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Soft Theorem

Soft theorem (QED)
The amplitude for the emission of soft photons takes the factorized form:
(Weinberg, QFTt Vol I)

k3

M(qlqua“';p17p25"'):H|: nJQ]E(qqZ)ppj] M(p17p23"')' (1)
J B

qi : momenta of soft photons, pi : momenta of hard-scattering particles

~® N

Figure: Soft factorization for the soft-photon emission.

Soft theorem holds to all orders in perturbation theory in massive QED.
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Soft Factorization in QCD

|MI;115HZZ sm,clcg (q17q27~~-7Qm§p1:p27---)> (2)
g(gsﬂ) J(q17q27-~~7QTn)| M (p17p27~--)>-

soft current | | hard-scattering amplitude

The soft current J(q) is process independent and can be calculated
perturbatively.

One-loop soft current for a single gluon emission: Catani& Grazzini(2000)

J.—_ (9:1°)° 1 T°(1 = T*(1 +¢)
“ (41)2 €2 (1 — 2€)

T} TC( e(q) - pi E(Q)'pj) { dmpi - pje” T ‘
i Pi-q Pi-q ) [2pi-qp; - qe”PiaTemAaam

(3)
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Phenomenological Applications

Why soft currents:
Provide the subtraction terms for fixed-order calculations
Necessary ingredients for the resummation of large logarithms
Serve as the "boundary conditions” of the full amplitudes

Soft currents with two hard partons:
ete” — dijet, deep inelastic scattering, Drell-Yan, etc.

State-of-art calculations for the single-gluon emission:

® One loop:
Bern and Chalmers (1995), Bern et al. (1998), Bern et al. (1999),
Catani & Grazzini (2000)

® Two loops:
Li & Zhu (2013), Duhr & Gehrmann (2013) (double hard partons)
Dixon et al. (2020) (triple hard partons)
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Soft Currents in SCET
soft collinear effective theory (SCET):
A effective theory for the soft can collinear modes.

QCD integrate out the hard mod>

single-gluon soft current in SCET:

J(q) = (g(a)|Y,] Yx|) .

Soft Wilson line:

Y, (z) = exp <2gs /Ooo ds n - A“(ersn))

Feynman rules of the Wilson line:

— i

SCET

T27%

_gsn/j’

—n-q 9s —n-(q1+q2) —n-q1

T 2 nt1npH2 (T‘ll Te2

—n-qo
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The soft function can be calculated perturbatively in SCET:

i [ dme ")’ %TE(Q) - J9(q).

iy

Y ‘M

Figure: Representative diagrams for the three-loop soft current.
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Reduction of Feynman Integrals

Amplitudes

Integration by parts
® Momentum space Tkachov (1981), Chetyrkin & Tkachov (1981)

® Baikov representation Baikov (1997), Larsen & Zhang (2016)
® block-triangular form Guan, Liu, Ma (2020)

Scalar integrals

IBP reduction

Master integrals

® Parametric representation Lee (2014), Chen (2020a, 2020b, 2021)

Advantages of the parametric representation:

® The tensor reduction is trivial

® No auxiliary propagators

® The symmetries under permutations of indices are transparent

® All the indices are nonnegative (for normal loop integrals)
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Parametric Representation

Schwinger alpha parametrization
AgFL.
1 67 p) 1T oo D, )\
= dx; e o Im{D;} > 0.
D} TN +1) /0 iDi}

parametrization of a scalar integral

di1, L, - ! e
10712 LDi‘ﬁlD;erl DMl '\

— / dzidzs - - - d.IIn fo“ /ddllddlz cee ddlL exp [’L (A”ll . lj +2B; - l; + C\i]
i=1

n+1
(n+1) £ Ai — (n+1) g(=n=1)

integration measure: dIT"" ™Y = dz1dzs - - - dz,d(1 = EWY)

/

E(™): a positive definite homogeneous function of z; of degree n.
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Linear Reduction

parametric IBP

0:/d1‘[<”+1)%1(’”)+6Ai0/d1'[(") (=

x;=0

(7)

A Feynman integral of a specific topology can be understood as a function of

the indices.

RiI(Noy s Aiy- o dn) =N + DIo, - A+ 1,0, An),
Dil(Mos- 3 Xiy s An) =T(Nos- s A — 1,00, An),
AiTo, - Xy An) =M (Mos - Ay An).

Appr=— (L+1D)Ag— > (Ai+1) -1,

=1

quq,+1 E(14714»1 + 1)(An+l + 2) e (An+1 + 1)

OF
Do (aRi - D¢> Ryl = 0.

