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how the specific Yang-Mills theories which appear in Nature behave. In fact,
among the most difficult steps in the creation of the present ‘standard model’
of particle physics was the realization that Yang-Mills theory can reproduce
the observed qualitative features of the major forces of Nature.

In trying to create theories of Nature at shorter distances, we can try to use
again the qualitative features that we have already found in Yang-Mills theory
or we can discover new ways in which these theories can behave. The most
basic information we can give about the qualitative behavior of a quantum
field theory is the manner in which its symmetries are realized in the vacuum
state. So the general question that we will be interested in is the following:
Given a Yang-Mills theory with gauge group Gc and global symmetry G, how
are Gc and G realized in the vacuum state of the theory?

2.1 A familiar example

In this section, I will give a specific example of an answer to this question and
a survey of the possible choices for this qualitative behavior. The example I
would like to consider is an SU(3) gauge theory with three flavors of massless
fermions. The Lagrangian of the theory is

L = −
1

4

(
F a

µν

)2
+ qf

Li D̸qf
L + qf

Ri D̸qf
R , (1)

for f = 1, 2, 3. The gauge symmetry is Gc = SU(3). At the classical level, the
global symmetry is U(3) × U(3), separate general unitary transformations on
qf
L and qf

R. However, the U(1) transformation

qL → eiαqL qR → e−iαqR (2)

is spoiled by the anomaly, so that the global symmetry of the quantum theory
is G = SU(3) × SU(3) × U(1).

This example is, of course, QCD, the correct theory of the strong inter-
actions. I have only made the idealization of ignoring the masses of the light
quarks u, d, and s. For this case, there is an enormous amount of evidence
from experiment, theoretical considerations, and simulations which leads to a
definite picture of the realization of Gc and G. For Gc, we observe experimen-
tally the permanent confinement of quarks in to color-singlet bound states.
This property is also seen in studies of the strong-coupling limit of QCD on
a lattice5, and in lattice simulations of QCD in the region of intermediate
coupling.6 The theory is asymptotically free at short distances, and the lattice
results show that there is no barrier to the coupling becoming strong at large
distances.

4

Asymptotically
 FreeConfinement

The key point:

β0 > 0

Non-perturbative QCD



Millennium Prize Problem

Yang–Mills Existence and Mass Gap. 
Prove that for any compact simple gauge group G, a non-trivial 

quantum Yang–Mills theory exists on R4 and has a mass gap ∆ > 0.  

Existence includes establishing axiomatic properties at least as strong 
as those cited in [45, 35]. 

by Jaffe and Witten

[45]  R. Streater and A. Wightman, “PCT, Spin and Statistics and 
all That”, W. A. Benjamin, New York, 1964.  
[35]  K. Osterwalder and R. Schrader, “Axioms for Euclidean 
Green’s functions”, Comm. Math. Phys. 31 (1973), 83–112, and 
Comm. Math. Phys. 42 (1975), 281–305. 



Results



Result: Plaquette in pure YM

Guo, Li, GY, Zhu, 2025



Plaquette: fundamental Wilson loop in lattice YM

Expectation value of plaquette: uP = ⟨ □ ⟩ = ∫ 𝒟U e−SYM □

SYM = −
N
2λ ∑

P

tr(UP + U†
P)



Challenges

• No SUSY

• No conformal

• Finite N, e.g., SU(3)

• General dim, e.g., 4D

• Non-perturbative quantitative results

Lattice MC simulation: most successful quantitative method

New “positivity matrix bootstrap” strategy



SDP (Semi-definite programming)

Inequality constraints Allowed space

x ≥ 0



SDP (Semi-definite programming)

Inequality constraints Allowed space

x ≥ 0 & y ≥ 0



SDP (Semi-definite programming)

Inequality constraints Allowed space

x ≥ 0 & y ≥ 0

& x + y ≤ 1



Positivity bootstrap

First proposed by Anderson and Kruczenski in 2016, and later 
improved by Kazakov and Zheng.

Anderson, Kruczenski, arXiv:1612.08140

Kazakov, Zheng, arXiv:2203.11360, 2404.16925
See also: H. W. Lin 2020 (matrix model), 
Han et.al, 2020 (matrix QM), Cho et.al, 2022, 
(Ising Lattice), and other applications

U(1) case also studied by Li, Zhou, arXiv:2024.17071

Previous studies focus on large N or SU(2) case, where 
only single-trace Wilson loops operators are necessary.



