,£) ~ (|ql|v|,|gq||v]) ~ T~ (m|v|?, m|v|?) prg

RG
flow

Multipole Moments
Radiation Modes

Bound State
Potential Modes

¥

RG
flow

Point-Particle
Wilson Coefs.

Spinning
BH (or NS)

Matching

Matching



Goldberger et al. 2008

PN-EFT
Juv = Tuv T hm/

Theory SEH = —2m%lfd4a:\/§R(:c)

Sp= — . mg [dra+ 3. ) [dr.R (z,)
+ Sl [ draRy (za) i + -

2

(Hyuw () Hgap(0)) = _(277)353 (k + Q)l“(—25 (t) Puviop

Potential mode (NR) :

ladiation mode (Relative): <ﬁ#y($) Eaﬁ(y» = DF(33 — ?J)P;w;aﬁ



PN&PM-QFT (Based on S—matrix) ..... ..

Theory

Sar = /dD:c\/Tg : R A : Z (D*¢;Dypi — midh; )

In S—matrix, forget the feynman rules!



How to get diagram?
Unitarity Cuts

1.No matter contact diagram (

2.No internal graviton loop (

Hard

Hard
3.No start & end point both at the same side (Scaleless Quantum)

mode
moda

2
9 3
1 \ 4 1
(a) \
2PM Tree diagram

With 1,2 <-> 3,4

le)
o)

3PM

Xl T F

3



How to get Feynman Integrand?

Double Copy

KLT relation (D=4) Color dressed  poy quality (D=4)

Color ordered \\\\\\\
tree m —2 C’Jnﬂ
tree . Atree / tree Am - Z
M (1,2,3) — 3A3 ( ,2,3) A3 (1,2,3),

M;™®(1,2,3,4) = —is10AT(1,2,3,4) A¥°¢(1,2,4,3),
MEe®(1,2,3,4,5) = is12534A5°(1, 2, 3,4,5) AF*%(2, 1,4, 3,5) Color&kinetic Jacobi Identity
+ 513524 A5¢(1,3,2,4,5) AF°(3,1,4,2,5)

Ci; = Cj — Cp = Ny = Ny — N

Mfgee _ i’z ﬁj‘(A o g@ﬂgﬁ)ﬂj(B - gauge)
D;(B — gauge)

1&trmae = m—QZ c.?n.?
m



2.

3.

1

1

(B1 +w)? — (p+£)°
Integrate soft—-pole,

pole

Contour Integral

4. Resummation (PM)

2

—m B (w - wP1)(w - C‘L’z‘h)

expand hard-

Expand by v (PN-QFT)

Or IBP+ODE/ Mellin Barnes

/

7

dkg

o

Integrate residual 3—dim feynman intgral
(PN)

How to integrategn potential region)

Graviton pole

Wwp,WA, =

)

i
2

~F4

2

_k:* cH+

O0_> Soft—part (positive energy) + Hard-part (negative energy)

Res (+)
ko =k

>

k.ecH—

\/E2—|—2p£—|—£2.

3.0

C. Cheung et al. 2019



PM-EFT

P Zh Li 2020 g — 7] | h'uy
orto, engwen Liu et. ,UV —_— ,U’V
Mp)
eiSeff Za| _ /th/ eiSEH[h]—I-iSGF h|4+1Spp|Ta,h] Bger — —2M§1/d4x¢?gR[g]
Spp=— 3 5 [ douea ( 0ue2 ()0 (000l (ow) +1)
Saddle Point a=1,2 2
2

Ca = gw(ma(Ta))vg(Ta)vg(Ta) =1

Only connected tree level diagrams, no graviton quantum loop

No ghost, No zgqﬂﬁ%ﬁﬁﬁr;'(Scaleless integral)



Effective Lagrangian

Seff:Z/d

Equation of Motion

d

MV
T d’Tl

(

0L

74
ovr

)

dof
— 771]_“_____
d’T il

/.

