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Non-perturbative QCD
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Millennium Prize Problem

Yang—Mills Existence and Mass Gap. by Jaffe and Witten

Prove that for any compact simple gauge group G, a non-trivial
guantum Yang—Mills theory exists on R4 and has a mass gap A > 0.

Existence includes establishing axiomatic properties at least as strong
as those cited in [45, 35].

PRINCETON LANOMARKS

[45] R. Streater and A. Wightman, “PCT, Spin and Statistics and TREPITESIES
all That”, W. A. Benjamin, New York, 1964.

[35] K. Osterwalder and R. Schrader, “Axioms for Euclidean
Green’s functions”, Comm. Math. Phys. 31 (1973), 83-112, and

Comm. Math. Phys. 42 (1975), 281-305. PLT SI]lﬂ and

Statistics, and
All That
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Result: Plaquette in pure YM
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Plaquette: fundamental Wilson loop in lattice YM

Expectation value of plaquette: Up = ( = J@U e oYM

N T
Syn = — EZH(UP + U}) Up = U\USUsUs — ul -
P




Challenges

e No SUSY

e No conformal

 Finite N, e.g., SU(3)

e General dim, e.g., 4D

* Non-perturbative quantitative results

Lattice MC simulation: most successful quantitative method

New “positivity matrix bootstrap” strategy



SDP (Semi-definite programming)

Inequality constraints S Allowed space




SDP (Semi-definite programming)

Inequality constraints S Allowed space




SDP (Semi-definite programming)

Inequality constraints S Allowed space

x>20&y2>0
&x+y<1




Positivity bootstrap

First proposed by Anderson and Kruczenski in 2016, and later
improved by Kazakov and Zheng.

Anderson, Kruczenski, arXiv:1612.08140
See also: H. W. Lin 2020 (matrix model),

Kazakov, Zheng, arXiv:2203.11360, 2404.16925 Han et.al, 2020 (matrix QM), Cho et.al, 2022,
(Ising Lattice), and other applications

U(1) case also studied by Li, Zhou, arXiv:2024.17071

Previous studies focus on large N or SU(2) case, where
only single-trace Wilson loops operators are necessary.



Positivity bootstrap

First proposed by Anderson and Kruczenski in 2016, and later
improved by Kazakov and Zheng.

Anderson, Kruczenski, arXiv:1612.08140
See also: H. W. Lin 2020 (matrix model),

Kazakov, Zheng, arXiv:2203.11360, 2404.16925 Han et.al, 2020 (matrix QM), Cho et.al, 2022,
(Ising Lattice), and other applications

U(1) case also studied by Li, Zhou, arXiv:2024.17071

Previous studies focus on large N or SU(2) case, where
only single-trace Wilson loops operators are necessary.

We consider for the first time the SU(3) case which involves
single- and double-trace operators. Guo, Li, GY, Zhu, arXiv:2502.14421

These studies show that the new method should work by
principle to general pure YM theories in general dimensions.



Setup



Setup of the theory

-------------------------------------------------
-----------
----------------------------------------------

----------------------

------------------------------------------------

Action:
N %
S = _2_iztr(UP+ U;) Up = U UsUsUy = Uyt U,
P 0,

Partition function:

/ = JQZU@_S — JHdUﬂ(x)e_l_z_]\,]lthr(UP"'U;)

X[



Physical quantity
Expectation value:

(0 =7~} j@Ue‘S@ =7 JHdUﬂ(x)eJr%zP“(UPJ”U;)@

The fundamental quantities are the Wilson loops.

- -

----------------------------------------------

L]

------

e Area law for confinement P --—..

e Spectrum from loop correlators



Bootstrap strategy

Positivity property

+

Schwinger-Dyson

equations

SDP

Constrain the value of

Wilson loop operators

SU(3) 3D Plaquette
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Main strategy

Constrain the value of

Wilson loop operators

Positivity property

SU(3) 3D Plaquette

SDP 7 .
+ s S e |
Schwinger-Dyson : s |
equations _ Heaee |
00 e A 1

Hermitian positivity Reflection positivity

(616) > 0 (OR6,) > 0



Hermitian positivity

(670) > 0 [@Ue-ﬂfwnz > 0

Transform this to a matrix language for Wilson loops:

M
U= ) cP, (r(UTU)) = ) c,e{tr(PIP,)) > 0

a=1 Cl,b

2 A >0, Ay = <tr(P;Pb)>



Example

{ W W, wow )
] ' O 3,04, 03 [
1 ] ] {W" o, @} L Wy Wa W
= = : w, w 70
ﬁ 1 \ >0 m—* w, Wy 1 3 2
L | L :
\ 1 L w, W, wy 1 W,
\ _<_I\ ﬁ 1 ) \Wl w} Wz Wq 1/




