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The talk is based a recent work arXiv: 2605.24978, with Jin-Rui Zhang, Jing-Hao Jin,
and Ting-Kai Chen, and a upcoming work with Antonio Antunes and Junchen Rong



[. Motivation:

A quantum field theory looks different at different energy scales. The evolution of its eftective
description with scale is a renormalization-group flow.

relevant deformation
UV theory _— IR theory
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At a nontrivial fixed point, the theory is scale invariant and, under the standard assumptions of
relativistic QFT, is conformal.



An ordinary RG flow separates theories in scale; an RG wall separates them in space:
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Th finite-scale step defect is not conformal. The RG wall is its infrared fixed-point limit, if that
limit exists. The flow also includes wall-localized couplings:

Seff = Ostep T Z # J d°y 0,(») — Pouikd) = Pyan(®) =0

XJ_:O
A halt-space deformatlon converts an RG trajectory into a codimension-one fixed point object.



Why package an RG flow into a wall?

A. A tflow-dependent UV-IR dictionary
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The cross-interface data determine:

e UV-IR operator pairings, UV data lost or reorganized in the IR;

e selection rules that survive the tflow, sectors allowed to mix.

Beautiful wall example in 4 — e tfree/Wilson-Fisher O(N) reproduces leading UV-IR mixing;
defect crossing provides a non-perturbative handle for perturbative CFTs (1502.07217).

The wall remembers more than the endpoints: it probes the UV-IR operator map.



B. Transport symmetries, defects and boundary conditions

A preserved topological defect can be deformed through the wall into its IR image:

IR _ |OAY
Dp(a)ojRG — jRGODCZ

The wall acts on boundary conditions: fusing it onto a UV boundary produces its renormalized
IR Image:

B = Reg (Jrg * Byy)
where * denotes fusion, and “Reg” indicates short-distance counterterms needed it necessary.

The wall tracks:
e ordinary and generalized symmetries, and possible anomaly constraints on their transport;

 boundaries and other extended operators crossing or ending on the wall.

The wall transports the extended data of the theory, not only local operators.



C. The wall is a new physical

system

At its fixed point, the interface is a defect CFT with data beyond the two endpoints of RG flow.

Wall spectra and bulk-to-wall OPE: The two bulk sides couple through,

OW(y,x,) = Zﬂ(”lx 280 () + -, s€{UV,IR]

Displacement operator: D(y) pro
coefficient, measures the coupling

0, (x) = 5(x,) D(y),
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deformations of the wall; Cp, its 2-pt correlator
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Sphere free energy and defect Weyl anomaly: Map the planar wall to the equator of S”. The
universal logarithmic terms encode interface anomalies (in even dim.)

(SP, Fpe on S2-1 )

equator
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My talk focuses on RG walls in 2

fold UV side

Tuv S TirR ® 7[}\/

Even for 2

D RCF

s, constructing the wall non-pertur

boundary need preserve only the total Virasoro alge

D RCFTs. Using folding trick, one turns the interface into a
ooundary conditions of the product theory, encoded in the closed channel by |RG) :

boundary state |RG)

oatively remains difficult. A generic RG

ora, not the full product chiral algebra,

and is therefore generally non-rational. The usual Cardy construction does not classify such

boundaries. No general classification is known.



The talk will be given as follows:

e Motivation to study RG domain walls;
e Bottom-up approach: generalized symmetries, phantom currents;

e Top-down approach: generalized orbifolding, automorphism, and brane
transports;

e QOutlook



[I. Bottom-up Approach:

A RG wall is intrinsically non-perturbative, and hard to determine. However, it D, is topological

defect in I {5y and completely transparent to the perturbation, it will remain topological in I,

IR _ |OAY
Dp(a)ojRG — jRGODa

fold UV
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e ® Dy can end topologically on Bgg



Preserved defects constrain the allowed sectors and junctions. They are closed under the

fusion. Together with their topological junctions, they detfine a preserved fusion category € ..,

D,-D,=@DN:,D,. for D, € Cpp,
C

Here N, are fusion multiplicities. The fusion and crossing data are discrete RG invariants: The

IR images of the preserved lines must reproduce their generalized ‘t Hooft anomaly.

s,=h,—h, modZ, ye#,

The allowed values of s, in the D -twisted Hilbert space #, , provide an independent spin

selection rule. A mismatch of fusion, anomaly or defect-spin data rules out a candidate IR
endpoint before the RG boundary states is known.

