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1/7: Positive d log Forms

A divergent integral in the positive region:∫ ∞
0

dx

x
=

∫
d log x (1)

for x>0. Its residue at 0 or ∞ is ±1.

A projective length (ÝK�Ý)? More nontrivial cases with shifting:∫
dx

x− a
(2)

for x>a, and its complement∫
dx

x
−
∫

dx

x− a
=

∫
dx

x

a

a− x
(3)

for x<a, with two boundaries at 0 and a (residue= ±1).
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2/7: Positive d log Forms

Completeness relation and dimensionless ratio (Ãþj'):∫
dx

x

[
x

x− a
+

a

a− x
= 1

]
, (4)

naturally a is also treated as a positive variable.

Generalization by induction for
∑

n xi>a (!\{�¦{):∑
n−1 xi∑

n−1 xi − a
×1+ a

a−
∑

n−1 xi
× xn

xn −
(
a−

∑
n−1 xi

) =

∑
n xi∑

n xi − a
,

(5)

naturally a can be a positive sum:∑
n xi∑

n xi −
∑

m yj
(6)

for
∑

n xi>
∑

m yj .

Junjie Rao 5d# Sun Yat-sen University ¥ì�Æ

Positive Geometry and Amplitu-hedron �AÛ��Ìõ¡N



End

2/7: Positive d log Forms

Completeness relation and dimensionless ratio (Ãþj'):∫
dx

x

[
x

x− a
+

a

a− x
= 1

]
, (4)

naturally a is also treated as a positive variable.

Generalization by induction for
∑

n xi>a (!\{�¦{):∑
n−1 xi∑

n−1 xi − a
×1+ a

a−
∑

n−1 xi
× xn

xn −
(
a−

∑
n−1 xi

) =

∑
n xi∑

n xi − a
,

(5)

naturally a can be a positive sum:∑
n xi∑

n xi −
∑

m yj
(6)

for
∑

n xi>
∑

m yj .

Junjie Rao 5d# Sun Yat-sen University ¥ì�Æ

Positive Geometry and Amplitu-hedron �AÛ��Ìõ¡N



End

3/7: Geometrical Meaning

A simplest nontrivial example: x+y>a with

x

x− a
× 1 +

a

a− x
× y

y − (a− x)
=

x+ y

x+ y − a
, (7)

internal boundaries or spurious poles cancel (SÜ>.��).

x

y

a

a

Adding the a axis: a plane touching the origin (ÝK¡È→NÈ).
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4/7: Geometrical Meaning

Most general ratio for a positive linear polynomial:

P (xi, yj) = P0(yj) +
∑

xi Pi(yj) > 0, (8)

P+
0 +

∑
xi P

+
i

P0 +
∑
xi Pi

=
P+

P
. (9)

Examples:

P = 1−(x+y+z), Q = 1−x(1−y(1−z)), R = (1−x)(1−y)(1−z).
(10)

It is still a plane in arbitrarily high dimensions that carves out the

corresponding volume.

Multiple positive linear polynomials: nontrivial interceptions.

Junjie Rao 5d# Sun Yat-sen University ¥ì�Æ

Positive Geometry and Amplitu-hedron �AÛ��Ìõ¡N



End

4/7: Geometrical Meaning

Most general ratio for a positive linear polynomial:

P (xi, yj) = P0(yj) +
∑

xi Pi(yj) > 0, (8)

P+
0 +

∑
xi P

+
i

P0 +
∑
xi Pi

=
P+

P
. (9)

Examples:

P = 1−(x+y+z), Q = 1−x(1−y(1−z)), R = (1−x)(1−y)(1−z).
(10)

It is still a plane in arbitrarily high dimensions that carves out the

corresponding volume.

Multiple positive linear polynomials: nontrivial interceptions.

Junjie Rao 5d# Sun Yat-sen University ¥ì�Æ

Positive Geometry and Amplitu-hedron �AÛ��Ìõ¡N



End

5/7: Physical Correspondence: Planar N =4 super

Yang-Mills Amplitudes

4-particle (MHV or k=2) L-loop amplitude/integrand defined by:

Dij = (xj − xi)(zi − zj) + (yj − yi)(wi − wj) > 0 (11)

for i, j=1, . . . , L.

Why simple? Amplitudes are characterized by (n, k, L).

n>4 means more than one patch of loop variables. k>2 (beyond

MHV) means additional η (Grassmann) variables.

4-particle 2-loop integrand defined by:

D12 = (x2 − x1)(z1 − z2) + (y2 − y1)(w1 − w2) > 0. (12)
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6/7: Physical Correspondence

Trivially we get

D+
12

D12
=

x2z1 + x1z2 + y2w1 + y1w2

(x2 − x1)(z1 − z2) + (y2 − y1)(w1 − w2)
(13)

which corresponds to 4 diagrams:

2 1 1

2

1 2 2

1

At 3-loop order, D12, D13, D23>0 and we have 2 topologies:
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7/7: Physical Correspondence

Arbitrarily high loops?

n>4 MHV L>2 case with various combinations of 1-loop cells?

Generic (n, k, L) ...

Mondrian diagrammatics, which can easily account for n=4 integral

coefficients (±1, 0,+2) up to L=7.

{ü�n→E,O�→E,�n→{ü(J
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Thank you!

Some References:
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