Reflection positivity (RP)

K. Osterwalder and R. Schrader,
“Axioms for Euclidean Green’s functions”, 1973

Euclidean theory Minkowski theory

reflection positivity unitarity



Reflection positivity (RP)

K. Osterwalder and R. Schrader,
“Axioms for Euclidean Green’s functions”, 1973

------------------------------------------------

[@Ue‘S P(U,,Uy)®[PU,, Uy)]

*--

..................... [ I 2

________________ ! R — J'@UO e_SUO J9U+ e_SU+_SU+UUO P(U+’ UO) >0
l

..... ' i
S

....................... .=-----.§-----.§-----.E------ F ~
R R

u- uo b(.‘f k )

®,[U({x,y,z)] = U'({—x,y,2})



Reflection positivity (050,) 20

P
Transform to matrix in a similar way: @ = @

M
U= ) cP, (@) = Y c,e){ti(@(P,)P,) = 0
a=1 a,b

el A =0, A, = (tr(O(P)P,))




Twist-reflection

We consider a twist version of Reflection positivity (twist-RP):

e M R True in 2D, but
k \ <@+@+> Z O n:)lfteir:nhigheruD
L)L
(v 1 )
. -
10 R
T Ueo =i\ nj|

@t[U({x,y, Z})] — UT({_X:» -, Z})



Positivities matrices

matrices involving
a large number of
Wilson loops

\

Reduce to a set of independent basis

\

Makeenko-Migdal loop equations

0

A\



Loop equations

Schwinger-Dyson equation for Wilson loops: Makeenko and Migdal. 1980

(Quantum EOM for Wilson loops)

[ DU [ S W1, C)] =0 —> — (W 8.S) + (6WF) =0

( owlaf}»‘ng)

v DG
O



Loop equations

Schwinger-Dyson equation for Wilson loops: Makeenko and Migdal. 1980

(Quantum EOM for Wilson loops)

[ DU [ S W1, C)] =0 —> — (W 8.S) + (6WF) =0

Examples:

(o-o«@-0)  OJ {(00-0)(00-2)
-1(E0 -0 (B -] - (0B 0O)+(B0-00)
+o(1-p) 0 =0 vad (1-2) [ + 5 =0

‘ st]()z) %)\ > +ﬁj Bl +j_1:0



Example



An explicit example

Wl 1 Wq Wz W3 1 W. W|

Wi Wy W;ZO

Wi W W Constrain the value
of Wilson loops

""”"b {D)::I;DJ’@}
SUE) w, W, Wy W
0 220+ - +0-1 =0

2w+ Ws-Wh + Wy -1 =0 / \

Here only 1 loop equation is related.

“Semi-definite Programming”



An explicit example

Wl 1 Wq Wz W3 1 W. W|

- WIWIWBZO

Wi W W Constrain the value
of Wilson loops

m—b {D)::I’DJ,@}
su(z) w, W, W3 Wy
1:} -/AD-FEA:] [::l'l'[@ 1 =0

—E—AW,—I—W_;-Wz +W4——1$O ) \

Here only 1 loop equation is related.

“Semi-definite Programming”

Semidefinta(ppimizationL t Wi J{M 2,07 {eans 3] vers

ol
objeck funckion b ‘:fi:ﬂ’;:‘

More advanced tools: MOSEK



An explicit example
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An explicit example
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upper bound
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Challenges in SU(3)

(W(CIW(Cyr) = (W(C))(W(C,r)) + O(1IN?)

1 1 _
w(CHW(C,) = EW(Cl C,) + EW(Cl C,)

Single trace S— Double trace

[w(Cy O3 C3) + w(C5 Co C1)]

w(Cr)w(Ca)w(Cs) = —

_|_

(w(C1)w(Ca Cs) + w(Co)w(Cs Cr) + w(Cs)w(Cq Cy)

_ _ 1 _ _
w(C’l Cg)w(Cl 03) — —UJ(Cl 02 Cl 03) )

* 9

Wl W kO~



Challenges in SU(3)

Independent (no SDE) single-trace loops:

Length of loops | 4 |6 | 8 | 10 12 14 16
#of2Dloops |11 7 | 15 95 465 3,217
# of 3D loops | Of| 2 |11 | 117 | 1,657 | 27,012 | 488,300
#of 4D loops |0 |0 | 7 | 106 | 3,304 | 109,304 | 3,849,514
a | ' )
{ ] - [
0w | (O (7
\_ —
~——¢ E:p" Y r-(_f +++ £
L—)-_—j ) et ) L»,,J} Lt o m ) E_f‘F} , 4:3




Challenges in SU(3)

Independent (no SDE) single-trace loops:

Length of loops 8 | 10 12 14 16

# of 2D loops 7 ] 15 95 465 3,217

# of 3D loops 11 | 117 | 1,657 | 27,012 | 488,300

OO = |
OIN| =D

# of 4D loops 7 | 106 | 3,304 | 109,304 | 3,849,514

—— ——
4/ } v 0 L
) —— ~>— ) )
(4

|
=
DI s R Y S S X




Challenges in SU(3)

Independent (no SDE) single-trace loops:

8 | 10 | 12 14 16
71 15 | 95 465 3217
11 | 117 | 1,657 | 27,012 | 488,300
7 | 106 | 3,304 | 109,304 | 3,849 514

Length of loops
# of 2D loops
# of 3D loops
# of 4D loops

OO = |
OIN| =D

The number of loop operators increases significantly from
the single-trace case to the double-trace case.

Does SU(3) has good convergence as in SU(2)?



SDE is more complicated in SU(3)

General SDE for double-trace operators:

> [(wa(uvCryw,(Ca)) = (wa (vpiCr)wy(C))|

trv#u
— %(ﬁ1,+ —ny,— +ng 4 —ng ) (we(Cr)wy(C2))
+ 2 [ 3 ((CraCoa)) ~ Y <w<cl,xcz,x_>>]
+ 2)\[ | (e (C 0y )Wz (Cl gy z)wy(Ca)) — Zf (we(Crz,z YWz (Cra_ z)wy(Ca))
jr=1 j-=1
= 3 [(wa(wamyws (Cr)w, (C2) — (welvpmRyws (Cr)w,(C2))] = 0.
Tv#p
Examples:

2D [ — — 2
I sue (] L HIE-L )+2)‘(1_5) >




Choice of paths and loops

A simplification: consider operators that are in (d-1) sub-plane.

2d loops, extending in only one direction: 3d loops in a 2d sub-plane

N

~

—~ -t €= ——
L | b t)--J ’ v—)—-—)——)—“ E] 1?—‘& J

> | | e
Z
£ T £ £ B z= /
x

~

|2

Compare number of loops:

Length of loops 41681012 14 16 18 20
# of general loops L1 ] 7 (15|95 465 | 3,217 | 21,762 | 159,974
# of ladder-type loops | 1 |1 [ 3| 5 | 13 | 32 90 268 867




Choice of paths and loops

OO dmu oy
O AT )

Double-trace ones:

L =10 L =12
\@/

4D path strategy:

/SDN
Plaquette \52}/



Results: 2d SU(3)
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(b) Error of bounds:

With twist-reflection, 3 digits precision



Results: 3d SU(3

SU(3) 3D Plaquette

SU(3) 3D Plaquette
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Compare with SU(2)

Red dots from MC data: Athenodoroua, Teper, arXiv:1609.03873 (3d), 2106.00364 (4d)



Results: 4d SU(3

SU(3) 4D Plaquette SU(3) 4D Plaquette
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Bootstrapping SU
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Loop equations

Analogy with integration-by-parts (IBP) reduction in amplitudes:

SDE
J@Ué[e‘s W(c)] — 2 Wilson loops = 0
. ol IBP
d £ pt—— =20 —¥ integrals = 0
P ) integ

Goal: reduce a large number of blocks (loops or integrals) to a basis



Constructing loop equations efficiently

Xizhe Liu, GY 2026

We introduce plaguette-cut and subloop-cut strategy, based on
detecting sub-loop structures. This is very efficient to obtain all
SDEs (including backtrack types) as well as SU(2) trace relations.

DA

,—>/'$'\/Hﬂ
_’f;\/—L

We also discussed the hidden ‘indirect’ loop equations,
due to the finite truncation of higher-length loops.

]l
._.[:_._.,\J:_I_.:l—_. | —0




Counting of loops and equations

2D loops:

Xizhe Liu, GY 2026

Length(2D) 8 10 12 14 16 18 20 22
# loops 9 24 119 584 | 3,801 | 25,563 | 185,537 | 1,374,414
# AlIE 2 7 ol 316 | 2,383 | 17,709 | 137,775 | 1,077,512
# ANE/# loops | 0.222 | 0.292 | 0.429 | 0.541 | 0.627 | 0.693 0.743 0.784
105L """"""""""""""" ; ogf "~~~ Tt e el
; Nigop(L) =~ Ayp L2 3" . = s .o
) ':‘;x ] [ __.o‘ 1
tt Ngga(L) 2 Agp L2 3" (1 - Eo) v ) 0.6} . -®°
D gl - 3 - o’
§ 1ooot X g 0.4 "'
. o _ g |
8 wog <. ® tioops 3 ut o o
E . ’,-" ® fteqns 0.2_— ’,'
é - Y R N
; ——x 1‘0 — 1‘2 — 1‘4 — 1'6 — 1'8 — 2'0 — 212 N 8 10 12 14 16 18 20 22
Length Length