Positivity bootstrap

First proposed by Anderson and Kruczenski in 2016, and later 
improved by Kazakov and Zheng.

Anderson, Kruczenski, arXiv:1612.08140

Kazakov, Zheng, arXiv:2203.11360, 2404.16925
See also: H. W. Lin 2020 (matrix model), 
Han et.al, 2020 (matrix QM), Cho et.al, 2022, 
(Ising Lattice), and other applications

U(1) case also studied by Li, Zhou, arXiv:2024.17071

We consider for the first time the SU(3) case which involves 
single- and double-trace operators. Guo, Li, GY, Zhu, arXiv:2502.14421

These studies show that the new method should work by 
principle to general pure YM theories in general dimensions.

Previous studies focus on large N or SU(2) case, where 
only single-trace Wilson loops operators are necessary.



Setup



Setup of the theory

S = −
N
2λ ∑

P

tr(UP + U†
P)

Z = ∫ 𝒟Ue−S = ∫ ∏
x, ̂μ

dU ̂μ(x)e+ N
2λ ∑P tr(UP+U†

P)

Action:

Partition function:



Physical quantity
Expectation value:

⟨𝒪⟩ = Z−1 ∫ 𝒟Ue−S𝒪 = Z−1 ∫ ∏
x, ̂μ

dU ̂μ(x)e+ N
2λ ∑P tr(UP+U†

P)𝒪

The fundamental quantities are the Wilson loops.

• Area law for confinement


• Spectrum from loop correlators



Bootstrap strategy

Positivity property

+
Schwinger-Dyson 

equations

Constrain the value of 
Wilson loop operators

SDP



Main strategy

Hermitian positivity Reflection positivity

⟨𝒪†𝒪⟩ ≥ 0 ⟨𝒪R
+𝒪+⟩ ≥ 0

Positivity property

+
Schwinger-Dyson 

equations

Constrain the value of 
Wilson loop operators

SDP



Hermitian positivity

∫ 𝒟U e−S | f(U) |2 ≥ 0

Transform this to a matrix language for Wilson loops:

⟨𝒪†𝒪⟩ ≥ 0

U =
M

∑
a=1

caPa ⟨tr(U†U)⟩ = ∑
a,b

cacb⟨tr(P†
aPb)⟩ ≥ 0

A ≽ 0, Aab := ⟨tr(P†
aPb)⟩

tr(U†U) =
N

∑
i,j=1

|uij |
2 ≥ 0



Example
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Sewing a set of paths gives the positivity matrix:

A ≽ 0, Aab := ⟨tr(P†
aPb)⟩

U =
M

∑
a=1

caPa



Reflection positivity (RP)

∫ 𝒟U e−S | f(U) |2 ≥ 0

∫ 𝒟U+ e−S+f(U+)
2

≥ 0

Euclidean theory 


reflection positivity

⟨𝒪†𝒪⟩ ≥ 0

K. Osterwalder and R. Schrader, 

“Axioms for Euclidean Green’s functions”, 1973

∫ 𝒟U e−S = ∫ 𝒟U+𝒟U−𝒟U0 e−SU+−SU+∪U0
−SU−−SU−∪U0

−SU0

= ∫ 𝒟U0 e−SU0 ∫ 𝒟U+ e−SU+−SU+∪U0

2
≥ 0

Minkowski theory


unitarity



Reflection positivity (RP)

∫ 𝒟U e−S | f(U) |2 ≥ 0

∫ 𝒟U+ e−S+f(U+)
2

≥ 0

⟨𝒪†𝒪⟩ ≥ 0

∫ 𝒟U e−S P(U+, U0)Θ[P(U+, U0)]

= ∫ 𝒟U0 e−SU0 ∫ 𝒟U+ e−SU+−SU+∪U0 P(U+, U0)
2

≥ 0

Θ[P] = R[P]†

Θt[U({x, y, z})] = U†({−x, y, z})

⟨𝒪R
+𝒪+⟩ ≥ 0

K. Osterwalder and R. Schrader, 

“Axioms for Euclidean Green’s functions”, 1973



Reflection positivity

tr(θ(Pa)Pb)