These are necessary matching conditions, but do not themselves construct the RG wall or
prove that the flow exists. (1201.0767, 1802.04445, 2407.21353, 2601.03879,
2603.09591)



In the folded picture, Gaiotto noticed that the transmitted product line Dp%) ®DaUV can end

topologically on By . So, shrinking the line to boundary will turn a chiral defect endpoint field

into an operator on the RG wall,

TR @ Tuv

reqular boundary OPE

e O?% = HBRGaBRG

Brc Brc

In the above picture, the tether is deformed topologically . Taking the regular boundary OPE of

the chiral field y, will produce 0,, € Z'y p , an open-channel wall operator.

The notation of a phantom current is a holomorphic integer-spin field in the folded theory,

inherited from a defect endpoint but absent as an ordinary current of either U
(1201.0767, 2505.09668, 2511.00356, 2605.24978)

V/IR CFTs.



Spin-1 Phantom current:

A spin-1 phantom current is a non-local (1,0)- chiral current absent in either UV/IR theory
satistying

Ja2) =y, AWy 4(2) € A , with & + hp =1

Dy ;®Dy g

The current j,(z) has an interesting feature that its tilt operator is exactly marginal on the wall
dJx(2) = o(x)) 1y, Iy = JA ‘B ; AtA =1
So one can define an exactly marginal deformation on the wall,

Uy = exp iejdy no) = BO) | —————— | 180

x; =0 1B(0)) = Us|B(0))

A spin-1 phantom current generates an exactly marginal defect contformal manifold.

2505.09668, 2507.22976



Spin-2 Phantom current:

A spin-2 phantom current, on the other hand, will help determine the energy transmission on

the interface.

In 2D, energy conservation leaves no third spatial ¢
splits an incoming null-energy pulse into ret
determined by the central charges ¢;, cp and ¢;p :
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When there is a spin-2 phantom current X, it will mix two stress-tensor channels on the RG

interface,

X=o¢pp, X=¢1Pg, hy+hg=
T, =aT, +pTr+7X, Th=aT, +fTe+7v X
These a, f3, ... coefficients can be exactly determined by the following bootstrap constraints:

 Energy-flux conservation (Diagonal Vir.): the interface neither absorbs more emits energy.

e Canonical normalization:
» G
IT|2==, fors=L,R
2



 Cluster decomposition (2511.00356): A stronger cluster decom

position principle is

imposed that the two outgoing stress tensors in J; , don't talk to each other:

T;(z) - TR(W) ~ 0

Constraint equations can be read off by the poles of the above OPEs. The relative central

charge ¢; » can be thus determined purely by the local OPE data:

~ CLCR (hg — hy)

crhgr —cphy

Even without knowing the details of the RG boundary state, a hidden spi

channel turns unknown wall dynamics into a finite-dimensional OPE pro

the transmission rate of the null-energy flux.

n-2 phantom current

olem on determining



Example: Z), - paratermion tlows to minimal A ., yyo

In 2605.24978, we study the long RG flow from Z,-paratermion &y, perturbed by the spin
operator 6p and 6! , to the minimal model ., |, proposed by Faddeev and Zamolodchikov.

- prev.
Op, Op

n the folded picture, the endpoint quasi-local fields on the TDLs of 80(3), contains non-local

nidden phantom currents j, with spin s,
s=k*, 0<k<|N/I2| (s=0,1,4,9, ...

e A spin-1 phantom current: The lowest non-trivial tields, at k = 1, is a spin-1 current,

- _ 1IR LUV, _ . -N=3 __ 'TIM _.3Potts
J1 = P13P30 > N=3: J 7 =€y €

Indicating there would be a defect conformal moduli on the possible RG interface between Zy

-parafermion and minimal /.,



e A spin-2 phantom current: Although there is no fundamental Virasoro spin-2 current, the
WO -current in Z,-parafermion secretly induces a genuine spin-2 phantom current,

x =% (WgiT)

So the space consisted of spin-2 (quasi-)primary operators is spanned by

Sparn {TUV’ T]R 9X9 W_(Jl)} ’

where the tield W™ is the diagonal Virasoro primary in the derivative family of j;. The proposed

operator-mixing equations,

T, =al, +fTr+yX+6W-, Tp=adT,+fTpo+yX+6W"

admitting precisely an one-parameter () family of solutions, implying there must be defect
conformal manifold. The transmission rate