o

Particle 1

O Spp = — Z ?/daaea(

a=1,2

n=1

0L

T1 En [371 (Tl)a L2 (7_2)]

33’:11” (7'1)

d (3£n)
dr \ 0vY

Damour 2018

vt () = ul + 3 6™k (r,),

zh (1) = b +ub7, + Z 5(7”):83(7@)

Corrw
2.[

)

PR NICAACARSY



Example

+00 P |
i dry [ 2B (ry)o ()0l (1) (g b (21 () =22 (72)
2 2 J_o .k
mymg [T RN
T 8M3 /_oo ar2 (2(U1(71) - v2(72))° _’U%(’Tl)vg(’m)) ?ek( 1(71) —22(72))

Z
m1m2 o

— 16Mglvl (71) 'U1 T1) /de/d’TQ’UQ 7'2)’05(’7'2)'02( To)Us (T Q)wa(kl)Pmﬁﬁ(kz)Paﬁfiﬁ

JpGRE

. . . V. ki,ko.k
X/’; ezk1-331('7'1)ezkz-xz('?'z)ezkg-xg(m) hhh k2]£2]1€2 2 3)54(k1+k2—|-k3)-|-(1(—>2), ‘
1,2,3 1 #2558




Bremsstrahlung (NLO Tidal effect)

Decoupling theorem

Encode heavy degree of freedom

CR / d’T Rﬁyuﬂuy e 5SEH — (61 622) /d’TR — ngd’?' Rﬁyu”u”




Point Vertex

Porto et al. 2021 /

Tgif (k‘) — m% / V,ulm VH2V2 ;5 UV P#lvl ﬂlﬁlpﬁbzvz ;2 32
2Mpl q123,T199/,T q2q1
— eff w etd1(@—z1(m1)) et’t}z(m—mz(Té))Bikm _'u,2 (,,.2)“52(7.2) Vg;ﬁl;mm

1 . -

% 5 Prarniass€ 2 [ug3 (ry)uf ()
ds L ] .

. - . IR divergence
[R finite 5

/ S - % 7,
Pha=3 [ 816k (B = 2]} () K*Toint (k) Paioo Tidarwro (F)
A



T1 k Ti T1 L
\ g1y k \

¥ R
X 2
i XL o (a) (b) (c)
Pglrad =2 /k 5+ (kQ) k“T2Pﬁ’LM (k) PNV;Pth‘?dal—NLO (k) M. Maria Riva et al. 2022
R P... m? . .
—2 /5_|_ (]{:2) | it Tidid 2 / 1o (k:) Vﬁéwhuzvmﬂy
; k 4M§1 2MP1 q123,9 "
Pﬂlm;al»@lpuzzvzz;azzﬁfa PM3V3;&353 ugzugz nglﬁl ;HBVButz?c:augB
OUSLE
Pl T < ) 0i0°b kb
0(q-u1)o(q-u — k- uo
{4m%1 (@ t)o )qz(q—kV
(g, k) + 817 (¢, k) + (¢, k)| } + -+ No internal graviton loop!

pcr (k) = f M (l—qr—q3) 0" (1 + g2+ k)0 (L-u1)d(ge-u2)d (g3 - up) e Hetkb2
[



Reverse Unitarity

. 1 . 1 . 1
o, (k%) —» =, 6(q-uy) — C0(q-uy —k-ug) —
+( ) k'_2 (q 1) q - U (q 2 2) (q_k)uz
B0 = ——, Blgg ) 5 ——— §lgy=8a) = —
1 l-u1’ q2 2 _qz_uza ds 2 g3 - Us

Then we meet 3—loop feynman integral

1

/1;5(29 - Ul) 5(]9 - Uz) e P /};qﬂ E2(_Q2 _ u2)(q3 _ U2) (Q’z n k)

X

1

g2

((p

q>

k—qs)-u)(p

42

k — Q3)2 (P— d3

q2)

&



Feynman Integral Calculation

* IBP

* ODE

®* Epsilon—form ODE (static boundary condition)