U =
M

∑
a=1

caPa

tr(U†U) =
N

∑
i,j=1

|uij |
2 ≥ 0

⟨𝒪R
+𝒪+⟩ ≥ 0

⟨tr(Θ(U)U)⟩ = ∑
a,b

cacb⟨tr(Θ(Pa)Pb)⟩ ≥ 0

The reflection operation R maps points in U+ to U� and vice versa. Specifically, for a point

(x, y, z), its reflection is given by:

R(x, y, z) = (�x, y, z) . (6.16)

The mirror plane remains invariant under this reflection. We can decompose the path integral

as
Z

DU e�S =

Z
DU+DU�DU0 e

�SU+�SU+[U0�SU��SU�[U0�SU0

=

Z
DU0 e

�SU0

���
Z

DU+ e�SU+�SU+[U0

���
2
. (6.17)

To construct reflection-positive observables, we introduce the ⇥-operation, which com-

bines reflection R with complex conjugation. For a given path operator P , its reflected

counterpart is defined as:

⇥[P ] = R[P ]† , (6.18)

To form a Wilson loop, we consider a path P (U+, U0) in the region x � 0 with both endpoints

located at the mirror plane (with x = 0). Thus, the combined operator P (U+, U0)⇥[P (U+, U0)]

can form a Wilson loop, as shown in Figure 11. Moreover, one has the following positivity

condition for such a Wilson loop as
Z

DU e�S P (U+, U0)⇥[P (U+, U0)] =

Z
DU0 e

�SU0

���
Z

DU+ e�SU+�SU+[U0 P (U+, U0)
���
2
� 0 .

(6.19)

Note that we have used the hermitian positivity for the U0 integration.

Similar to the discussion in the Hermitian positivity, one can consider a linear combination

of path operators U =
P

a
caPa and obtain a positive semi-definite matrix A:

htr(⇥[U ]U)i � 0, 8ca ) A < 0, Aab := htr(⇥[Pa]Pb)i . (6.20)

As an example, consider the following three path operator

O+ =
n
, ,

o ��
x>0

. (6.21)

Their reflected counterparts under ⇥ are

O
R

+ =
n
, ,

o ��
x60

. (6.22)

Sewing the above two sets of operators, one can construct a reflection positive matrix as

0

BBB@

1

CCCA

1
⌫ 0 , (6.23)

– 29 –

A ≽ 0, Aab := ⟨tr(Θ(Pa)Pb)⟩

Transform to matrix in a similar way:



⟨𝒪R
+𝒪+⟩ ≥ 0

We consider a twist version of Reflection positivity (twist-RP):

Twist-reflection

Θt[U({x, y, z})] = U†({−x, − y, z})

Figure 14. Twist reflection. The red and green plaquettes are those causing troubles in high-
dimensional cases.

Sewing the above two sets of operators, we construct a twist-reflection positive matrix as

0

BBBBBBB@

1

CCCCCCCA

1

⌫ 0 . (6.34)

As we will see later, this condition imposes powerful new constraints in 2D YM.

Unfortunately, for three or higher dimensions, the twist-reflection positivity condition is

no longer true: there is no gauge choice (6.29), and the path integral (6.27) can no longer be

put in the module square form of (6.31). Indeed, applying this condition in the bootstrap

construction in 3D and 4D yields inconsistency.

We would like to conclude with a comment on the continuous limit. One can note that

the problematic terms in (6.28) are associated with the plaquettes that are attached to the

x = 0 plane, namely, the single layer of plaquettes that is at x = 0, as shown in Figure 14.

