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gl Bardeen, Carter & Hawking (1973)
“It can be seen that k/87 is analogous to temperature in the same way that
A is analogous to entropy. It should however be emphasized that x/8x and

A are distinet from the temperature and entropy of the black hole.”

. 1971/1972 Hawking's area theorem PRL(1971) . CMP(1972)

& 1972 Bekenstein: Black hole has entropy?

1972 Les Houches Summer School on Black Holes

€ 1973 Hawking: Black hole mechanics  cveior)

Bekenstein: Black holes and entropy rrofe73)

PHYSICAL REVIEW D

Joseph Henry Labovatovies, Prisceton University, Princetos, New Jersey 08540
and Center fov Relativity Theory, The University of Texas af Austin, Austin, Tesas 75712}

There are 4 pumber of simllarities between black=hole physics and thermodynamics,
Most striking i the similarity in the behaviars of black-hole area and of entropy: Both
quantities tend to increase irreversibly. In this paper we make this similarity the basis of

VOLUME 7, NUMBER §

Black Holes and Entropy*
Jacob D. Bekensteint

[Received 2 November 1972)

15 APRIL 1973

In those days in 1973 when 1 was often

Wheeler's suggestion led” to a formula
for black hole entropy independent of the
properties of matter

Shn = nkA/Lpw
Here 7 is a pure number, presumably of

:_mJ»-r unity, to be determined separately. John Archibald Wheeler

Lpw = (hG/c%)'t = 161 X 10-* cm
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Letter = Published: 01 March 1974

Black hole explosions?
S. W. HAWKING

Nature 248, 30-31(1974) | Cite this article

97k Accesses ‘ 4966 Citations | 993 Altmetric \ Metrics

Beckenstein® _suggested on thermodynamic grounds that
some multiple of « should be regarded as the temperature of
a black hole. He did not, however, suggest that a black hole
could emit particles as well as absorb them. For this reason
Bardeen, Carter and I considered that the thermodynamical
similarity between x and temperature was only an analogy.
The present result seems to indicate, however, that there
may be more to it than this. Of course this calculation
ignores the back reaction of the particles on the metrie, and
quantum fluctuations on the metric. These might alter the
plﬂtll]‘e.

4 1974 Black Holes Ain't So Black

Nature(1974)

CMP(1975)

In the classical theory black holes can onlg absorb and not emit Riiiiﬁ.lﬁi— However it is
shown that ﬂuantum mechanical effects cause black holes to create and emit Rarticles as if

PHYSICAL REVIEW D

VOLUME 13, NUMBER 2

Black holes and thermodynamics™

S. W. Hawking *
California Institute of Technology, Pasadens, California 91125
and Department of Applied Mathematics and Theoretical Physics, University of Cambridge. Cambridge. England
(Received 30 June 1975)

15 JANUARY 1976

Hawking also gave an argument show-
ing that charge and rotation do not aller
the thermal nature of the emission.
They only affect the form of the charac-
teristic temperature T, In every case it
is given hy the same formula as T, with
the choice n =

Hawking Temperature

hk kc3A
=i bh
2 nkc Black Hole

~ 4Gh

Bekenstein-HHawking Entropy
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The 4 Laws of Black Hole (thermo)Mechanics
€ 0th Law &« =constant

-- surface Gravity is constant over the event horizon

@ 15 Law dM:8£dA+QdJ+CDdQ+---
T

-- differences in mass between nearby solutions are equal to differences in
area times the surface gravity plus additional work terms

&®2rdlaw  d4=0

-- area of the event horizon never decreases in any physical process

®39law K, >k

> 0,n<o

-- No procedure can reduce the surface gravity to 0 in a finite number of steps 533
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| Superconducting
quantum simulation

Hawking radiation and
dynamics the curved
spacetime

| Gravitational wave test ©

PHYSICAL REVIEW LETTERS 127, 011103 (2021
Ceie W m ]

Testing the Black-Hole Area Law with GW 150914

Laws of Black Hole
Mechanics

Home + Science China Physics Mecharics & Astrunomy > Articke

Testing the first law of black hole mechanics
withgravitational waves

Chao-Wan-ZhenWang, fin-BaoZbu, Guo-Qing uang & Fu-WenShu (9

nature communications

Article tpe/jclo or/10.1008/ed1467-023-30004-6

Quantum simulation of Hawking radiation
and curved spacetime with a
superconducting on-chip black hole
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GW250114: Testing Hawking's Area Law and the Kerr
Nature of Black Holes
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Verification of the black hole area law with GW230814
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Gellel‘allzed Fl'ee enel‘gy Landau potential "%{/ 7

[ Equation of state ] {Equation of motion ]
Thermodynamics Classical Mechanics
Provided

N

The process of a system from an unknown state to an equilibrium state:

selecting a relation (equation of state in equilibrium) from all possible relations

szF(X,T,P)dX F(X,T,P)=P— f(X,T)

Z.-M. Xu, B. Wu and W.-L. Yang, CQG (2021) 7/33
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Generalized Free energy €

AT (1)

dU (ry) _0 T /-\ / Different states in the
dS(rp) / al \ / system at the extremum
T, of the potential
. / \ B / ){\3 function
3 \__/ 7’
T =Ty(ry) - .
(0] S, ] s, S(ry)
P = >
‘g{/ (=]
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Small/Large phase transition picture <)

Kramer RN-AdS BH
escape rate

= The overall process is dominated by the
n 4 transition from a small black hole to a
¢ large black hole.

/ AU=U(2)-U(z) owf |
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v= VI (2)U"(2)|e™27P, AU =U(z) = Uz)|| o=t
™

Z.-M. Xu, B. Wu and W.-L. Yang, SCPMA (2023)
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Triple phases transition picture {

[ SmalUl\Iiddle/Large phases ] 6D GB 'Ads BH C. Ma, B. Wu, and Z.-M. Xu, PLB (2025)
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Thermodynamic bounce effect i€

qBTZ BH

st m:- ....................................
1 thls‘e = No => 1st Phase Transition = T"!BI'TI'IOdyna N /\
Transitio mic bounce

+v n effect "( """""""""""""""""

v<l ! v=1 l<vey, v=vy, VoV, os!

Z.-M. Xu, P.-P. Zhang, B. Wu, and X. Zhang, JHEP (2024)
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Complexification

O Maping the different states in the system into the extremum of the potential function

zeros of the derivative of potential function

O Analytical properties of thermodynamic phase transitions

the Lee-Yang Formalism zeros of the partition function

Complex Domain

13/33



Complexification e
U(rp) = f (Ty(ry) = THYAS(rp,) U(z)=u(x,y)+iv(x,y)
Black hol ( )_ du Zeroes of
ack hole state at f{z) = dz Analytic Function

Z.-M. Xu, Y.-S. Wang, B. Wu and W.-L. Yang, PLB (2024)
14/33



Complexification ,

{ Argument Principle ]

Let C be a simple closed contour lying entirely within a domain D. Sup-
pose f is analytic in D except at a finite number of poles inside C, and
that f(z) # 0 on C. Then

1 [ f'(2)

2mi Jo F(2)

dz = Ng — N,

27 il
where Ny is the total number of zeros of f inside C' and N, is the total
number of poles of f inside C. In determining Ny and N, zeros and poles
are counted according to their order or multiplicities.

-plane

Winding number
1 dw 1 f(2)

= om cw  2m Jo f(2)

1
No— N, = o [change in arg (f(z)) as z traverses C' once in the positive direction].

15/33



Complexification L

4D Kerr-AdS BH complexr,to 1y, ) _ /(Th(fh) —T)dS(r).
Hawking Temperature: 12 1 1 1 dU
T= gl @+ Dt ) 7] J@)=""
Bekenstein Entropy: s m(a® +r%)
= 7
-7
Generalized free energy: 1 2 1 1 1 242
¥ = fanmmis= [ g v g -7
a-7)
r(=2a® + * 4+ 71 + 2(a® - aIz)Aractan[E]
- 2 (2-1%)
Analytical function:
_ A (=B + (4345
f@= 4lnz(a® + 2%) ]}I/l 1 = 3
ocal-max
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[ Complex correspondence]
Black holes Phase transition M Con:lplex counterpart
(Riemann surface) {
local-max global <
F 4 o 4
Schwarzschild No 1 0 one foliation
four foliations
o
b ! o Third order i
Reissner-Nordstrom 2nd 2 0 two foliations N Lovelock e
black hole
Schwarzschild-AdS ond 2 1 two foliations ! ’
-' : phase I
I
Charged AdS 15t and 274 3 1 three foliations A ransition |54
6D charged Gauss-Bonnet 15t and 274 5 1 five foliations = ' '

Y.-S. Wang, Z.-M. Xu, and B. Wu, CPC (2024)
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Complexification

Riemann surface = Phase transition?
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Complexification €

@ Analytical properties of thermodynamic phase transitions

. C.-N. Yang and T.-D. Lee, Phys. Rev. (1952)
® The Lee-Yang Formalism "} % ac '~ Yang, Phys. Rev. (1952)

METPERREFNRSENLEL, BRANMEEENASE, BLHikS
REESTFEHLNT RS HRET RRENLEFEETA.

Sl .GJE;QL;;ﬁfZ
\_ | RARBNER P — -
ST BB Lee-Yang = = “—zemsofziev)
i ‘ g, HYFH Zeros RS Zel:os ofE(;V)
L EOmHEME i (— .
BORBERIAHYRIN 3¢ —

MR, EREABF. FHE, PHE 0235) 19/33
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Expernimental Observation of Lee-Yang Zeros

PRL 109, 185701 (2012) PHYSICAL REVIEW LETTERS

woek ending
2 NOVEMBER 12

Lee-Yang Zeros and Critical Times in Decoherence of a Probe Spin Coupled to a Bath

Bo-Bo Wei'” and Ren-Bao Lin'**

"Deparment of Physics, The Chinese University of Hong Komg, Hong Kang, China
*Center for (wantun Cotererce, The Chinese Universiy of Hong Keng, Hong Komg. Ching
‘tustituie of Theoretical Physics, The Chinese University of Homg Kong, Hong Kong. China

(Received |1 July 2012; revised mamuscript received 22 August 2012: published 31 October 2012}

Phase iraasitions are not usually seen i the ime donsin. Here, we repert ca the finding of criicaltimes
at which a physical abservabe, i the thermodynaric i, becomes poranalytic as a function of time.
We find that the coherence of & probe spin coupled 103 many-bedy system vanishes ot times in one-to-onc
comespondence 1o the Lee-Yang zems of the parition fusction of the many-body sysem. In the
thenmodynamsc limit, the Lee-Yong zems fom a costimuum cut in the complex plane af fugasity and
the probe spin coherence presents sudden death and birth 1 the eritical times comesponding to the Yang-
Lee singularites. These results proside new experimental passbilies in many-bady physics

DOk 11103 PhysResLen,. 108, 185701 PACS mmbers: 646084, 368 Yz, 1550+, 64600¢

PRL 114, 010601 (2015)

A

Xinhua Peng,'” Hun Zh
Hefei Natiomal

* Department of P
The Chinese

the purtition function of &
in many-body systems
mpartance, 1

spin
omplex phase facor an
ured Lee-Yang roros, we reconstruciod the

iy ex perisment opens up sew

1410001 PACS numbers: 03,70, 0305,V 3325 ok, 160D
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Complexification
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Complexification
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4D Charged AdS black hole

9=

Cp =

~3p_ 3 1

7§<+4z 873’

3 P s L
4(" 6" +2:)'

C 2@3pt+6e7 1)
24(pz* =222 41)°

Th
z =1
T

rn = Re(rn) + i Im(rp)
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\_/\J

Lee-Yang zeros

pz’

— 22241 =
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Complexification €

4D Charged AdS black hole

3p_ 3 1 r Lee-Yang Zeros
t=—2z+ — _"h
8% 4z 8 2=

pzt—22241=0

2(3pt+ 622 -1) Th = Re('rh) + 7 Im(']‘h)
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Charged AdS black hole:

Complex Plane Phase Diagram - —
Spinodal line
................ Complex phase line § 9w
................ Coexistence line it g ..."'::" vs
, p(3 —_ \/ﬁ) ) 7 o5 10 ’
- 2 Rett)
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Complexification %

Charged AdS black hole:

Complex Plane Phase Diagram

Widom line

SBH-like _-. ‘\\\'\\“ 15 PrOjECtion Of complex Lee—
. \\\3“ LBH-like | Re(p)

i oo - Yang zeros on the real

SBH -
e phase plane
YA
sinette o R~‘L-n\ff““ Ky LBH
s cot -
o 05 Re(r) 10 o

Z.-M. Xu, and R. B. Mann, PRL (2026)
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Complexification

SBH-like

LBH

Widom line extends the concept of phase
separation into the supercritical regime, beyond
the critical point where no true phase transition
occurs. It marks a transition between
qualitatively different liquid-like and gas-like

regimes.