(8)
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Reduction of Tensor Integrals

4 4 4 LN L [
i1 i2 Ty
/d lld le lLDl)‘1+1D§\2+1--~D:\L"+1
— [P P2 - P TN, Ay Az, )] s
L
0 1
Pl(p) = ——— = Y
‘)= g - Bl 3 Z:: Py
Av'j E'D()U(z471)ij7
:Z B}
- .7
~ OF —0

fl(z‘iyé)-Ffz(A,B)ax,
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Integrals with Theta Functions

wa(D;) = e / Ao P (11)

ddllddlz "'ddleAI( 1)11})\2( 2) w>\1n( )
Am+1+l HAmpo+1 An+1
Dm+1 Dm+2 - Dn
(12)

drr O Fr TT o
oy [ I

H?ti«kl
L D; 1=1, 2 m,
o= R, di=mAl, mA2,..., ntl,
. R, i=1,2..., m,
T ND: o, i=maAl, mE2,..., ntl,
. A -1 t=1, 2,..., m,
i = A . di=m4l, m+2,..., ntl
Do <8—f —z) Sns1l = 0. (13)
&m
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Representation Transformation

representation transformation Chen (2023)

u»:=}—8]?
’ _.F 8:&
1
duality
2 =29
"G o
1
F==.
g
(rescaled) Baikov polynomial
_det(gi - g5)
P(Ul,UQ, . 7'Un) _m
= — g(vl,UQ, ...

,Un, —1).

(14a)

(14b)

(15a)

(15b)

(16)
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Calculation of Master Integrals

® Mellin-Barnes method

® Sector decomposition
® Differential-equation method Kotikov (1991), Remiddi (1997)

Canonical basis Henn (2013)
Auxiliary mass flow Liu, Ma, Wang (2018), Liu, Ma (2023)
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Differential Equations in the Parametric Representation

I =-Do1I. 17
" (17)

For soft integrals, the scale-dependence is trivial. An auxiliary scale can be
introduced by inserting a delta function.

I(Xo, A1, .. \n) = / dde(n+1) 5y — E(O>($))I(_n_1)

E/dyly.

Equation (13) is a consequence of the homogeneity of the integrand. Thus it
also holds for the integral I, in eq. (18).
A simple choice of E(©:

(18)

EW =
Tj
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Asymptotic Expansion
convex-hull method

A n+1
oy (cf,a 1 m> | (19)

a=1 i

a region 7 is associated with a subset S, of {1, 2,---, A} and a vector k.,
such that the number of elements of S, is not less than n, and

n+1

Z ANakkr i =kro, a€ Sy, (20a)

k=1

n+1

> Aakkrk >kro, a ¢ Sy (20b)

k=1

For the y-dependent integral I, (Remember that F' is obtained from F
through the replacement z; — yz;.)

A n+1 ,
F=> <C;,a 1T xA) : (21)
a=1 i

A:lj IAaj + Aai, (223)
Aoy =Rar,  k#J. (22b)
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Regions of the y-dependent integral:

n+1
Z ANarky i =kro, a€ Sy, (23a)
k=1
n+1
ST Akl y >keo, a¢ Se, (23b)
k=1
kqln’l- Ekr,i — kr’j, (243)
Ky =krk, k # . (24b)
Rules on choosing E(®
Rij = {rl|kri > krj}. (25)

(1) We choose the pair {3, j} such that the cardinal number of R;; is
minimized, where R;; is defined in eq. (25).

(2) Among all the pairs satisfying the first rule, we choose the one such that
max{N,|r € R;;} is minimized, where N, is the cardinal number of S,.
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Boundary Integrals

I(o, i, ..

n+1
) = I'(=Xo) !/dHV””}“OIsz

[ T +1) P
(DT POy
T AT TG+ 1)

(26)
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Result

QCD result

a 95 nu nM a a . abc C C
Ju(g) =~ b} (n11~q - n22-q) |:(T1 —T3) Az + 2if b (TZ{TQ —TST1) Bia

— (T - BT (Cra a4 D2 di?Ny) } +0(a3), (27)

abed gabed abed jabed
dgetdy dpetdy
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$9@ = e ™ [#20] [ 2¢] @},

—iA127 €
Se = (4%552)/12@_7’567) ,

e*iquwefi/\gqﬂ'

l 0 1 l
S52(q) = 85 (q) Sty
l 1 l l l l l 1l 1
BYY) = Stb{y , Cf) = Stel) , DY) = st .

(28)
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64Cs
3

1760¢5

—192¢2 + 3

128 640
(3 (s "

—32 — 16
6(12) :—CQCi C5 - 940(6 + ... )

3 3

dfy) =128¢, —
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N =4 SYM result

SS?N:JQ) = 592 ((1)53

66 4et 33 288¢2

e\ 15 18 36 6912

{ —32¢2¢3 — 16(5
€

+1<284C5 13C2C3) 5¢3 %4-}

+§CA —192<§—94046+...} ,

Bern-Dixon-Smirnov (BDS) ansatz

SYZ) weale) = QIS?Q(Q)SinM"g)(E) + sub-leading color contribution

D0 =1 (190) 1P @2 + O30 + 0. (29)

11
FO = T5E 4 (5at + 66 )e + ac* + O(),
a=31¢ + 19096 85.25374611
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Summary

We calculated the single-gluon soft current with two hard-scattering
partons to three loops.

We developed a systematic method to calculate Feynman integrals
recursively basing on the parametric representation.

We confirmed the prediction on the three-loop soft current in SYM based
on the BDS ansatz.

Our results provide an indispensable ingredient for the N*LO QCD
corrections.

Thanks for your attention!
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