If we take the lattice spacing a ! 0, this layer of plaquettes may be approximately on the

x = 0 plane. Then we have
Z

DU e�S
'

Z
DU+DU�DU0+DU0� e

�SU0�SU+�SU��SU0+
�SU0� , (6.35)

– 32 –

⟨𝒪R
+𝒪+⟩ ≥ 0 True in 2D, but 

not in higher D



Positivities matrices

matrices involving
a large number of

Wilson loops
≽ 0

Reduce to a set of independent basis

Makeenko-Migdal loop equations



Loop equations

Schwinger-Dyson equation for Wilson loops: Makeenko and Migdal, 1980

Multiplying both sides by �ac�bd and performing contraction of color indices, we obtain the

equation for Willson loops:

⌧
N

2�

X

±⌫ 6=µ

h
W (µ⌫µ̄⌫̄C)�W (⌫µ⌫̄µ̄C)

i
+N W (C) (5.16)

+

n+X

j+=1

Wx(Cx,x+)Wx(Cx+,x)�

n�X

j�=1

Wx(Cx,x�)Wx(Cx�,x)

�

=

⌧
1

2�

X

±⌫ 6=µ

h
Wx(µ⌫µ̄⌫̄)�Wx(⌫µ⌫̄µ̄)

i
Wx(C) +

1

N
(1 + n+ � n�)W (C)

�
.

Note that the product of two loops gives double-trace operators. We stress that for multiple-

trace loops, it is important to keep the information of the relative position of the loops. Here,

we indicate the starting position of the loop by the subscript x in Wx(C).

We can illustrate the various terms in (5.16) by the following figures. The variation of

the action generates the first term on the LHS and the first term on the RHS:

. (5.17)

The double-trace terms in the second line of (5.16) are the contribution of overlapping links:

. (5.18)

Normalization. It is convenient to work with the normalized Wilson loop w(C) as

w(C) =
1

N
W (C) , w(tr(1)) = 1 . (5.19)

– 20 –
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⌧
N

2�

X

±⌫ 6=µ

h
W (µ⌫µ̄⌫̄C)�W (⌫µ⌫̄µ̄C)

i
+N W (C) (5.16)

+

n+X

j+=1

Wx(Cx,x+)Wx(Cx+,x)�

n�X
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�

=

⌧
1

2�

X

±⌫ 6=µ
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1

N
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�
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Note that the product of two loops gives double-trace operators. We stress that for multiple-

trace loops, it is important to keep the information of the relative position of the loops. Here,

we indicate the starting position of the loop by the subscript x in Wx(C).

We can illustrate the various terms in (5.16) by the following figures. The variation of

the action generates the first term on the LHS and the first term on the RHS:

. (5.17)

The double-trace terms in the second line of (5.16) are the contribution of overlapping links:

. (5.18)

Normalization. It is convenient to work with the normalized Wilson loop w(C) as

w(C) =
1

N
W (C) , w(tr(1)) = 1 . (5.19)

– 20 –

(Quantum EOM for Wilson loops)



Loop equations

Schwinger-Dyson equation for Wilson loops:

Examples:

Makeenko and Migdal, 1980

(Quantum EOM for Wilson loops)



Example
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Constrain the value 
of Wilson loops

An explicit example

Here only 1 loop equation is related. “Semi-definite Programming”



An explicit example
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Constrain the value 
of Wilson loops

Here only 1 loop equation is related. “Semi-definite Programming”

More advanced tools: MOSEK
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λ
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Figure 4. SDP bounds for integral.

which gives

w2 � 0 , w4 =
1� w2

�
� w2

2 . (2.11)

�w2
2 + w2 � 1  0 . (2.12)

So we have bounds

0  w2 
�1 +

p
1 + 4�

2�
. (2.13)

which is plotted in Figure 4.

For the n = 4, 6 cases, the bounds are much tighter, as given in Figure 4.

This simple system can be e�ciently solved using SemidefiniteOptimization function

with default setting in Mathematica [21].

– 8 –

1



An explicit example
#path=5 
#loop=4 
#SDE=1

#path=15 
#loop=37 
#SDE=16



An explicit example
#path=5 
#loop=4 
#SDE=1

#path=15 
#loop=37 
#SDE=16

#path=33 
#loop=121 
#SDE=94

#path=33 
#loop=121 
#SDE=94



Challenges in SU(3)

Large N:

SU(2):

⟨w(Cxx′￼)w(Cx′￼x)⟩ = ⟨w(Cxx′￼)⟩⟨w(Cx′￼x)⟩ + 𝒪(1/N2)

w(C1)w(C2) =
1
2

w(C1 C2) +
1
2

w(C1 C̄2)

SU(3):

A few special cases follow. Taking Y to be X or X† in (B.4), we have

tr(X)tr(X)tr(Z) = �2tr(XXZ) + 2tr(X)tr(XZ) + tr(Z)tr(XX) + 2tr(X†Z) , (B.5)

tr(X)tr(X†)tr(Z) = tr(Z) + tr(X)tr(X†Z) + tr(X†)tr(XZ) (B.6)

+ tr(X†X†)tr(X†Z)� tr(X†X†X†Z) , 8X,Z 2 SU(3) .