® Cutosky Rule



0

1BP
d’k; — (¢'T)

0— f
Define denominator basic E " Ok

pr =k -ui, po=k-us, p3=¢qo-u1, pa=—q2- Uz, p5s=(q2+k—qs)- u
P6 = qs - ua, pr=~K> ps=dq5, po=qs, po=0qe -k, p11=Fk-p,

pr2=Fk-qs, p3a=p-q2, pa=p-qs p15=q g3 Master Integral (MI)

(o1 + p2) N (@2, 43, k, p) _ ZC'I'/

P4P5pP6L7P8LIL10L12L15




A(x,e) = A1 & A

45(2&($4—10m2+1)—(mz—l)z)

(2¢—1)z(z*—1)

4(2¢-+1)(6e—1)z
(2¢—1)(z%-1)
8(2ex+x)
(2e—1)(x*—1)

2&(—8&(m4+4m2+1)+:n4+63:2—|—1)

(6e—1)x(xzt—1)
(4E—1)(:E2—1)
2(x3+x)
(46—1)(:!?2—1)
(6e—1)(x3+x)

64e?x

2¢(6e—1)(8e—1)(2%—1)

(2e—1)(z%-1) . (2e+1)(x3+4x)
2e+1) (26(21 41002 +1) — (22 +1)")  (Ge—1)(8¢—1)(a—1)
(2¢—1)x(z*—1) 2(x3+x)

326(2:‘5—}-1):{: (6—326)$2+$4—|—1
(4€(3e—2)+1)(z*—1) P,
64e’x 2¢(4e—1)(8e—1)(22—1)

(6e—1)(z%—1) .
2E($4—6m2+1)+(:1:2+1)

z(xt—1)

32ex
(6e—1)(z%—1)

(6e—1)z(x2+41)
(4e—1)(8e—1)(22—1)
2(x3+x)
(4e—1)(4€(24+1022+1) — ((22+6)2?) 1)

(6e—1)x(z%—1)



Epsilon—form ODE

0,1 = eA' (z) I' I'=T"1

A 4

dI' = e (A_,dlog (z — 1) + Aydlog (z) + Ajdlog (z + 1)) I

_18 160 35 g g Q) (0000 0 0)

—33 M % g 0 0 0000 0O

Adlz—%%—%ooo%zoooooo

0 0 0 -3 0 1 0000 0 O

o o0 o 2 -2 °2 0000 0O

\ 0 0 0 11 0 7) \0 0 0 0 32 0)
(% -2 % 0 0 o)
4T 2 B 0 0 0
A’1=%_% -2 0 0 0
o o0 o0 3 0 -1
0 0 o - -2 3




Calculate MI (No Cut)

L e e T &

e ) hj ' /quqg k243 (g2 - u2) (K + @2 — g3) - w1) (k+p+ a2 — 43)” @3 (g3 - ua)

=/ / Exp (=) (84 (k" + 1"+ @ + ¢35 +2k - p+ 2k - g — 2k - g3)
kq2q3 J s1-7

Schwinger parameterization S4(+2p-q2 —2p-q3 —2q2 - q3) + s1k? + S2Q§"‘

S35 + SsUs - o + SeUs - g3 + s7 (k- uy +f12'ﬂ1_%'u1)]

Exp part g 7 :/ Exp (—) {asg + bsg + csg + Asssg + Bsgsy + 03537}

S5—-7

A2 A2 A2
o §13 T 814+ 834 _ S3 h— S12 + 814 + 824 _ 83 . S12 + 813 + 823 _ Sy
4T AT’ 47T AT’ 47T 4T

pai

A2
T = 818983 + 815984 + 818384 + 825384, Sik = S;Sk 8; = E B
1~
S14 YS12 YS13

T 9T oT oT



In static limit (ODE boundary 41 92 -»— 1)