*in self-avoid-walking, Nigop(L) ~ AL~ ut

pw=1+2++2 forhoneycomb lattice

p =~ 2.638 for square lattice

(b) Ratios



Constructing loop equations efficiently

Xizhe Liu, GY 2026

3D loops: 4D loops:
Length(3D) 8 10 12 14 16 Length(4D) 8 10 12 14 16
# Loops 22 154 | 1,906 | 29,383 | 520,900 # Loops 29 267 | 5,323 | 142,104 | 4,483,135
#AlIE 2 19 | 344 | 6,785 | 141,881 # AlE 2 20 | 542 | 17,253 | 612,103
# AlIE/# loops | 0.091 | 0.123 | 0.180 | 0.231 0.272 # ANE/# loops | 0.069 | 0.075 | 0.102 | 0.121 0.137

Ratio grows as length increases, but less constraining than 2D.



Summary

Recent studies of lattice YM bootstrap provide a new

framework to probe non-perturbative realistic gauge theories.

New progress for bootstrapping lattice gauge theory:

Consider SU(3) that involves multi-trace operators
for the first time. Show that the method works well.

“Dimension reduction” by consider (d-1) sub-plane
operators.

4\4

Introduce new twist-reflection positivity,

which is exact in 2d lattice theory.

Efficient strategy to find SDEs.

nE




Outlook

A new non-perturbative quantitative method work by principle.

e Compute more general loops.
e Make “smart” truncations?
e Main bottleneck: the SDP computation (Al?) &3

Goal: understanding mass gap and confinement in (lattice) YM.

Thank you for your attention!



Backup slides



Reduction of high-trace operators

SU(2): only single-trace operators

trUtrV = trUV + trUV'T, VU,V € SU(2)

SU(3): need single- and double-trace operators

trUtrVtrW = —trWVU —trUVW + trUtrVW + trUVtrW + trUWtrV
+trU'VirU'TW — eUTVUTW, YU, V,W € SU(3)

The SU(3) matrix satisfies
1 =det(X) = —e"%e¢, 0, X, X 2X,05, VX e SUB3). (A.1)
Expanding the RHS we have
tr(X)tr(X)tr(X) — 3tr(X)tr(XX) + 2tr(X X X) =6, VX e SU(3). (A.2)
For general triple-trace operator, using
Sl X Y, 2zt = g1t X Y, 27 M det(XT) . VXY, Z € SU(2), (A.3)

we can prove the following identity

tr(X)tr(Y)tr(Z2) = —tr(XYZ) —tr(ZY X) + tr(X)tr(YZ) + tr(Y)tr(ZX) + tr(Z)tr(XY)
+tr(XTY)tr(XT2) —tr(X'YXTZ), VX,Y,ZeSU(@3), (A.4)



SU(2) results

Kazakov, Zheng, arXiv:2404.16925

1.
3d, SU(2) 4d, SU(2)
0.8} 0.8}
0.4} ) 0.4}
0.2} = S
% > 4 6 8 10 12 % > 4 6 8 10
A A
Dim  #var #LE  #SDPvar +#Block Blocksize  Memory Time
2 8335 14591 1044 18 ~ 50 ~ 100 MB ~1s
3 174387 98032 93561 38 ~ 200 220 GB ~ 1 days
4 343851 152149 211912 40 ~ 300 1 TB ~ 20 days
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SDP computation

MacBook Pro with Apple M3 Max (using single thread)

SU(3) 4D Plaquette

T T T T T T

1055 mak conimtine —

[ ™\ weak coupling Upper ]
[ spath=6241 |1 2 hours, 33GB
08 L H loop=39893 | |
L H eqn=6269
0.6 U, upper bound lizto::t:\—2911 i
[ 11 loop=32318 | 40 mi n, 18GB
04 - H eqn=4604 |
L lower bound AN ]
0.2 .
t strong coupling
0.0, 1 1 /\ | | -
0 1 2 3 4 5
SU(2) 4D Plaquette
1.0~ weak coupling I ] :
- Upper -
H path=1969 | -
ol to0p=2684 | 30 seconds
L H eqn=423
: upper bound Lower
061, tt path=2503 |- :
u P ]
up oo | 30 min, 8.5GB
. lower bound H eqn=5012
041 .
0.2}
0.0, L ' . L 1 L L ! 1 L ! A ' L | L L L L | L L L ) .




Loop equations

Schwinger-Dyson equation for Wilson loops: Makeenko and Migdal. 1980

[ DU [ S W1, C)] =0 —> — (W 8.S) + (6WF) =0




Loop equations

Backtrack SDE

2D,

S —— 7
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Indirect equations:
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Figure 2. SU(2) trace relations.
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