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S-matrix principles

• Poincare invariance


• Locality: Froissart—Jin—Martin bound 

• Unitarity: conservation of probability in quantum theory 

• Causality: micro-causality [𝒪(x), 𝒪(y)] = 0, (x − y)2 > 0



Unitarity S†S = 1

For weakly coupled EFTs

already rich bounds on Wilson coefficients

   positivity bounds⇒

Partial wave expansion

Partial wave unitarity

important for strongly coupled theories



Causality  Analyticity⇒

Maximal analyticity (Mandelstam conjecture)

physical-sheet amplitude is analytic except for

Martin’s proven analyticity

physical-sheet amplitude is analytic within

(up to bound state poles)

(up to bound state poles)

s

similarly for t, u
4m2

Crossing symmetry:



Analyticity  Dispersion relation⇒

• Analyticity in complex  plane (fixed )s t

• Froissart-Martin bound  
•  crossing symmetrysu

Twice-subtracted dispersion relation

analytical function is fixed by singularities and asymptotics!

−t 4m2
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−4m2 < t < 4m2



S-matrix bootstrap: Dual vs Primal

S-matrix theory space

Primal bootstrapDual bootstrap 

• rule in viable space 
• construct amplitudes 

• rule out unviable space 
• eliminate amplitudes 

Duality gap: ideally, it shrinks to zero 
Many models worked out in both approaches

EFT setup:  
positivity bounds

S-matrix bootstrap: use basic principles to constrain theory space

de Rham, Kundu, Reece, Tolley, SYZ,  
Snowmass White Paper, 2203.06805

Kruczenski, Penedones, van Rees,  
Snowmass White paper, 2203.02421



Primal S-matrix Bootstrap



Primal bootstrap method (1)
Paulos, Penedones, Toledo, van Rees, Vieira, 1708.06765 

Build all possible amplitudes

Conformal mapping

s → ρ(s)

Subject to

polynomial constraints on ρ(s), ρ(t), ρ(u)

(crossing symmetric)

parametrize amplitudes



Primal bootstrap method (2)
Paulos, Penedones, Toledo, van Rees, Vieira, 1708.06765 

Impose partial wave unitarity

Partial wave projection

or s ≥ 4m2

for efficient numerics s ≥ 4m2

physical region

⇒ semi-definite program (SDP)
use high precision SDPB



Primal bootstrap results
Bounds on amplitude coefficients

Paulos, Penedones, Toledo, van Rees, Vieira,  
1708.06765, 1810.12849 

Doroud, Miro, 1804.04376 
Guerrieri, Penedones, Vieira, 1810.12849, 2102.02847 
Miro, Guerrieri, Hebbar, Penedones, Vieira, 1906.08098 

Hebbar, Karateev, Penedones, 2011.1708 
Miro, Guerrieri, Gumus, 2210.01502 

Haring, Karateev, Meineri, Penedones, 2211.05795 
He, Kruczenski, 2309.12402  

… …

Many other results, for example:

non-perturbative observables

• Effects of symmetries 
• Extra UV information 
• Massless fields 
• Photon EFTs 
• QCD bootstrap 
• Where is string theory 
• Bounds on jets scattering 
• ….



New primal bootstrap method (1)

−t 4m2

Use Mandelstam variables

to do primal bootstrap

• Only use proven Martin’s analyticity 
• Parametrize amplitudes in physical region               
• Can control UV behavior of amplitude 
• Can add spin-2 bound states 
• Fast numerical convergence  

de Rham, Tolley, Wang, SYZ, 2506.22546 

Via dispersion relation

Benefits:



New primal bootstrap method (2)
Partial wave expansion in physical region s ≥ 4m2

Parametrize  in physical region ( )Im aℓ(s) s ≥ 4m2

4m2

s σ = 8m2/s − 1⇒
−1 1

threshold divergence

decision variables

Legendre polynomialss ≥ 4m2

Solve for  via dispersion relation:Re aℓ(s) discretize  t



New primal bootstrap results

linear Regge behavior

most space covered by

constrain glueball couplings

de Rham, Tolley, Wang, SYZ, 2506.22546 

sanity check



Properties of extremal theories

CB: Blue shift of resonances  
CA: Decrease of couplings 
AB: Asymptotic free −ϕ4

Regge phenomenology

• Pomeron trajectory 
• Subleading Regge trajectories 
• Regge cuts (?) 
• Froissart-Martin bound near C

A
B

C

Correia, Georgoudis, Guerrieri, 2506.04313 
de Rham, Tolley, Wang, SYZ, 2506.22546 
Miro, Guerrieri, Gumus, 2605.06613 



QCD bootstrap
Use high-energy pQCD

χPTIR + pQCDUV → Sππ
• Form factors  
• Current correlators ρ

Use experimental and lattice data

He, Kruczenski, 2023

Guerrieri, Haring, Su, 2410.23333 

Add Watson’s equation

Extended unitarity
Karateev, Kuhn, Penedones, 1912.08940

He, Kruczenski, 2505.19332 

• Phase shifts data of      
• Inelasticity model  
• Existence of chiral zeros 
• Existence of some resonances

S0, S2, P, D0

|Sℓ(s) | ≤ ηℓ(s)
via finite-energy sum rules

bootstrap assisted fitting



Mass bounds on self-interacting dark matter
Self-interaction solves DM’s core-cusp problem

Generic unitarity bound on DM’s mass

Bootstrap bounds on weakly-coupled DM’s mass

• Generic scalar DM 

• pseudo-Goldstone boson DM

(depends on EFT cutoff)

Chen, Wang, SYZ, 2607.13141

Hui, astro-ph/0102349(model-independent)

(model-independent)

(model-independent)



Unitary dual-resonance models

de Rham, Tolley, Wang, SYZ, 2607.24922 

Veneziano amplitude
positive but not unitary

New unitary dual-resonance amplitude

loop string amplitude is unitary

Regge trajectory: 

• Unitarity (numerically + analytically) 
• Maximal analyticity (analytically+numerically) 
• Locality (analytically)

Verified:



Dual S-matrix Bootstrap



Positivity bounds: EFT setup

• Analyticity in complex  plane (fixed )s t

• Assume weak-coupling below  
• often only use positivity 

Λ
Imaℓ ≥ 0

EFT dispersion relation

−Λ2 Λ2
x x
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C0

EFTUV

EFT amplitude UV amplitudeIR—UV connection

: scale of UV particless′￼



EFT sum rules  Positivity bounds⇒

J2 = ℓ(ℓ + 1)Sum rules
dμ ∼ ds′￼Imaℓ(s′￼)

partial wave expansion EFT/Wilson coefficients

A(u, t) = A(s, t) = A(t, s)

Null constraints

s

t u
Full crossing symmetry

or

Tolley, Wang, SYZ, 2011.02400 
Caron-Huot, Duong, 2011.02957

Numerical SDP to get optimal positivity bounds



Positivity cone for dim-8 for multi-fields

Aij→kl(s, t = 0) =
c2,0

ij→kls2

Λ4
+ ⋯

• bounds on  coefficients  dim-8 
• phenomenologically more relevant

s2 →

ERsPolyhedral cone Curly cone

•many symmetries 
• finite discrete ERs 
•obtained by group theory

• less symmetries 
• infinitely many ERs 
•obtained numerically by SDP

Zhang, SYZ, 2005.03047

• importance of dim-8 
•useful for UV reconstruction

• switch to dual amplitude cone 
•numerically efficient to get optimal bounds

Li, Xu, Yang, Zhang, SYZ, 2101.01191       

ER  UV states↔
SM SM

physical  form (high dimensional) convex conec2,0
ij→kl



Bounds on Standard Model EFT

aQGC dim-8 operators in SMEFT

Chang, Chen, SYZ, 2604.00107 

Most of the naive SMEFT  
space is redundant!

(actively constrained by LHC)
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CMS
Preliminary

Zhang, SYZ,1808.00010 



EFT sum rules as moments
Arkani-Hamed, Huang, Huang, 2017 

Bellazzini, Miro, Rattazzi, Riembau, Riva, 2021
Forward amplitude as Hausdorff moment

Wan, SYZ, 2411.11964 

General amplitude as 

• Bi-variate moment formulation

• Mix-variate moment formulation


• Multiple DoFs 
• Fields with spin 

• Series of Hausdorff moment problems

Chiang, Huang, Li, Rodina & Weng, 2105.02862

Wan, SYZ, 2605.11084 

(identified N & S condition)



Inverse problem in EFT

Moment approach to reconstruct UV spectrum from EFT coefficients

Wan, SYZ, 2411.11964 Closed-string Regge trajectories 
 from Wilson coefficients

To also reconstruct zeros

Calisto, Cheung, Remmen, Sciotti, Tarquini, 2604.15423 



String bootstrap

How unique are perturbative string amplitudes?

work in the  limit, so tree-levelgs → 0

How much information is need to uniquely determine 
 the (stripped) Veneziano amplitude?

closed-string Virasoro-Shapiro amplitude via KLT-double copy

α′￼ = 1



Recent uniqueness results for Veneziano

Level truncation + positivity bounds + UV super-softness 

• Level truncation from minimal zeros 

Maximal SUSY + positivity bounds 

Minimal entanglement in scattering + lowest 2 Wilson coeff’s 

String monodromy condition + positivity bounds 

Splitting and hidden-zero condition +  positivity bounds

Bhata, Chowdhury, Saha, Sinha,  2409.18259

Berman, Elvang, 2406.03543 
Berman, Caron-Huot, Chandra, Elvang et al, 2607.14230

All zeros in  are Regge zeros:R(n, t)

Cheung, Hillman, Remmen, 2406.02665

Cheung, Remmen, Sciotti, Tarquini,  2508.09246

 EFT in 4D: R-symmetry + 5,6-point factorization + parity 𝒩 = 4 or 8 SUSY

Wan, SYZ, 2605.11084 



Monondromy or Splitting + Positivity  Veneziano⇒

We analytically prove: either of them determines Veneziano uniquely

String monodromy condition 5-point splitting condition

Berman, Elvang, Figueiredo, 2506.22538

numerical evidence

Wan, SYZ, 2605.11084 

Yu-tin Huang, Liu, Rodina, Wang, 2008.02293 
Chiang, Huang, Weng, 2310.10710 

Berman, Elvang, Herderschee, 2310.10729

numerical evidence

Arkani-Hamed, Cao, He, et al, 23’, 24’



String monodromy condition  Veneziano amplitude⇒

Positivity bounds

Explicitly:  For

Prove

Multiple zeta values

Wan, SYZ, 2605.11084 



Leading order ( )q = 0
 limit of monodromy condition  even coeff’st → 0 ⇒

but  are unfixeda2p+1,0

Key point: use dispersive sum rule to get a2p+1,0

determinacy of 

Hausdorff moments

Explicitly:

Thus, odd coeff’s are also of Veneziano



Next leading order ( )q = 1

 of monodromy condition  odd coeff’s∂t ⇒

Monodromy condition  ⇒
             A(s, t) = A(t, s) ⇒ ap,q = ap,q−p

 results q = 0

Euler’s formula

Next, again, use dispersive sum rule
determinacy of 


Hausdorff moments



All orders: Parametrization

Parametrization that fully resolves monodromy condition
A(s, t) = AV(s, t) ⋅ C(s, t, u)

Veneziano -triple symmetricstu
Re-writing

Define and

•       is strictly triangular 
•  Null constraints



All orders: Proof by induction

Null constraints

Triangular recursion relation

combine to get 

for p − q = even

Use dispersive sum rules/Hausdorff moments to get the rest
for all orders, monodromy fixes half of coeff’s

Full proof: proceed by mathematical induction



Summary

S-matrix theory space

Primal bootstrapDual bootstrap 

• rule in viable space 
• construct amplitudes 

• rule out unviable space 
• eliminate amplitudes 

EFT setup:  
positivity bounds

S-matrix bootstrap: use basic principles to constrain theory space, 
sometimes to uniquely determine a theory

Thank you!
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