vi_ 1| 2/av/6
— 1 \/Eglgl i’fﬂ'ﬁlfl s Zﬁlflﬁrﬂ(}ﬂth (Q{IB — AO) 5 = AEC'I' a (BE L 45(:) . ABC e bcﬂ
~ (\/E (AB — 2C) +A\/3) \/E _ 2v/avss, = = 2a (A® (B* — 2bc) — 2AbBC + 2b°C?) 4+ A* (A*c — ABC + bC?)
2\/5\/: ~ ovavoe Ay = A? — 4ab, Ay = B? — 4be, & = A’c— ABC +bC?, & = A’B — 2AC
x ArcCoth (AZB Z;LbC 1 \fbi/c_?) . 52
— e a p— A . A
F_==— 2\/{_1\/352 = 64'11"3 (33 = si & 5 213432) 64T3 (82 + 134)
_ (_\/Q(AB — B0+ A\/E) \/ =+ 2v/aVig, Javi o2 ;
=+ 2 0& = 89 — 18
Kol 2\/6\/5+2¢a\/352 T 64T3( 2 — 184) .
X ArcCo AEB—QAE)C—I-4\/EEJ\/S I_ZAEB—QAEJO—ii\/{_Ib\/_: 5154‘|‘;=5352
8T
— (va(AB —2bC) + AVS \/E—Z\/E\/c_i& 2 a2 2
( ) G} = AB — 24bC + 4y/abv/ = — 2154~ 15352
ArcCoth 2\/6\/5 - By iy ™
y e
N T242¢ + ABC + 2vaBVE - 208, G5 = —2A%+ ABC — 2\/aBV5 — 2aA, = 157 *88%?52) i
20, —
~ (~va(AB - 20) + AV3) /= + 2vaVe; Gf = —2A% + ABC + 2v/aBv3 — 2aA, = S1 @85;252) ke
2\/_\/H+2\/_\/_€2 i 3 § . 81 (82—154)
x ArcCoth (—2A2c—|—ABC —2vaBvs — 24:1&2) 7T =v/a (AB—-2bC) —I-A\f—— Tﬁf? (81828¥—|—84 (Szstﬁ—ET)) = — Q732

— —\/a(AB — 2b0) + AVE = —

T3."2 (82 + iS4)



Conjugate Relation p _ (F)*, T g = (G‘I*"Q)*, TN = — (’r“)*

L

= vVaT { m + 2ArcCot (E) + 2ImArcCoth (835; (8 — jff ))

§431 (gg — '2:34) ]
+2ImArcCoth _ -
((S%S;; + 1818282) + T)_.

Exp part 1 A

Introduce scale 1 = /d)\35 ()\3 — T) , S1_4 — A (81_4)
3 . R With Ordinary scale behavior ( O), - 0
%[ o {22550 ey

23 (o) 2 Ce T 3
i S S S ' 3 — 1

X |+ 2ArcCot (8—2) + 2ImArcCoth (8381 (52 — 384)) :3Qd\/7_rl" (2 6) I ( g ! 36) 1
L 2 93 (27{_)12—6& (p2)1/2—36 - (

0 (1 —sss):---

S1 —5984 + 15455

§481 (§2 — ’2284) |
+2ImArcCoth , .
((stg + 1515282) + T)_

1/2—3e
$1525354)




®* We found cycle sum

Num##Deno 8
E ArcCot (—2) = 21
S1

permutations
1,2,3,4

§3Sl §2 — 2284
E Im{ArcCoth( 2( _|_'“2*))}:8ﬂ-
—S87S 189S
permutations 194 392

1,2,3,4

Z Im < ArcCoth 8451 (82 — i84) = &7
(3%83 i8182§2) 1

permutations

With 1'—'813283'—'818284'—'818384'—'828384::30

Use symmetry, finally 1

G /
ks K202 (g2 - ug) (K4 q2 — q3) - u1) (K +p+ ¢ — q3)° 42 (g5 - u2)

L 39 _gime F(%_6)4F(_%+36) 2\ 3—3¢
(4?1_)6—3& Q € F(2—46) (p)

i
3



®* In fact we need extra contribution at - 00

®* With nontrivial singular scale behav S1

Szu4’““T052~4

Finally

G _ T U= DAL (<4 5+ b+ 39 (Ose () + iSec ()
k+1,74+1 93 (27‘_)12—6E IF (ﬁ _ E) r (E)

2

F(2—k—-3)T(1—-j7—-2e)T'(3—¢)T (3 —k—¢)

2

F(3—j—k—5¢)T(1—k-— 2

—

» (p2)1/2 7—k—3e¢



Calculate MI (With Cut)

Cutosky Rule 1s simple, but --

:(;3);2_;; (3 i ) ] (; ! ) ?El - 2)) ()

4—4+367T—1+25T1—25F (1 o 26)

['(3—5€¢) (3 =€) I'(2¢)

Sec (3me) Csc (me)




® Baikov rep. 1s not available

1 z1* z10 3z1?z10 z10* z1?z10* =z11 z1?z11 z10z11 1 _, z11? z12 z1%?z12 z10z12 z11z12 z12? z10z13 z10%z13 1 z10z11z
e o % =~ g E == = 3 + —z1" 710 z11 + + + = = + = + ¢ —Z1 711213 4 —— M
4 2 2 4 4 4 2 2 2 4 4 4 4 4 4 16 4 4 2 4
| zi2zlg% 1 _ z1Bz12 213 =zllz12z18 z12*z13 =zi*z13*% 1 _, , Z1pFzlE® 1 ., ! g  Z12% Z13* z14
—-z1°"z102z112z13 - ——— - — 21" 212 Z13 - + - + - —2Z1" 210213 + + — 21" 712213 - — z10z12Z13° + - =
4 4 2 8 4 8 9 4 16 4 8 16 4
z12 z14 z10 z14 1 2 z102% z14 z11z14 1 9 z10z11z14 z11% z14 z12 z14 z10z12 z14 z11z12z14 1 2 z10z13 z14 L 9
+ + —zZ1" z10 z14 - + + —z1" z11 z14 - - - + + - —z1"z13z14 + + —z1" z10z13 z14 -
4 p) 4 4 2 4 2 4 8 8 8 2 8 4
L . L B 1 z12z13z14 1 | i P z14* z10z14* z10° z14* z11z14* 1 5
—Z10°z13z14- — z1" 211 z13z14- — z10z11 z13 z14 + + —z10z12z13z14- — z11z12z13z14 - — z1° z13" z14 + — + — + —z10z11z14° +
8 4 8 8 8 8 4 16 8 16 8 8
z11? z14* 1 5y 215 3z1*215 3z19zl5 1 z10* z15 32z11z15 1 4 z10z11z15 z11?2 z15 z12z15 z10z12z15 z11z12z15 z13z15
+ —z1°z13z14" - - + + —z1" 210 z15 - + + —z1"z11z15 - - = + + =™
16 4 2 4 4 2 4 4 4 2 4 4 4 8 4
z11z13z15 1 _, 1 3z12z13z15 1 1, ) 1 ) i 5 z14z15 1 z10 z14 z15
- —zZ1" 211 Z2z13z215+ — 210211 z13z15+ - —z112z122z132z15- — z1° z13° z15+ — z10 z13“ z15- — z12z13“ z15+ —— + — Zz1° 214 z15 - -
4 4 8 8 8 4 8 8 4 4 4
3z11z14z15 1 1 . .5 713214715 1 1 i z15* z1%? z15* z10z15* z11z15* z11? z15°
+ —z10z11z14z15+ — z11° z14 z15 - + —z1°z13z14z15- — z10z13z14z15+ — z11z13z14 z15 + + = = + o
8 8 8 8 4 8 8 4 4 4 4 16
z13z15% 1 g Z13*z15* =z1?z2* =Z1322* 1 4 s Z13%22* 1 4 5 u 3 g A g A 5 .5 2Z152z2* 3 5
—_ 4+ —2z11z13z15 + = + + —z1°" 21322 + —— - — 721" 213 22" - — 213 z142z2" - — z13° z14z2" + — z13z14°" 22" - — - — 27213 2z15z2° +
4 8 16 4 2 2 2 4 4 4 4 4 4
1 | , z15%22? z1z3 z1z10z3 1 1 . 7171223 1 1 z1z13z3 3
—zZ14z15z22" + — 213 z14 21522 + + — -——Zz12z102z1123 - —-2z1211" 23+ —M — + — 2121021223 + — z1 21121223 + ————M - — 71 z10z13 z3 -
4 4 4 2 2 2 2 4 2 4 2 4
1 1 1 1 1 5 1 5 3z1z14z3 3 i 1
E z1z11z13z3 - Z z1z10z11z13z3 + 5 z1z12z132z3 - Z z1z11z12z13 z3 - 4— z1z10z13° z3 + Z zl1z12z13" z3 - 3 + 4— z1z10z14 z3 + E z1z11z14z3 + Z z1z10z11z14 z3 +

il 1 il i 1 1 1 1 1
Z z1 z11% z14 23 - 4— z1z12z14 z3 - Z z1z13z14 z3 + 5 z1z10z13z14z3 + 4— z1z11z13z14z3 - Z z1z12z13z14 z3 + Z z1 z14% z3 - Z z1 710 z14% z3 - Z z1z11z14% z3 - z1 z15 23 +

1. 1. 1 i | 1 3 1 1 i | 1
E z1 z10z15z3 + Z z1z11z152z3 + Z z1z11% z15z3 - E zl1 z12z15z3 - 4— z1z13z15z3 - Z z1z13%2 z15z3 + E z1 z14z15z3 - 4— z1z11z14z152z3 + Z z1z13z14z15z3 + E z1 z15% z3 -

5 1 5 1 . 1 5 1 5 5 71223 1 s Z12° 73 1 s 5
z1 z2 23—52121322 23—521213 z2 23+Ezlzl4z2 23+Ezlzl3zl422 z3+z1z152z2 23+T—521121223 +T+4—212213z3 —321121221323 -

1 5 1 , Z1573> 1 . .., , 1 , 1 s L , 1 , 1 ,  Z19%Z3% ., s G
Z21221423 +ZzllleZl4z3 —T+Zzll Z15 23 —521221523 —121321523 +Zzllzl321523 +4—zl421523 —121121421523 +T—22 Zz3° -z13z2° z3° -

b e = 8 g T R . 5  ZB z1*z8 210*2z8 z1Bzilz8 1 zIFE 2B 0 o z12 z8
Z213 z2° z3" +z14z2" z3 +Ezl3zl422 z3 —Zzl4 z2° z3" +z15z2" z3 +T+ 7 - 7 - 5 +4—zl zl@zllzB—T+Zzl z11" z8 -

1L 2 3z10z12 z8 3z11z12 z8 7124 =8 z13 z8 i 2 3z10z13 z8 1L 9 1 2 z11z13 z8 1 2 1
Ezl z12 z8 + 3 + 2 — 5 + % —Ezl z13 z8 - g +£zl 21021328—§zl@ z13z8 - 7 +£zl zllzl328—§zlezllzl328—

1 5 1 1 1 5 1 5 5 1 5 1 5 3z14 z8 z10 z14 z8 1 5 1 5
E z1° z12z13 z8 + 4— z10z12 z13 z8 + E z11z12z13 z8 - E z12° z13 z8 + Z z17z13" 8 — g z10z13° z8 + E z12 z13° z8 - - + 2 - E z1° z10 z14 z8 + g z10° z14 z8 +

z11z14 z8 1 2 1 1 2 1 1 z13z14z8 1 1 1 z142 z8
; - Z z1° z11z14 z8 + Z z10z11z14 z8 + E z11° z14 z8 - E z10z12 z14 z8 - E z11z12 z14 z8 - 3 + Z z10z13z14 z8 + E z11z13z14 z8 - E z127z13z14 z8 + T -