T () = S(V + 1)(1 + cos 0) N {6’ = (0 : transparent RG wall

3(N + 2)? 0 = n ;. factorized interface



The talk will be given as follows:

 Motivation to study RG domain walls;

* Bottom-up approach: generalized symmetries, phantom currents;

e Top-down approach: generalized orbifolding, automorphism, and brane
transports,

e QOutlook



[1I. Top-down Approach:

The bottom-up approach implies that Ty, and T), have to mix with those spin-two phantom
currents.

This suggests that, in an enlarged theory where these quasi-local operators are condensed in

the vacuum, one may rationalize the wall by defining automorphism acting on the
corresponding enlarged chiral algebra

/5 = A/Cprev.

A = | A
iR @ Tuv | condense | rational theory Ip—a .
folded product > | » candidate wall
C seek a rational
theory prev. Brc) A
Bo)s

Such a procedure was pioneered in Gaiotto’s seminal work 1201.0767.



e Generalized orbifolding: In modern language, those phantom currents are endpoint fields

of TDLs in €., , condensing them into vacuum is equivalently to gauging the fusion

category €

prev.

D,=DR ®DYY, U, .=EPniD,, =  B=A/E

a

prev.

Such a gauging implies a conformal embedding of the chiral algebra 77, in the product theory

A to 7 5 in B. The total stress tensor is also unchanged:

CA=CB, %AC%B” and TA:T — tOt:TUV_I_TIR

In addition, the generalized orbitolding also assign a topological interface f,_,, between

theory A and B, satistying

jB—>A ° jg_% = ucond



e Finding an automorphism in 7 5 : This is the most crucial and delicate step. A possible RG
interface/boundary must assign an automorphism Q € Aut(7'3) on 7' .

The Q is necessarily keeping the total stress tensor 7., invariant. But its action on 7, must be

non-invariant, so that it can play the role of mixing the two stress tensor T}, and T},
Q(Ttot) — Ttot ’ Q(%A) 7& %A
In addition, the minimal requirement for  also needs

VinT,) C UV )NY,

e Pullback to theory A: Once Q is defined, one can construct an Q-twisted Cardy brane, and
pull back to the product theory A by the topological interface #5_, 4, one has a RG brane

| Bg)g € B, — | Brg)a = T poalBa)p



A review on Gaiotto's prime example: TIM tlows to Ising

In the simplest RG flow from TIM to Ising triggered by the thermal operator IT%\/I = €3/5 €375 ,

The preserved fusion category is

C. . =~1Y(Z,) =1{1,8,0}: g°=1, go=0g=0, o’=1+g

prev.

j o —" Do 1 3

Symmetry g is simply the diag(ZIZSing X ZgIM). Gauging it gives,

su(2)@ x 3u(2){”  3u(2), x su(2)¥

B = A/ o % p—
8 : u2, . 3ul)
6 s1(2)\" x 81(2)\”) x u(2)
CA = Cg = Clging T CTIM = 5 C 7p= g11(2)
3



e Out(7'3) = S° : The outer automoprhism group of 7’5 is the permutation of the three
éu(2)(1“’ b.¢) Especially, the emergent quantum Z, symmetry is the transposition 7, = (ab):

7, = (ab), — A = Bl(z,)

e RG automorphism Q2 : The interesting RG automorphism £ is the transposition £ = (bc):

1 S 1 7 3 1
QT ) =—To+—Tr+—X, Q) =—=Trne + =T — —X
( Ismg) Q Ising Q TIM A8 ( TIM) Q Ising Q TIM A8

Clearly,  keeps the total stress tensor T;,, but provides non-trivial mixing between individual

factor stress tensors through the hidden spin-two phantom current X.

Using Q, one defines a Q-twisted brane | B, ), and pullback to theory A via the Z,-interface

\BRG>A =J B—A | BQ>B



Revisiting Ising-TIM RG brane:

An recent paper (2605.23848), by Antunes and Rong, revisit the construction of the RG

interface between Ising and TIM. They found that Gaiotto’s RG brane | Bg;) 4is not simple from
its open string partition function:

Zlggen — 3)(1,1 + 43)(0, o' +)(€,1 +)(1,€” + 3)(6, ¢

where y, E)(;Sing)(bTIM are the product characters.