Further taking Z to be X in (B.5) and (B.6), we have

tr(X)tr(X)tr(X) = 3tr(XX)tr(X)� 2tr(XXX) + 6 , (B.7)

tr(X)tr(X)tr(X†) = tr(XX)tr(X†) + 2tr(X†X†) + 4tr(X) , 8X 2 SU(3) , (B.8)

and taking Z to be the identity matrix in (B.5) and (B.6), we have

tr(X)tr(X) = tr(XX) + 2tr(X†) , (B.9)

tr(X)tr(X†) = tr(X†X†)tr(X†)� tr(X†X†X†) + 3

= tr(XX)tr(X)� tr(XXX) + 3 , 8X 2 SU(3) . (B.10)

Using (B.10), we can rewrite (B.7) as

tr(X)tr(X)tr(X) = 3tr(X)tr(X†) + tr(XXX)� 3 . (B.11)

The permutations for the last line of (B.4) implies that

tr(X†Y )tr(X†Z)� tr(X†Y X†Z) (B.12)

= tr(Y †X)tr(Y †Z)� tr(Y †XY †Z)

= tr(Z†X)tr(Z†Y )� tr(Z†XZ†Y ) , 8X,Y, Z 2 SU(3) .

We can further take Z to be identity matrix, which gives

tr(XY †)tr(Y †)� tr(XY †Y †) (B.13)

= tr(Y X†)tr(X†)� tr(Y X†X†)

= tr(X)tr(Y )� tr(XY ) , 8X,Y 2 SU(3) .

Reduction formula for SU(3) Wilson loops

The above relations can be directly applied to Wilson loops since link variables are group

elements. Below we summarize the relation for the Wilson loops that can be used directly in

the main text. Note that we have used the normalization condition (4.16).

The most general formula is

w(C1)w(C2)w(C3) = �
1

9

⇥
w(C1C2C3) + w(C3C2C1)

⇤
(B.14)

+
1

3

⇥
w(C1)w(C2C3) + w(C2)w(C3C1) + w(C3)w(C1C2)

⇤

+
1

3
w(C̄1C2)w(C̄1C3)�

1

9
w(C̄1C2 C̄1C3) , (B.15)
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Challenges in SU(3)

Length of loops 4 6 8 10 12 14 16

# of 2D loops 1 1 7 15 95 465 3,217

# of 3D loops 0 2 11 117 1,657 27,012 488,300

# of 4D loops 0 0 7 106 3,304 109,304 3,849,514

Table 1. Number of independent loops in various dimensions.

Figure 7. Independent loops.

which form the dihedral group D4 of 2-dimensional square lattice. It is straightforward to

generalize to 3- and 4-dimensional lattices, and one has

2D lattice: 8 operations ,

3D lattice: 48 operations ,

4D lattice: 384 operations ,

where the number of symmetry operators increases significantly.

We comment that the expectation value of the Wilson loops operators is Hermitian

conjugation invariant, i.e.,

hWLi = hWL†
i , (4.6)

where hermitian conjugation of a given loop corresponds to reversing the order of the edges

and flipping the direction of all edges in the letter representation, for example:

WL[a, b, -a, -b]† = WL[b, a, -b, -a] . (4.7)

The counting of independent loops is given in Table 1. The simplest examples are shown

in Figure ??.

Dimension reduction

We introduce a simplification by choosing paths and loops in a one-dimensional reduced

subspace. Consider the two-dimensional case. In this case, we focus on the loops confined

– 16 –

Independent (no SDE) single-trace loops:
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Independent (no SDE) single-trace loops:



Does SU(3) has good convergence as in SU(2)?

The number of loop operators increases significantly from 
the single-trace case to the double-trace case.

Challenges in SU(3)

Independent (no SDE) single-trace loops:



SDE is more complicated in SU(3)

Examples:

General SDE for double-trace operators:



A simplification: consider operators that are in (d-1) sub-plane.