1L = 1 A z15z8 z10 z15 z8 3z11z15z8 1 A 1 i - z12 z15 z8 i z13z15 z8 1 i




Solve ODE

I/ (.’L’) |$_>1 _ I’(e’”)

boundary



I;(Eﬂ)zoﬁ I;(En)_ —23 + v — 3logm + 2log (1 — z) — 78logz + 2log (1 + z)

648073
/() 2(—23 4+ v — 3logm +2log (1 — ) +3logz + 2log (1 + x)) ()
J 94573  Lang =0
o _ ™ +12logzlog (1+ ) + 12Lis (1 — ) + 12Li (—2)
1 B 54?1'2 ’ I;(l/ﬁ)
e /| 4 , _ i | 1
@ = ST [—16L12 (5—2) —3936Lis(—x)+7584Liy(x)—16Li, (T)

— 184 log(x + 1) — 159572 4 1328 + 18log?(7) — 161log?(2) + 8log*(z + 1) + 24
+ 8 (log(z + 1)(vg — 5701og(x) — 3log(m) + log(4)))

— 92v5 — 12(yg — 23) log(7) + 8log?(1 — ) + 8log(1 — z)(yg + 8701og(z))

— 8- 391log(x)(yg + log(z) — 23 — 3log(n))

+8log(1 — x)(vr + 8701og(z) — 23 — 3log(m) + log(4))]

I e 1 ; . 1 X ' : z+1
i = ~ {g0m3 [ml? (+) — 16Li, (5 B 5) — 288Liy(x) — 16Li; ( 2 )

4
+ 8log(l — z) (’YE — 30log(x) — 23 + log (ﬁ)) + 2vg?

+ 12log(z)(vr + 4log(z + 1) — 23 — 3log(7))
+ 8log®(1 — z) + 12log*(x) + 4372 + 1328 + 181log?*(m) — 16 log?(2)

+81og(z + 1) (»m + log (4(“’ a 1)) _ 23) — 92y — 12(7z — 23) 1og(ﬁ)]

‘iT3
%9 =0

I:L(l/f) _

0



Result

uh + ub 4068G TP mam,

1+ b|°

P& - (CEF3E + CBF3B)

F 45197629 y . 17579 Yg ¥ " 17 579 y2 535385773 y3 .
3E — 385351680073 x2 (-1+72]4 22 020096 713 x2 (_1+72)4 66060 288 1t x2 (_1”2]4 1 926 758 400 113 x2 (_1+72)4
2937 499 yg v3 N . 2132477 y7 Liy[-1+2 x Y] . 1075073 v Liy[-1+2 x ¥] B 32633 y1l Liy[-1+2xy] . y13 Lig[-142 x ¥]
165 150 720 13 x2 (-1+72)4 1 486 356 480 113 x2 (-l+y2)3 8918 138 880 513 x2 [-1+:r2)3 8918138880 513 x2 (-1+~;2)3 26 542 080 713 x2 (-1+1’2)3
69953921 y X 44403 yE v N 14 801 y2 44 165850 223 3 N
! i1 1101004 800 53 x2 (_1+Y2)4 10 485760 13 x2 (-1+T2)4 10485 760 51 x2 (—1+y2)4 69 363302 400 13 x2 (—1+y2)4
SB 5185993 yg ¥3 375437 v/ Lig [-1+2 X Y] 1369619 y? Lig [-1+2 x Y] 17011 y11 Lig[-1+2 X y] ll‘rl3 Lig[-1+2 X ¥]

+ + . - +

132120576 13 x2 (—1+72)4 297 271296 13 x2 (—1+12)3 17 836277760 73 x2 (-1+72)3 8918138880 53 x2 (-1+72)3 283 11552073 x2 (-1+72)3



Summary

®* We introduce the GW EFT based method

®* We calculate the Integral with no cut at 3—loop about GW radiation
NNLO correction

® The cut integral i1s so difficult, we try some naive method but result
1s not UT.

® More efficient cuts calculation method need to be studied.



Thanks !