The number of vacua,

is interesting, as it supports a 3 dimensional NIM-rep of €
more likely that the €

prev. — TY(Z,). However it seems

prev. IS Spontaneously broken, and thus in a gapped phase.



More importantly, AR actually found a new conformal interface from a concrete lattice model,

N/2—1 N/2 N/2—1

l

Hp = — Z 2iZiy1 + Z . Hy =y (Zyp Zypsr + Zy Z))
1I=N/2+1 iI=N/2+1

H:HL+HR+Hb

The Hamilton H preserves an diagonal Z,-symmetry and  H, —s H...., when K*/J* ~ 0.428;

the Kramer-Wannier duality, and thus the diagona
TY(Z,) in Ising @ TIM. Hp — Hy,, , by default;

A DMRG simulation on N = 256 sites find a critical point: ~ H, — critical , when h, ~ 1.379



Defect spectra: A, ~ 050, A’ ~0.77, A ~ 1.50 (nearly twofold)

here is no any primary in A or B matching the above spectra. Rather, AR proposed a new
brane | By.") in the second WS-minimal model:
3u(3), X 3u(3), 6

C = W:(5,6) = , Cc=—=C =¢C
(5,6) = c=o=a=a

AYY

The open string partition function of | By>'), to match the DMRG spectra is given by

open __ . W, W, W, %%
Zoew =Xy X5t 200 A,

new 0

W. W
3 3 3
o T X790 T X139

Where)(}?/3 are the characters of theory C. Apparently, | By") is a simple brane, with

Nyac = 1



The missing towers complete a tetrahedral duality web:

The spectra tower discovered in AR: h =1/9,7/9,13/9 occur in neither the theory A nor B

primary spectrum, but rather in C and also branch into a fourth theory D :

Ising X Tri-Ising

Spec(Br) C 7 4, N7 4)

_ o7 (Q)
_‘7361 n%B

= ‘71533 =7 p

SU(2)3/SU(2)3 .
r gaute To appear, with Antunes and Rong



ncw .
The new RG brane Bg;" is the gauge-invariant orbit of 7,

Recall that the construction of the seed brane | By)z in B is from the transposition:
31(2)\" x 81u(2)\” x 81(2)\
Su(2);

However gauging B back to A is rather using another transposition:

Q=(bc)eOut(7g), 7p=

7, = (ab) A = B/(z,)

The seed brane | Bg)p is not gauge invariant respect to z,

‘B(b6)>B = ‘BQ>Ba Tq . ‘BQ>B — ‘B(Cl())>B

| B(,)) g is a (ac)-twisted brane. A gauge invariant way to transport | Bg)p back to A is to sum
the Z;q—orbit

| Brg') = | Bpey)p + ‘B(ac)>B>

1
7|



The open string partition function, proposed by AR,

Open _ W3 W3 W3 W3 W3 W3
Loew =Xy T X T2 X0t X0 T X5

new

can be automatically obtained in this gauge invariant fashion, as

losed __ ~ztwined open  __ ~twist __ ., D D D
Zibey(ac) = Lre(abe) — Zvoriaey = Lrmtave) = X110 T X710 T X1370

open __ ~zopen — D D D_ ,C C C
Z(bc),(bc) — Z(bc),(bc) =Xo TXintXo =X T Xin T 20

The boundary entropy computation also suggests that | By") is consistent with Z;q—interface:

3+\/§ —1/4
2

a(By) =7, 4B =+/27, @B =2y, with y=



[1I. Outlook:

e Complete the TIM-3Potts RG interface: In ongoing work with Antunes
and Rong, we are matching a concrete lattice junction to the field-
theoretical RG wall, including its intertace spectrum and observables.

e Entanglement through interacting RG interface: Computing another
observable, c. the logarithmic coefticient of EE across the interface, is
challenging. Only free theory results are known. An interesting bound was

proposed in 2404.01515, ¢;; < c.4 < min(c;, Cp)

e Construct RG walls for long flows: Extend the top-down construction to

the family Py — My, (. Atlarge N, cyy = 2, ¢g — 1 is a genuine long
flow with genuinely non-perturbative RG wall (in progress)



] hank you f()’z your attention!