2d loops, extending in only one direction:

Compare number of loops:

3d loops in a 2d sub-plane

Choice of paths and loops



Choice of paths and loops

7 Bootstrap 3D and 4D YM

Next, we turn to the more challenging 3D and 4D YM theory. Our construction will largely

follow that of the 2D case, so we will be brief, focusing on presenting the main data and

results.

As the spacetime dimension increases, the number of path or loop variables grows rapidly.

Therefore, it is crucial to keep a relatively small size of operator system. In this work, our

primary goal is to give a proof of principle that the bootstrap strategy works in practice. We

will demonstrate this by employing a ‘relatively’ small set of paths, without attempting to

obtain the optimal bounds.

Since the high dimensional theories are not solvable in closed form, we compare the

obtained bounds with the results of the strong and weak coupling expansions as well as

Monte Carlo simulation results, and we find complete consistency between the results. The

strong and weak coupling expansions are reviewed in Appendix C.

As in the 2D case, we first consider the SU(2) theory, followed by the SU(3) construction.

We will consider three positivity matrices: Hermitian positivity and two reflection positivities,

with x = 0 (denoted R1) and x = z (denoted R2) as the mirror planes.

7.1 3D SU(2)

Path choice 1. We consider the following set of plane-type path configurations as

(7.1)

which are generated by applying SD equation on a plaquette path. Here, the vertical direction

is the y direction, or equivalently, the edge ‘b’ direction; and we apply SDE only on the ‘b’

edges to generate the plane-type paths. After applying symmetry and conjugation for the 8

configurations in (7.1), and also including the identity matrix as a path, we have in total of

85 plane-type paths.

By sewing the paths we construct the three positivity matrices. After symmetry decom-

position, the reduced positivity matrices have dimensions:

dim(M) : {9, 3, 4, 7, 10, 6, 4, 3, 7, 11}H [ {13, 10, 12, 11}R1 [ {8, 7, 7, 8}R2 , (7.2)

where R1 and R2 denote the reflection positivities with x = 0 and x = z mirror planes

respectively. The number of involved loop variables is 150, subject to 36 loop equations.

Solving SDP using Mathematica, we obtain the bounds as shown in Figure 13(a).
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(a) Path choice 1.
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(b) Path choice 2.
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(c) Path choice 3 and 4.

Figure 13. SDP bounds for SU(2) plaquette in 3D. Red curves are weak and strong coupling expansion
(see Appendix C), and the red dots are the MC data [60].

Path choice 2. The bounds can have a notable improvement by simply adding following

length-6 path configurations:

. (7.3)

After applying symmetry and conjugation, they give 32 more ladder-type paths. There are

in total of 181 paths.

After symmetry decomposition, the dimensions of reduced matrices are

dim(M) : {16, 8, 11, 12, 22, 11, 11, 8, 14, 23}H [ {25, 22, 24, 23}R1 [ {16, 13, 13, 16}R2 . (7.4)

The number of involved loop variables is 508, subject to 101 loop equations. Solving SDP

using Mathematica, we obtain the bounds as shown in Figure 13(b). We can see a good

improvement for the upper bound and also for the lower bound at weak coupling.
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Path choice 3. Our next goal is to improve the lower bound. As implied in the 2D case,

we can consider paths with longer lengths, without increasing the scale. Together with the

previous choice (7.1) and (7.3), we add the following path configurations:

• Acting SDE on the length-6 paths in (7.1), we get four more length-8 path configura-

tions.

. (7.5)

• To get length-10 and length-12 type paths, we choose to act SDE on the four types

of length-8 paths in (7.1). Moreover, we act only on the ‘b’ edges that are located at

the origin. In this way, we get 15 types of length-10 and 14 types of length-12 path

configurations.9

After applying symmetry and conjugation, there are in total of 661 paths.

The reduced positivity matrices have dimensions:

dim(M) : {50, 34, 38, 45, 82, 44, 38, 34, 48, 83}H[{71, 67, 70, 68}R1[{33, 29, 29, 33}R2 . (7.6)

The number of involved loop variables is 6339, subject to 2189 loop equations.

Using MOSEK, each data point is computed in about 40 seconds using 1 GB of memory.

We obtain the lower bound as shown in Figure 13(c). We see that the lower bound has a

good match with both the weak and strong coupling expansion.

