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A quantum field theory looks different at different energy scales. The evolution of its effective 
description with scale is a renormalization-group flow.

At a nontrivial fixed point, the theory is scale invariant and, under the standard assumptions of 
relativistic QFT, is conformal.

SUV ⟶ SUV + λ∫ℝD

dDx Φ(x) , ΔΦ < D

I. Motivation:



An ordinary RG flow separates theories in scale; an RG wall separates them in space:

Sstep = SUV + λ∫ℝD

dDx θ(−x⊥) Φ(x)

Th finite-scale step defect is not conformal. The RG wall is its infrared fixed-point limit, if that 
limit exists. The flow also includes wall-localized couplings:

Seff = Sstep + ∑
a

μa ∫x⊥=0
dD−1y 𝒪̂a(y) ⟹ βbulk(λ) = βwall(μa) = 0

A half-space deformation converts an RG trajectory into a codimension-one fixed point object.



The cross-interface data determine: 

• UV-IR operator pairings, UV data lost or reorganized in the IR; 

• selection rules that survive the flow, sectors allowed to mix.

Why package an RG flow into a wall?

A. A flow-dependent UV-IR dictionary 

MRG
ji = ⟨𝒪IR

j |ℐRG |𝒪UV
i ⟩

⟹ 𝒪IR
j = ∑

i

MRG
ji 𝒪UV

i + descendants + decoupled UV operators

Beautiful wall example in  free/Wilson-Fisher  reproduces leading UV-IR mixing; 
defect crossing provides a non-perturbative handle for perturbative CFTs (1502.07217).

4 − ϵ O(N)

The wall remembers more than the endpoints: it probes the UV-IR operator map.



A preserved topological defect can be deformed through the wall into its IR image:

The wall tracks: 

• ordinary and generalized symmetries, and possible anomaly constraints on their transport; 

• boundaries and other extended operators crossing or ending on the wall.

B. Transport symmetries, defects and boundary conditions

DIR
ρ(a) ∘ ℐRG = ℐRG ∘ DUV

a

The wall acts on boundary conditions: fusing it onto a UV boundary produces its renormalized 
IR image:

BIR = Reg (ℐRG ⋆ BUV)
where  denotes fusion, and ‘’Reg” indicates short-distance counterterms needed if necessary.⋆

The wall transports the extended data of the theory, not only local operators.



C. The wall is a new physical system

At its fixed point, the interface is a defect CFT with data beyond the two endpoints of RG flow.

Wall spectra and bulk-to-wall OPE: The two bulk sides couple through,

𝒪(s)
i (y, x⊥) = ∑

α

λ(s)
iα |x⊥ |Δ̂α−Δ(s)

i 𝒪̂α(y) + ⋯ , s ∈ {UV, IR}

Displacement operator:  probes normal deformations of the wall; , its 2-pt correlator 
coefficient, measures the coupling between the bulk and wall.

D(y) CD

∂μTμ⊥(x) = δ(x⊥) D(y) , ΔD = D . ⟨D(y) D(0)⟩ =
CD

|y |2D

Sphere free energy and defect Weyl anomaly: Map the planar wall to the equator of . The 
universal logarithmic terms encode interface anomalies (in even dim.)

SD

(𝕊D , ℐRG on 𝕊D−1
equator) ⟹ Z𝕊D(ℐRG) ∝ abulk log

R
ϵ

+ ℱinterface⋯



My talk focuses on RG walls in 2D RCFTs. Using folding trick, one turns the interface into a 
boundary conditions of the product theory, encoded in the closed channel by  :|RG⟩

Even for 2D RCFTs, constructing the wall non-perturbatively remains difficult. A generic RG 
boundary need preserve only the total Virasoro algebra, not the full product chiral algebra, 
and is therefore generally non-rational. The usual Cardy construction does not classify such 
boundaries. No general classification is known.



• Motivation to study RG domain walls;   ✅ 

• Bottom-up approach: generalized symmetries, phantom currents; 

• Top-down approach: generalized orbifolding, automorphism, and brane 
transports; 

• Outlook

The talk will be given as follows:



II. Bottom-up Approach:
A RG wall is intrinsically non-perturbative, and hard to determine. However, if  is topological 
defect in  and completely transparent to the perturbation, it will remain topological in ,

Da
𝒯UV 𝒯IR

DIR
ρ(a) ∘ ℐRG = ℐRG ∘ DUV

a

DIR
ρ(a) ⊗ DUV

a can end topologically on BRG



Preserved defects constrain the allowed sectors and junctions. They are closed under the 
fusion. Together with their topological junctions, they define a preserved fusion category  

 

𝒞prev.

Da ⋅ Db = ⨁
c

Nc
ab Dc , for Da ∈ 𝒞prev.

Here  are fusion multiplicities. The fusion and crossing data are discrete RG invariants: The 
IR images of the preserved lines must reproduce their generalized ‘t Hooft anomaly. 

 

Nc
ab

sψ ≡ hψ − h̄ψ mod ℤ , ψ ∈ ℋa

The allowed values of  in the -twisted Hilbert space  , provide an independent spin 
selection rule. A mismatch of fusion, anomaly or defect-spin data rules out a candidate IR 
endpoint before the RG boundary states is known. 

These are necessary matching conditions, but do not themselves construct the RG wall or 
prove that the flow exists. (1201.0767, 1802.04445, 2407.21353, 2601.03879,   
2603.09591)

sψ Da ℋa



In the folded picture, Gaiotto noticed that the transmitted product line  can end 
topologically on  . So, shrinking the line to boundary will turn a chiral defect endpoint field 
into an operator on the RG wall, 

DIR
ρ(a) ⊗ DUV

a

BRG

In the above picture, the tether is deformed topologically . Taking the regular boundary OPE of 
the chiral field  will produce  , an open-channel wall operator. 

The notation of a phantom current is a holomorphic integer-spin field in the folded theory, 
inherited from a defect endpoint but absent as an ordinary current of either UV/IR CFTs.           
(1201.0767,   2505.09668,   2511.00356,   2605.24978)

ψa 𝒪̂ψa
∈ ℋBRG, BRG



Spin-1 Phantom current:
A spin-1 phantom current is a non-local - chiral current absent in either UV/IR theory 
satisfying 

(1, 0)

jA(z) = ψhL, A(z) ψ̄hR, A(z) ∈ ℋ(1,0)
DA, L⊗DA, R

, with hL + hR = 1

The current   has an interesting feature that its tilt operator is exactly marginal on the wall jA(z)

∂̄jA(z) = δ(x⊥) tA , tA = jA |B , Δ̂tA = 1

So one can define an exactly marginal deformation on the wall, 

Uθ = exp iθ∫x⊥=0
dy tA(y) ⟹

2505.09668,  2507.22976

A spin-1 phantom current generates an exactly marginal defect conformal manifold.



Spin-2 Phantom current:
A spin-2 phantom current, on the other hand, will help determine the energy transmission on 
the interface. 

  hep-th/0611296,  1904.10974

⟨TL(z)TR(w)⟩ℐ =
cLR

2(z − w)4

𝒯L =
cLR

cL
, 𝒯R =

cLR

cR
; 𝒯s + ℛs = 1 .

𝒯av =
cL 𝒯L + cR 𝒯R

cL + cR
=

2cLR

cL + cR

𝒯av + ℛav = 1

In 2D, energy conservation leaves no third spatial channel along the wall. A conformal interface 
splits an incoming null-energy pulse into reflected and transmitted flux, completely 
determined by the central charges  and  :cL, cR cLR



When there is a spin-2 phantom current , it will mix two stress-tensor channels on the RG 
interface,

X

X = ϕLϕR , X = ϕLϕR , hL + hR = 2

TL = α TL + β TR + γ X , TR = α′￼TL + β′￼TR + γ′￼X

These  coefficients can be exactly determined by the following bootstrap constraints: 

• Energy-flux conservation (Diagonal Vir.): the interface neither absorbs more emits energy.

α, β, …

TL + TR = TL + TR

• Canonical normalization: 

∥Ts∥2 =
cs

2
, for s = L, R



• Cluster decomposition (2511.00356): A stronger cluster decomposition principle is 
imposed that the two outgoing stress tensors in   don’t talk to each other:𝒯L / R

TL(z) ⋅ TR(w) ∼ 0

Constraint equations can be read off by the poles of the above OPEs. The relative central 
charge  can be thus determined purely by the local OPE data:cLR

cLR = β =
cL cR (hR − hL)
cR hR − cL hL

, when γ ≠ 0 and cR hR ≠ cL hL

Even without knowing the details of the RG boundary state, a hidden spin-2 phantom current 
channel turns unknown wall dynamics into a finite-dimensional OPE problem on determining 
the transmission rate of the null-energy flux.



Example:  - parafermion flows to minimal ℤN ℳN+1, N+2

In 2605.24978, we study the long RG flow from -parafermion , perturbed by the spin 
operator  and  , to the minimal model , proposed by Faddeev and Zamolodchikov.

ℤN 𝒫N
σP σ†

P ℳN+1

𝒫N
RG flow

σP , σ†
P

ℳN+1 , 𝒞prev. = 𝔰𝔬(3)N , for N ≥ 3

In the folded picture, the endpoint quasi-local fields on the TDLs of  contains non-local 
hidden phantom currents  with spin , 

𝔰𝔬(3)N
js s

s = k2 , 0 ≤ k ≤ ⌊N/2⌋ (s = 0, 1, 4, 9, …)

• A spin-1 phantom current: The lowest non-trivial fields, at , is a spin-1 current,k = 1

j1 = ϕIR
1,3 ϕUV

3,0 ; N = 3 : jN=3
1 = ϵ′￼TIM

3/5 ϵ3Potts
2/5

Indicating there would be a defect conformal moduli on the possible RG interface between 
-parafermion and minimal 

ℤN
ℳN+1



So the space consisted of spin-2 (quasi-)primary operators is spanned by

• A spin-2 phantom current: Although there is no fundamental Virasoro spin-2 current, the 
-current in -parafermion secretly induces a genuine spin-2 phantom current,W(3) ℤN

X = ϕIR
1,3 (W(3)

−1ϕUV
3,0 )

span {TUV , TIR , X, W−( j1)} ,

where the field  is the diagonal Virasoro primary in the derivative family of . The proposed 
operator-mixing equations,  

W− j1

TL = α TL + β TR + γ X + δ W− , TR = α′￼TL + β′￼TR + γ′￼X + δ′￼W−

admitting precisely an one-parameter ( ) family of solutions, implying there must be defect 
conformal manifold. The transmission rate

θ

𝒯N(θ) =
8(N + 1)(1 + cos θ)

3(N + 2)2
⟹ {θ = 0 : transparent RG wall

θ = π : factorized interface



• Motivation to study RG domain walls;   ✅ 

• Bottom-up approach: generalized symmetries, phantom currents;   ✅ 

• Top-down approach: generalized orbifolding, automorphism, and brane 
transports; 

• Outlook

The talk will be given as follows:



III. Top-down Approach:
The bottom-up approach implies that  and  have to mix with those spin-two phantom 
currents.  

This suggests that, in an enlarged theory where these quasi-local operators are condensed in 
the vacuum, one may rationalize the wall by defining automorphism acting on the 
corresponding enlarged chiral algebra 

TUV TIR

Such a procedure was pioneered in Gaiotto’s seminal work 1201.0767.



Such a gauging implies a conformal embedding of the chiral algebra  in the product theory 
 to  in . The total stress tensor is also unchanged:

𝒱A
A 𝒱B B

• Generalized orbifolding: In modern language, those phantom currents are endpoint fields 
of TDLs in , condensing them into vacuum is equivalently to gauging the fusion 
category 

𝒞prev.
𝒞prev.

D̂a ≡ DIR
ρ(a) ⊗ DUV

a , 𝔘cond = ⨁
a

na
0 D̂a , ⟹ B = A/𝒞prev.

cA = cB , 𝒱A ⊂ 𝒱B, , and TA = TB = Ttot = TUV + TIR

In addition, the generalized orbifolding also assign a topological interface  between 
theory  and  , satisfying 

ℐB→A
A B

ℐB→A ∘ ℐ†
B→A = 𝔘cond



• Finding an automorphism in  : This is the most crucial and delicate step. A possible RG 
interface/boundary must assign an automorphism  on  .

𝒱B
Ω ∈ Aut(𝒱B) 𝒱B

The  is necessarily keeping the total stress tensor  invariant. But its action on  must be 
non-invariant, so that it can play the role of mixing the two stress tensor  and  ,

Ω Ttot 𝒱A
TUV TIR

Ω(Ttot) = Ttot , Ω(𝒱A) ≠ 𝒱A

In addition, the minimal requirement for  also needsΩ

𝒱ir(Ttot) ⊂ Ω(𝒱A) ∩ 𝒱A

• Pullback to theory : Once  is defined, one can construct an -twisted Cardy brane, and 
pull back to the product theory  by the topological interface  , one has a RG brane

A Ω Ω
A ℐB→A

|BΩ⟩B ∈ B , ⟹ |BRG⟩A = ℐB→A |BΩ⟩B



A review on Gaiotto’s prime example: TIM flows to Ising

In the simplest RG flow from TIM to Ising triggered by the thermal operator  , 
The preserved fusion category is

ϕTIM
1, 3 = ϵ′￼3/5 ϵ̄′￼3/5

𝒞prev. ≃ TY(ℤ2) = {1, g, σ} : g2 = 1 , gσ = σg = σ , σ2 = 1 + g

g = DIsing
ϵ ⊗ DTIM

ϵ′￼′￼
, X = ϵIsing

1/2 ϵ̄′￼′￼TIM
3/2 , satisfying hX =

1
2

+
3
2

= 2

Symmetry  is simply the . Gauging it gives,g diag(ℤIsing
2 × ℤTIM

2 )

𝒱A =
𝔰𝔲(2)(a)

1 × 𝔰𝔲(2)(b)
1

𝔰𝔲(2)2
⊗

𝔰𝔲(2)2 × 𝔰𝔲(2)(c)
1

𝔰𝔲(2)3

⊂ 𝒱B =
𝔰𝔲(2)(a)

1 × 𝔰𝔲(2)(b)
1 × 𝔰𝔲(2)(c)

1

𝔰𝔲(2)3

B = A/⟨g⟩ ,

cA = cB = cIsing + cTIM =
6
5

,



•  : The outer automoprhism group of  is the permutation of the three 
. Especially, the emergent quantum  symmetry is the transposition :

Out(𝒱B) = S3 𝒱B
𝔰𝔲(2)(a, b, c)

1 ℤ2 τq = (ab)

τq ≡ (ab) , ⟹ A = B/⟨τq⟩

• RG automorphism  : The interesting RG automorphism  is the transposition : Ω Ω Ω ≡ (bc)

Ω(TIsing) =
1
8

TIsing +
5
8

TTIM +
1
48

X , Ω(TTIM) =
7
8

TIsing +
3
8

TTIM −
1
48

X

Clearly,  keeps the total stress tensor , but provides non-trivial mixing between individual 
factor stress tensors through the hidden spin-two phantom current . 

Using , one defines a -twisted brane  , and pullback to theory  via the -interface 

Ω Ttot
X

Ω Ω |BΩ⟩B A ℤ2

|BRG⟩A = ℐB→A |BΩ⟩B



Revisiting Ising-TIM RG brane:

An recent paper (2605.23848), by Antunes and Rong, revisit the construction of the RG 
interface between Ising and TIM.  They found that Gaiotto’s RG brane is not simple from 
its open string partition function: 

|BRG⟩A

Zopen
RG = 3χ1, 1 + 43χσ, σ′￼

+ χϵ, 1 + χ1, ϵ′￼′￼
+ 3χϵ, ϵ′￼′￼

where  are the product characters. 

The number of vacua,

χa, ≡ χIsing
a χTIM

b

nvac = 3

is interesting, as it supports a 3 dimensional NIM-rep of . However it seems 
more likely that the  is spontaneously broken, and thus in a gapped phase.

𝒞prev. = TY(ℤ2)
𝒞prev.



More importantly, AR actually found a new conformal interface from a concrete lattice model,

HL = − J* (
N/2−1

∑
i=1

Zi Zi+1 +
N/2

∑
i=1

Xi) + K*
N/2−1

∑
i=1

𝒪i, 𝒪i = Zi Zi+1 Xi+2 + Xi Zi+1 Zi+2 ;

HR = − (
N−1

∑
i=N/2+1

Zi Zi+1 +
N

∑
i=N/2+1

Xi), Hb = hb (ZN/2 ZN/2+1 + ZN Z1)

H = HL + HR + Hb

The Hamilton  preserves an diagonal -symmetry and 
the Kramer-Wannier duality, and thus the diagonal 

 in .  

A DMRG simulation on  sites find a critical point: 

H ℤ2

TY(ℤ2) Ising ⊗ TIM

N = 256

 , when ; 

 , by default; 

 , when 

HL ⟶ HTIM K*/J* ≃ 0.428

HR ⟶ HIsing

Hb ⟶ critical hb ≃ 1.379



C ≡ W3(5, 6) =
𝔰𝔲(3)1 × 𝔰𝔲(3)2

𝔰𝔲(3)3
, cC =

6
5

= cA = cB

Defect spectra:   (nearly twofold) 

There is no any primary in  or  matching the above spectra. Rather, AR proposed a new 
brane  in the second -minimal model: 

Δ+ ≃ 0.50 , Δ′￼− ≃ 0.77 , Δ ≃ 1.50

A B
|Bnew

RG ⟩ W(3)

The open string partition function of , to match the DMRG spectra is given by |Bnew
RG ⟩

Zopen
new = χW3

0 + χW3
1/2 + 2χW3

2 + χW3
1/9 + χW3

7/9 + χW3
13/9

where  are the characters of theory . Apparently,  is a simple brane, with  χW3
h C |Bnew

RG ⟩

nvac = 1



The missing towers complete a tetrahedral duality web:

The spectra tower discovered in AR:  occur in neither the theory  nor  
primary spectrum, but rather in  and also branch into a fourth theory  : 

h = 1/9, 7/9, 13/9 A B
C D

Spec(BRG) ⊂ 𝒱A ∩ Ω(𝒱A)

= 𝒱⟨τq⟩
B ∩ 𝒱⟨Ω⟩

B

⟹ D = B/S3

= 𝒱S3
B ≡ 𝒱D

To appear, with Antunes and Rong



The new RG brane  is the gauge-invariant orbit of :Bnew
RG τq

Recall that the construction of the seed brane  in  is from the transposition:|BΩ⟩B B

However gauging  back to  is rather using another transposition:  B A

Ω = (bc) ∈ Out (𝒱B) , 𝒱B =
𝔰𝔲(2)(a)

1 × 𝔰𝔲(2)(b)
1 × 𝔰𝔲(2)(c)

1

𝔰𝔲(2)3

τq = (ab) : A = B/⟨τq⟩

The seed brane  is not gauge invariant respect to  |BΩ⟩B τq

|B(bc)⟩B ≡ |BΩ⟩B , τq ⋅ |BΩ⟩B = |B(ac)⟩B

 is a -twisted brane. A gauge invariant way to transport  back to  is to sum 
the -orbit 
|B(ac)⟩B (ac) |BΩ⟩B A

ℤτq
2

|Bnew
RG ⟩ =

1

2 ( |B(bc)⟩B + |B(ac)⟩B)



The open string partition function, proposed by AR, 

Zopen
new = χW3

0 + χW3
1/2 + 2χW3

2 + χW3
1/9 + χW3

7/9 + χW3
13/9

can be automatically obtained in this gauge invariant fashion, as 

Zclosed
(bc),(ac) = Z twined

r=(abc) ⟹ Zopen
(bc),(ac) = Z twist

r=(abc) = χD
1/9 + χD

7/9 + χD
13/9

Zopen
(bc),(bc) = Zopen

(bc),(bc) = χD
0 + χD

1/2 + χD
2 = χC

0 + χC
1/2 + 2χC

2

The boundary entropy computation also suggests that  is consistent with -interface:|Bnew
RG ⟩ ℤτq

2

𝔤(BΩ) = γ , 𝔤(Bnew
RG ) = 2 γ , 𝔤(BGaiotto

RG ) = 2 γ , with γ = ( 3 + 5
2 )

−1/4



III. Outlook:
• Complete the TIM-3Potts RG interface: In ongoing work with Antunes 

and Rong, we are matching a concrete lattice junction to the field-
theoretical RG wall, including its interface spectrum and observables. 

• Entanglement through interacting RG interface: Computing another 
observable,  the logarithmic coefficient of EE across the interface, is 
challenging. Only free theory results are known. An interesting bound was 
proposed in 2404.01515,   

• Construct RG walls for long flows: Extend the top-down construction to 
the family . At large ,   is a genuine long 
flow with genuinely non-perturbative RG wall (in progress)

ceff

cLR ≤ ceff ≤ min(cL, cR)

𝒫N ⟶ ℳN+1 N cUV → 2 , cIR → 1



Thank you for your attention!