Widom line is commonly defined as the locus
of maxima in thermodynamic response
functions, such as heat capacity,
compressibility, or correlation length, but its
precise and universal definition remains an

open question. 26/33
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Relation between the Widom line and the dynamic “nature
. - - - . - COMMUNICATIONS
crossover in systems with a liquid-liquid
v phase transition
‘ Limed Xu*', Pradeep Kumar*, 5. V. Buldyrev*', 5.-H. Chen®, P. H. Poole?, F. Sciorting!, and H. E. Stanley*" ARTICLE
Pl oo o s oo s Scon iy St i Py Y Ui S et 18500 : .
g TR S ot e o 1 e A5 ot Racabod 1 Aug 2014 | Accepted 10 Hov 014 | Pubished 16 Dec 2014 [CTTTTmm——rey
i— I\:eru nd ion.camnlm D,na i ualb;laoMmo} wm& Rome. Rl e H B H
— Widom line and dynamical crossovers as
PRL 112, 135701 (2014) PHYSICAL REVIEW LETTERS 4 APRIL 2014 .
routes to understand supercritical water
Behavior of the Widom Line in Critical Phenomena P Gallo!, D. Corradin! & M. Ravere!
Jiayuan Luo.' Limei Xu.™"" Erik La ! H. Eugene Stanley." and Sergey V. Buldyrev*'
Center for Polymer Studies and Department of Physics, Bosion University, HIWWI Massachusetts 0] PHYSICAL REVIEW E 109, 024118 (2024)
*Iniemaiional Center for Quanium Materials, Peking University, Beijing 100871, China — z — —
*Collaborarive hum\:im-il (ﬁuu r of (ﬂummm Marter, Beijing il)lh\“‘ China
“Deparmen: of Physics, Yes Sth Srreer, New York, New York 10033, USA
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The moduli of the complex Gibbs free energy g with respect to
complex temperature ¢
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' 4d Kerr AdS Black Hole — — 5d Kerr AdS Black —

[ S ——— p— _— Rez) B — s rr— R (2]
- 0| " \—/
1.
1 1 o i . - -
Complex Phase Diagram
SBH-like
SBH-like
LBH-like
LBH-like
Critical point |
.
LBH
N
e ) -
FIG. 4: Complex phase diagram of Kerr-AdS black hole at d = 4 FIG. 6: Complex phase diagram of Kerr-AdS black hole at d = 5. 29/33
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Reentrant phase transition

o 0.0040
Critical point 1
0.83 0.0038
© - Zeroth-order phase transition
B" & 00036
g 5
: 081 Z 0.0034
= Vo T — I+
£ om0 0.0032
<
0.79) 0.0030F Triple point
in i
0. 0.0028
0.0420 0.0425 0.0430 0.0435 D040 0.042 0.043 0.044 0.045 0.046
Temperature: T Temperature: T
Kerr AdS black hole (D 2 6) 6D Guass-Bonet black hole (Modify gravity)

Natacha Altamirano et al, PRD(2013) Lovelock black hole thermodynamics Frassino et al, JHEP(2014)

4D Born-Infeld AdS black hole/ D = 6 dRGT gravity (Modify the matter field)

S. Gunasekaran et al, JEHP(2012)/ D.-C. Zou et al, EPJC(2017) 30/33
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Charged Gauss-Bonnet AdS black hole

— " Coexistence lines ® Critical points
== == Spinodal lines  ® Triple point

Z.-Y.Li, X.-R. Chen, B. Wu, Z.-M. Xu, PLB (2026)

SBH-like

| 6D

IBH-like
LBH-like

1IBH



em e,
S,
L4 Ld - ) };
m X111 10N :
* -
& 123 E4
«
Born-Infeld AdS black hole
ey miry)
! :
L -
k/ J ™
E -
- -
= ,. E " v
LBH-like I SBH-like
/ (TS LBH-like
L Critical point | (£, 7"} 00020 [
wons SBH-like a l-mu.u T i w | ertiod petal L
/ s r BTy
LBH-like Tripke point (72,7} bt A" LBH-like t '
oy bl a4 [ ¢ LBH
000! LBH e +
0,038 m‘knf’ a2 -
Critical point 2 (17,77} t Spinodal line
T T TUR I S T R T T
s [ s s
Rl

FIG. 4: Complex phase diagram of BI-AdS black hole at b = 0.4.

FIG. 8 Complex phase diagram of BI-AdS black hole at b= 1.

F. Guo and Z.-M. Xu, EPJC (2026)
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Summary i

® Complex structure of the 15t . 2nd phase transitions for black holes
Phase transition Riemann surface

® A supercritical description of thermodynamic phase transitions in black
holes was established using the Lee-Yang phase transition theorem

Widom line +  Projection of complex Lee-Yang zeros on the real phase plane.

® [n the thermodynamic limit

Black Hole Thermodynamics = Il/l_)ll% Thermodynamics

N-co