Path choice 4. Finally, we improve the upper bound. As implied in the 2D case, we can

consider general-type paths and also increase the size of the paths. Here, we simply consider

the paths by combining (7.1) and (7.3), which can be compared with the plane-type case in

choice 2. After applying full 3D symmetry and conjugation, there are in total of 553 paths.

The dimensions of reduced positivity matrices are

dim(M) : {11, 5, 6, 3, 15, 9, 20, 18, 17, 13, 4, 9, 3, 6, 13, 9, 17, 14, 20, 19}H (7.7)

[ {23, 13, 18, 18, 35, 16, 19, 14, 21, 36}R1 [ {24, 21, 19, 18, 18, 19, 23, 22}R2 .

The number of involved loop variables is 1215, subject to 309 loop equations.

Using MOSEK, computing each data point takes about 4 seconds (with negligible memory

usage). The resulting upper bound is shown in Figure 13(c). Notably, this bound represents

a significant improvement over Choice 2 with plane-type truncation. Additionally, we observe

that the lower bound in Choice 4 is less constraining than in Choice 3, whereas the upper

bound in Choice 3 is weaker than in Choice 4. This supports our strategy of optimizing lower

and upper bounds using di↵erent path selections.10

9It is straightforward exercise to produce these configuration by using SD equations and we will not present

them here.
10We mention that tighter bounds for 3D SU(2) plaquette, obtained using substantially larger positivity

matrices, were presented in [7].
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7.2 3D SU(3)

To study the SU(3) theory, we generalize the choice of simple paths in SU(2) by including

composite paths.

Path choice 1. The simple paths are the same as obtained from (7.1). To unify the setup,

these simple paths may be taken as a special class of composite paths that are combined with

a trivial ‘identity’ loop, and we denote them as

(pathL8)⌦ (loopL=0) , (7.8)

which contain 85 paths after applying symmetry and conjugation.

To introduce new composite paths, we consider following two classes. The first class is

to combine length-4 paths with length-4 loops, which is denoted as

(pathL=4)⌦ (loopL=4) . (7.9)

They can be obtained by applying symmetry and conjugation to the following composite path

configurations:

. (7.10)

This gives in total of 64 = 8⇥ 8 composite paths.

The second class is the combination of the length-0 path (the identity matrix) and Wilson

loops given by taking the trace of the simple paths from (7.1):

(pathL=0)⌦ (loopL8) , (7.11)

which give 84 paths. In total there are 233 = 85 + 64 + 84 paths.

As in the SU(2) case, we construct three positivity matrices. The dimensions of matrices

after symmetry decomposition are

dim(M) : {23, 8, 10, 20, 28, 18, 10, 8, 20, 30}H [ {36, 28, 34, 30}R1 [ {20, 18, 18, 20}R2 . (7.12)

The number of involved loop variables is 855, subject to 174 loop equations.11 Solving SDP

using Mathematica, we obtain the bounds as given in Figure 14(a).

Path choice 2. The simple paths are the same as SU(2) case by combining (7.1) and (7.3),

Similarly, we can denote these simple paths as

(pathL8)⌦ (loopL=0) . (7.13)

11In the counting of loops variables, we reduce all triple-trace loops into independent double and single-trace

loops by using SU(3) reduction formulae.
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Example of 3D paths:

Double-trace ones:
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(a) Path choice 1.
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(b) Path choice 2.
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(c) Path choice 3 and 4.

Figure 16. SDP bounds for SU(3) plaquette in 4D. Red curves are weak and strong coupling expansion
(see Appendix C), and the red dots are the MC data [61].

SDE, then from the length-8 paths, we further generate length-10 and length-12 paths. The

strategy can be illustrated as

L = 6

Plaquette

L = 8 L = 10 L = 12

SDE

SDE

SDE

SDE

. (7.31)

Here we restrict the paths to the plane type, and the SDE is also only applied to ‘b’ edges

located at the origin. We also include all other length-6 paths that appeared in choice 2. This

gives in total of 1543 simple paths.

For the composite paths, we consider the length-8 paths combined with length-4 loops,

(pathL8)⌦ (loopL4) , (7.32)

where the length-8 paths contain only those generated by SDE in (7.31). This gives 1368 =

144⇥ 12 paths. In total, we consider 2911 = 1543 + 1368 paths.
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4D path strategy:



Results：2d SU(3)

With twist-reflection, 3 digits precision



Red dots from MC data: Athenodoroua, Teper, arXiv:1609.03873 (3d), 2106.00364 (4d)

Results：3d SU(3)

Compare with SU(2)



Red dots from MC data: Athenodoroua, Teper, arXiv:1609.03873 (3d), 2106.00364 (4d)

Results：4d SU(3)

Compare with SU(2)



Bootstrapping SU(3)
Guo, Li, GY, Zhu, 2025



Loop equations

Analogy with integration-by-parts (IBP) reduction in amplitudes:

∫ 𝒟U δ[e−S W(c)] ∑ Wilson loops = 0

∫ dDℓ pμ ∂I
∂ℓμ

= 0 ∑ integrals = 0

SDE

IBP

Goal: reduce a large number of blocks (loops or integrals) to a basis



Constructing loop equations efficiently
Xizhe Liu, GY 2026

We introduce plaquette-cut and subloop-cut strategy, based on 
detecting sub-loop structures. This is very efficient to obtain all 
SDEs (including backtrack types) as well as SU(2) trace relations.

We also discussed the hidden ‘indirect’ loop equations, 
due to the finite truncation of higher-length loops.



Counting of loops and equations

2D loops:
Xizhe Liu, GY 2026

* in self-avoid-walking,                

for square lattice for honeycomb lattice



Constructing loop equations efficiently
Xizhe Liu, GY 2026

3D loops: 4D loops:

Ratio grows as length increases, but less constraining than 2D.



Summary

New progress for bootstrapping lattice gauge theory:

Consider SU(3) that involves multi-trace operators 
for the first time. Show that the method works well.

“Dimension reduction” by consider (d-1) sub-plane 
operators.

Introduce new twist-reflection positivity, 
which is exact in 2d lattice theory.

Recent studies of lattice YM bootstrap provide a new 
framework to probe non-perturbative realistic gauge theories.

Efficient strategy to find SDEs.



Outlook

• Compute more general loops.


• Make “smart” truncations?


• Main bottleneck:  the SDP computation (AI?)

Thank you for your attention!

Goal: understanding mass gap and confinement in (lattice) YM.

A new non-perturbative quantitative method work by principle.



Backup slides



Reduction of high-trace operators

SU(3): need single- and double-trace operators

SU(2): only single-trace operators



SU(2) results Kazakov, Zheng, arXiv:2404.16925

4d，SU(2)3d，SU(2)



SDP computation

2 hours, 33GB

40 min, 18GB

30 seconds

30 min, 8.5GB

MacBook Pro with Apple M3 Max (using single thread)



Loop equations

Schwinger-Dyson equation for Wilson loops: Makeenko and Migdal, 1980

Multiplying both sides by �ac�bd and performing contraction of color indices, we obtain the

equation for Willson loops:

⌧
N

2�

X

±⌫ 6=µ

h
W (µ⌫µ̄⌫̄C)�W (⌫µ⌫̄µ̄C)

i
+N W (C) (5.16)

+

n+X

j+=1

Wx(Cx,x+)Wx(Cx+,x)�

n�X

j�=1

Wx(Cx,x�)Wx(Cx�,x)

�

=

⌧
1

2�

X

±⌫ 6=µ

h
Wx(µ⌫µ̄⌫̄)�Wx(⌫µ⌫̄µ̄)

i
Wx(C) +

1

N
(1 + n+ � n�)W (C)

�
.

Note that the product of two loops gives double-trace operators. We stress that for multiple-

trace loops, it is important to keep the information of the relative position of the loops. Here,

we indicate the starting position of the loop by the subscript x in Wx(C).

We can illustrate the various terms in (5.16) by the following figures. The variation of

the action generates the first term on the LHS and the first term on the RHS:

. (5.17)

The double-trace terms in the second line of (5.16) are the contribution of overlapping links:

. (5.18)

Normalization. It is convenient to work with the normalized Wilson loop w(C) as

w(C) =
1

N
W (C) , w(tr(1)) = 1 . (5.19)
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Loop equations

Backtrack SDE

Indirect equations:


