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 Two-body problem: scattering vs bound
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 Modern Effective Field Theory Methods
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« QFT toolbox: IBP, DE & iterated integrals
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* Precision Frontier: two-body dynamics to NN NLO
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ravitational-wave physics IS now a precision science!
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Grav1tat10nal—Wave Tran51ent Catalog 5 Binary Black Hole: 381

10 Years of Detections (Sept. 2015-Jan. 2025) of Compact Binary Coalescences with Black Holes nd Neutron Star

Binary Neutron Star: 2
Binary BH-NS: 7

https://gwosc.org/eventapi/html/GWTC-5.0/
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Recording a gravitational wave has never been a big motivation for LIGO,
the motivation has always been to open a new window on the universe.




GW waveforms Discovery Potential = Precise Theoretical Predictions
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K. Thorne: Waveforms will be far more complex and carry more information than expected.

Improved modeling is crucial for extracting the GW'’s information



Gravitational two-body problem

ﬁpiral
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Merger: Numerical Relativity Ringdown: black hole perturbation theory

Inspiral: the interaction between two bodies is weak M
 Numerical Relativity: accurately, but computationally expensive low velocity: P2~ < 1
r

* Analytic methods: corrections in v or G are perturbatively calculable
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Scattering vs bound

Radial momentum ,
J
prg(ra %w]) — pz(ra %) _?

do op, J

dr oJ rz\/pz(r, Z) — J2/r2

Bound orbits: the periastron advance per radial period

r

+ dr
. 12\/pA(r, &) — J2/r?

AD+27r=2J

Scattering angle

y dr
T2 pA(r, &) — J2r?

y+rn=2J

Fm

é < ()

é >0

Trajectories

onature




Scattering vs bound

Radial momentum ,
J
pi(r, &,J) = p*(r, &) — =

do op, J

dr oJ rz\/pz(r, Z) — J2/r2

Bound orbits: the periastron advance per radial period

7'_|_ d
AD + 27 = 2J _ £ <0
. 12\/pA(r, &) — J2/r?
Scattering angle
vo=2| il
AT I=
o rz\/pz(r, %) o J2/r2 % > () Trajectories

Analytic continuation:

onature

in(€ <0,J) =71_ 71y(6 <0, =J) =7, Kalin-Porto JHEP 01 (2020) 072



Scattering vs bound

Analytical continuation of scattering angle

> d
y)+ 7 =2JJ !
rmin(]) rz\/pz(ra Cg) T «]2/1/'2



Scattering vs bound

Analytical continuation of scattering angle

> dr = dr é < ()
ZJJ —ZJJ
e T2/ PA(r, &) — J?11? -0y AP, &) = T2




Scattering vs bound

Analytical continuation of scattering angle
> dr = dr é <0
—2J J'
ittt rz\/pz(ra &) — J?/r?

xJ) + y(=J)+2n = ZJJ
rmin(]) r2\/p2(7., g) T ]2/1”2

& dr
=2J J = AD + 21 Periastron advance
. 12\/PA(r, &) — J2/r?



Scattering vs bound

Analytical continuation of scattering angle

o0 di’ o0
y(J) + y(—=J)+ 21 = ZJJ —2][
r (=) I”z\/ p(r, &) — J?/r?

& dr
_ ZJJ

/

/
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rmin(]) rz\/pz(ra g) T ]2/1”2

= AD + 21

. 12\/PA(r, &) — J2/r?

dr

Periastron advance

orbital motion = scattering + anti-scattering

Kalin-Porto JHEP 01 (2020) 072; JHEP 02 (2020) 120
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AD = y(J) + y(=J)
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The two-body problem

Two compact objects

2 m, e

Gravitational interactions are governed by General Relativity

1
Sop = — d*x./—¢ R
N 167G J S

Equations of motion

1 St
R,uu _ ERg/,w ) C4 T//u/ =0
d*x* dx® dx

+ I —

Neutron star




Effective Field Theory

Effective action for a two-body system

8y = My T h,uv el = J@ h el plXa> M1+ 13gul hl+iScElA]

Perturbative expansion:
Leff=L0+L1+L2+L3+“’ LO:—Zl—mxﬂxlﬂW

Equations of motion:

© (oL d oL
mit = — pt - -
ARL) (axiv dz axfl.f)

n=1



Effective Field Theory

Effective action for a two-body system

8w =Mt hﬂy o WettlXa] — J@ h,m/ o 1Sppl X Al +iSpulh1+iSgelA]

f

Perturbative expansion:  saddle-point approqimation

Lﬁ?=L0+L1+L2+L3+“’ LO:

c

Equations of motion: classical sources

— [ OL d oL
mxt = — nt* - <
o L Z (ax;/ dr, ax;./>

n=1




Effective Field Theory P

Effective action for a two-body system

g//”/ o ;/]Iuy _|_ h//”/ eiSeff[xa] — J'@hﬂy eiSpp[Xa, h]+lSEH[h]+lSGF[h] | | \

f

Perturbative expansion:  saddle-point approqimation

Leﬂ?=L0+L1+L2+L3+“’ LO:
Equations of motion: classical sources
— [ OL d oL
M — — pHv - n K7+ = hH M H H oo,
;X 7 ; ( o dz o > x (1) = b7 +u; 7, + 01X + 0,X7 + 03x;” +
Impulse: Scattering angle
Ny X[ oL Ap;
l y l B axy 2 p
2 n=1 "7 ! 00



Effective Field Theory ~_~RICHARD FEYNMAN

PHYSICIST

Effective action for a two-body system ¥ ') “‘<”“<“”‘<”"<

R
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eiSeff[xa] — J'@ h//w eiSpp[xa, hl+iScrlh] ' | usa 37

Perturbative expansion: only tree graviton graphs & the sources are purely classical.

6G)  OGD 6(G?) 6(GH

Classical physics: enjoy the advantages of QF T methods and classical physics:
powerful and systematic & purely classical at all steps (simplicity)



Closed-time path integral

Scattering amplitude: the transition amplitude from an initial "in" state to a final "out" state
+00
(fout|iiny =(f|S|i) =8; & =U(+oo,—0) = Pfexp[— iJ dtHint(t)]

Real-time dynamics: an initial-value problem (no particular final state is specified)

(O0(9)) = (in | Oy(?) | in)



Closed-time path integral

Scattering amplitude: the transition amplitude from an initial "in" state to a final "out" state
+00
(fout|iiny =(f|S|i) =8; & =U(+oo,—0) = Pfexp[— iJ dtHint(t)]

Real-time dynamics: an initial-value problem (no particular final state is specified)

(0(1)) = (In| Oy(1) | in) Oy(t) = U(—00,1) Og U(Z, — 0)

= (in| U(=00,1) O5 U(t, — o) | in) —o0 ’ S




Closed-time path integral

Scattering amplitude: the transition amplitude from an initial "in" state to a final "out" state

(fout|iiny =(f|S|i) =8; & =U(+oo,—0) = Pfexp[—iJ' OOdtHint(t)]

Real-time dynamics: an initial-value problem (no particular final state is specified)

(0(1)) = (In| Oy(1) | in) Oy(t) = U(—00,1) Og U(Z, — 0)

elS

= (in| U(—00,1) O U(t, — ) | in) iy
—15

........... < e

= ZXG” | U'(+00, — o0) | outy)(outy | U(+00, 1) Og U(t, — o) | in)

Inclusive: summing over unobserved radiation generates a causal, dissipative self-force.

Schwinger 1961 Feynman & Vernon 1963

©
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Closed-time path integral

EQUILIBRIUM AND NONEQUILIBRIUM FORMALISMS MADE UNIFIED

Kuang-chao CHOU, Zhao-bin SU.,* Bai-lin HAO and Lu YU
Institute of Theoretical Physics, Academia Sinica, P.O. Box 2735, Beijing, China
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CTP: tWO' body System ............ ) e e

Effective action

Sl Xus] J D, Dh, ¢ Sorl Syl 51 1=Scalle]=S,pl 1 3,21)



CTP: two_body System ............ : e o

Effective action

Sl Xus] J D, Dh, ¢ Sorl Syl 51 1=Scalle]=S,pl 1 3,21)

| Dlapa-Kélin-ZL-Porto PRL 2022 JHEP 2023
Keldysh basis:

1 1
x5,+ - E(XZI T xcﬁz) h/jv B E(h l,uv T h2,/w) ( 0 _Gadv>
Yam = Xe1 T X2 My = Mg = o w0

The doubled CTP histories are auxiliary and coincide only after variation: x; _ — 0, x; , — x;

Only the retarded response contributes to the equation of motion, ensuring causal dissipation.

Equations of motion and observables:
ESint[xi]
ox¥_(7)

ml-jc'/l.’(f) = —pt¥ Apl.” = J dr mxi’

Phys Limit



CTP: two-body system

Diagrammatic construction of the effective action:
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Effective Field Theory

Observables (scattering impulse) at O(G")

z -b —1 .
Aph ~ J 45, € 0w 8(g ) [ H o o, @ ) NH(q. u,)
| rak (¢;-u, — i0)% ) DDy

Fouriervintegral (N—1)—Ioop integral



Effective Field Theory

Observables (scattering impulse) at O(G")

€iq°b5(4‘“1) 5(Q‘M2)J ]ﬁde. 5(4"”@) ) NH(q,u,)
‘qz ‘ﬂ D1D2D3"'

(& uy, — 10
Fouriervintegral (N—1)—Ioovp integral

Ap? ~ Jqu
i=1

Modern Feynman integral techniques can be used to solve classical gravitational problems!

UNITEXT for Physics - ..
1 .? W o
\ Y & o i
s = ¢ (%4 @
. &
A [
Stefan Weinzierl . >

Feynman D>

Integrals

A Comprehensive Treatment




Quantum Field Theory toolbox

= e M(x)g(x.€)

Integration-By-Parts  pifferential Equations (DEs)

Relations Canonical DEs

Initial Conditions

Iterated Integrals

PN limit: v — 0
pot: ' =(w, €) ~ (v, 1)
rad: ¢ =(w, €) ~ (v, v)

PM Observables g(x.€) =) €"g""(x)

O = Zi C,'/,'

96 = [ M()g"D(e)de+ o)
X0

Post-Minkowskian physics can be bootstrapped from Post-Newtonian data using Differential Equations!

Dlapa-Kalin-ZL-Porto JHEP 2023



LO: 1PM

Observable from the 1PM diagram

qu lq,u eiq-(xl—xz)

Ap! = J dry m (7)) = — 4ﬂGm1m2JdT1 dezj (20 -%,)* — (AD(E3))

2r)P —g?2—-1i0
Leading order (LO): using xl.” = bl.” + ul.”fl- ’/‘12 = u22 =1 w-u,=y
qu i q,u eiq-(b+u171—u272)
Ap# =—4ﬂGmdeTJdTJ 2y% — 1
P, S Rl Rl oYY, S — (27 )

d% iq" (2n)* 8(q-uy) 8(q-u,) €'?
(2m)P —qg? — 10

= — 472Gm,m, (2y* — 1)[

- J dp e’ 1 TWd2-a) 1
Q) (p2a  4dagd?2  T[(q) (x2)d2-a



NLO: 2PM N / lq
qg—7"
The NLO impulse has this structure:
GQJ qu o(q-uy) o(q-uy) S J dv¢ o(Z - u,) T —4 T —{
QmP  [-q%—i0]f [£ - uy — i0] [—£2 — i0][ — (£ — q)* — O]
Analytic expression
apt| = - 3nG*mym,(m; + m,) 5y>—1 b y =,
G 4 V7i-1 |bf’
mm,(2y* — 1)* G?
+2 =17 1bP ((ymz + my)u, — (ym; + mz)uf>

Spin effects can also be systematically incorporated in EFT framework. ZL-Porto-Yang JHEP 2021



NNLO: 3PM

Kalin-ZL-Porto PRL 2020

* [Two-loop integrals

; B J d,\d%, 8, ) d(lyuwy) [— (&= T*[— - T
i xl [ wp)n [£05 uy )% [=C7]B[= 514 — (6 + £ — q)?]%

» Solving IBP relations, all integrals can be reduced to a set of 8 master integrals f = {[, [,, -}

» Canonical differential equations:

G T. 7 d g(x, €) A+ B .\ C (. €)
=1 = €| — X, €
) dx x x+1 x-1 S

_ X*+x
/= 2X




NNLO: 3PM

Kalin-ZL-Porto PRL 2020 PRD 2020

. Scattering impulse at O(G>):

Gb* [ 8mimi(4y* — 12y% = 3)
Apt = arccosh(y)
Lo p2)? (y>—1)
4mimiy(20y° — 90y* 4+ 120y — 53)  2m;m,(m? + m3)(16y° — 32y* + 16y% — 1)
3(y2 — 1)32 (y2 — 1)52

Y/ (2}/2 i 1)(5}/2 e 1) G3m1m2(m1 + mz) " 7

+ o (}/2 _ 1)2 \b2 ‘3/2 ( m }/mz)btz o (m2 }/ml)l/tl )

* This is the first confirmation for the amplitude’s derivation. Bern-Cheung-Roiban-Shen-Solon-Zeng (BCRSSZ) 2019
* We also obtained the quadrupolar and tidal corrections at @(G3). K&lin-ZL-Porto PRD 2020

e Radiation reaction Kalin-ZL-Porto Kalin-Neef-Porto 2022 Herrmann et al. 2021



NNNLO: 4PM Dlapa-Kalin-ZL-Porto PRL 2022 PLB 2022
N

Dlapa-Kalin-ZL-Neef-Porto PRL 2023

Three-loop integrals

,[ d% 5(q-u,) 8(q-u,) €'’ J d70\d"0od 362, w) 6(Zy 1) 6(Z5 )
| 2

[~ 2211 — (¢, — 9)*]--

IBP reduction:

conservative (in-out): @(10%) master integrals full (in-in): ©(10%) master integrals
Differential equations: df(x €) ~
y — = e M (x) f(x, €)
X

 The majority can be solved in terms of
* The analytical structure reveals elliptic integrals for the first time in PM gravity.



NNNLO: 4PM

* An elliptic example;

1 - x2 1 + x2 Ix
]‘i(x) 2X(1 + Xz) 4X(1 — xz) (1 — x2)(1 + X2) ﬂ(x)
d 1 — x? 3(1 + x2) 6.x
- — ;
Ix |9 prpe e S el | Al RS
]%(X) 1 — x? 1+ x* 1 —4x? + x* ]%(X)
x(1 + x?) 2x(1 — x2) x(1 — x2)(1 + x2)

It can then be written as a third-order differential equation:

d’ 6x d’ 1 —4x*+7x* d 1 + x?
dx3 1 —x2 dx? x2(1 —x2)?2 dx x3(1 —x?)

Six) =0

It is easy to find the three solutions:
x K? (1 —x?), x K(1 = xHK(x?), X Kz(xz)

1
dt
Complete elliptic integrals: K(x) = J
0 /(1 =12 (1 —xt?)




NNNLO: 4PM

With the knowledge of leading-€ solutions, one may transform the
elliptic diagonal block into

ig(xa €) =eM(x)g(x,e)+ ...

dx
with 4(1 +x2) 2
3x(1 —xz) x(l —xz)Kz(l —x2) 0
2(1+ 110x* + x*)K*(1 — x?) 4(1 +x?) 72
o 371'2)6(1 —xz) 3x(1 —xz) x(l —xz)Kz(l —x2)
16(1+x%) (1 — 18x+x*) (1 4+ 18x +x*)K*(1 —x*)  2(1+ 110x* +x*)K*(1 — x?) 4(1 + x?)
277z2x(1 — xz) 3ﬂ2x(1 — xz) 3x(1 — x2)

* Elliptic integrals appear in the transformation matrix: automated by INITIAL

» Higer O(¢) : Iterated integrals involving elliptic kernels.



N N N LO: 4PM Dlapa-Kalin-ZL-Porto PRL 2022 PLB 2022 JHEP 2023

Dlapa-Kalin-ZL-Neef-Porto PRL 2023

The full impulse at O(G*) :

4 U U __ K H __ K
y G b yu, —uy - yup — U
Apl — 1 C b + C 1 5 r Cy 5
NNNLO  |p] 2 y-— 1 ye—1
¢ Shygmym(mi +m3) . mimym; | 3hK(wy)  3hsK(wy)E(w,) . 21hswsEX (W) My N 3yhio(Liy(wy) — 4Li1y(4 /w,)) g by 3 log(%)
T 64v3, 4 4y3, 4v3, 8v3, 4(y + 1) WiV 2 2v3 Voo
_ 3yhy, log(w)) 23 hsy  hgy  3ve(hyglin(my) + 2wshsLin(=wy) . 374 log(5)log(ws) . yha log(w,) " 3yhy, log(wy)log(w)) — hs5log(=)
v 2 a8ve 768y%wav3, 64w, 4v, Sw3v2 v
s
N yhs, log(w,) N hss10g(2) — hsylog(ws) + 2yhss log(y) i hsg ry hss N Yhyglog(w,) B 2yhsylog(wy) + 3y*h 3 log*(w)) B hy log(=) ~ hss log(ws)
16v7, 32v3, P 192y7v3, 488, 168, 32v], 8vd, 4v3,

+

3y log(w))(5hy610g(2) + 8hy, log(ws)) . yhslog(y) . hs-1og(2) " 3(hy;w3Liy(wy) — 2hy3Lis(—wy) + hyslog*(ws) — hglog®(2))  3h, 10g(2)10g(w3)]

4 3 3
vy, PAVEN 8v3, 8V, Voo

2<2h46m12S 97z2h1m122) - <4yh47 _ 8yhylog(wy) f 16hy51log(w)  8hy >

Ci =mm + +mrm
: S V8 32vZ 1 3v8, V8 V3, 3v3
) On’h,  2hy ) B dyhyg  Shasg(Lio(wy) — ALio(, /W) = vhyy (Lin(=wi) + 21og(N1og(wp))  3yh,, (2Lin(—w;) + log(w,)log(ws)) % -
Cr =—mim, + +mymy | + — + + Y/
32vZ  v8 705600y8vY.  3v8 16v3 Sva ~ N/

he, log(wy)  32y°hy,log*(w;) . 8y(2h,10g(2) — hy; log(w)) )log(w)) ~ 32hylog(w)) = 7’hy ] m3m2[ hsy  hyo(Lia(=w{) + 2log(nlog(wy))  2hs, N

9,,6 7 4 3 4 271 74,5 4 6 S

6720796, vl vd 3p3 192v4 1440y7v5, vd 45v8, \///\

+h43(Liz(w2) — 4Lir(y/w,)) ~ Ip(Lis(=w) + log(wplog(ws))  hgy log(w)) 16y2h, log*(w,) 32y log?(w;) . 16yy5log(w))  32hy,log(2)log(w)) mhyg %&
32v3 4y, 480y8v8, Ve, vl 5v3 v, 48v3

with ¥y = uy -y, v, =4 /7> = 1,wy =y — v, w, = (¥ — D)/(y + 1), w3 = y + 1, h; = polynomial in y .
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The full impulse at O(G*) :

Ap{"

G* ( bH yuh — uf yui' — ub )

= C + C + C
NNNLO \b\“ ’ | b | : y2 — 1 : y2 —1

* The first analytic result of the full dynamics of scattering impulse at @(G4).

 Conservative part agrees perfectly with Amplitudes' derivations.

* Perfect agreement with the state-of-the-art PN computations

Cho 2022 Bini-Damour 2022

 Later, two new calculations confirmed our results.

(exponentiation of amplitudes)

(worldline QFT)
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NNNNLO: 5PM

OPN 1PN 2PN 3PN 4PN 5PN 6PN ---

IPM (55) x (1 + 02 + ot + o8 + o8 + 00 + 2 +---) = (5F) x (1) )=
OPM (CMY5 (1 4 02 + vt + 08 + o8 + 010 +--) = (EM) (1)

3PM (CMP (1 + 02 + ot + o8 + o8 +00) = (G0 x (1 +

APM CMY (1 4+ 02 + ot + 08 +) = (A0 % (1 + v)

5PM (EMY (1 4+ 02 + vt ) = ()P’ x(1 + v + v?)
6PM Virial theorem (Giw)fix(l + 2 +--0) = (G?{”)Gx(l v+ o)
Mo OM CMY (1 ++) = @) 5 (1 + v + 12 + 1)

' OSF 15F 25F 35F --.



NNNNLO: 5PM

OPN 1PN 2PN 3PN 4PN 5PN 6PN ---

IPM (0 x (1) + 02 + ot + 08 + 08 + 00+ 2 +00) = () x (1)
2PM (r)x(L+U2 + vt 4+ 8 4 8 0 ) = (EM) (1) S
3PM CMY % (1 + 02 + vh + 08+ o8 +) = (L) x(1 +
1PM e nature +--0) = (& )4 x(1 + v)
5PM — b)) = @ (1 4y + 12)
GPM e o viEwS | 14y 202 | L) - (G?{w)(sx( L)
Black hole fly-by modelled with
“PM landmark precision o) = (Gy)7><(1 v + 2+ 13)
ﬁZh.ft e demonetrstes o ik bneen g bty amd geometrs. 0SF [SF 9SF 39F ...

By Zhengwen Liu

1SF: Driesse-Jakobsen-Mogull-Plefka-Sauer-Usovitsch Driesse et al. Nature 2025



NNNNLO: 5PM

IPM
2PM
3PM

J
J
J
4 P ‘ \ / | The international journal of science /15 May 2025 f
J
J
J
J
J
J
J
|
J

SPM
6PM

OPN 1PN 2PN 3PN 4PN 5PN 6PN ---

GM

+

)

NEWS AND VIEWS ’ 14 May 2025

Black hole fly-by modelled with
landmark precision

+ (4] 4+ 6] 4+ 8] + 10 - |12
+ fos2 v 26 8| + 110

)X(i, 2 il 4 (8] + |48
P

nature

A prediction of the gravitational waves produced by interacting black holes achieves

high pre and demonstrates the link between gen

By Zhengwen Liu

1SF: Driesse-Jakobsen-Mogull-Plefka-Sauer-Usovitsch

2SF: Driesse et al. PRL 2026 (conservative)

ral relativity and geometry.

)

Bern et al. PRL 2026 (potential)

+ 4+ + + 4+ + +

N e N N N N NS

Q
<

+ v?)

(5
(5

X

Q
<

=00 < i V= T tmay
= (G4 (1)
= ()% (1 +
= (@)% (1 + »)
= EMY (1 + y + 1?)
GM)6 (1
(

)7><1—|—V—|—V + v°)

OSF [ISF  25F 35F --.

Driesse et al. Nature 2025
Dlapa-Kalin-ZL-Porto WIP



Local-in-time dynamics

Time-nonlocal dynamics arises from hereditary tail interactions that couple the binary’s motion at

different times. The nonlocal-in-time radial action takes Damour-daranowski-Schéafer 2014

GE (® dw dE X 08,
(nloc)  _ SIC 1 GM 2 B S
' 2T ,[ Lo 27 dw 0g(GM) 2 oJ

Since scattering-to-bound analytic continuation applies only to the local radial

action, the nonlocal tail contribution must first be isolated and subtracted.



Local-in-time dynamics

Time-nonlocal dynamics arises from hereditary tail interactions that couple the binary’s motion at

different times. The nonlocal-in-time radial action takes Damour-daranowski-Schéafer 2014

GE (® dw dE X 08,
(nloc)  _ SIC 1 GM 2 B S
' 21 ,[ o 2m dw 0g(GM) 2 oJ

Since scattering-to-bound analytic continuation applies only to the local radial

action, the nonlocal tail contribution must first be isolated and subtracted.

w=Kk-u

u... = (mu; + myu,)/M
Typical Feynman integrals: com Ucom = (MU 1),

5(€; - u))o(t5 - u,) log(w?)
(£ - )l - wy] [CREEIE + €5 — 9?1 — @) 1€ — q)°]

Jdeldez



Local-in-time dynamics

Typical Feynman integrals a = k- Ui Ugom = (myu; + mou,)/M
{de D, 5(¢y - u))o(&, - u,) log(w?)
U wlll - ] [Z21[2311(¢ + €5 — @?1[(¢) — @)*11(F; — q)?]



Local-in-time dynamics

Typical Feynman integrals a = k- Ui Ugom = (myu; + mou,)/M
{de D, 5(¢y - u))o(&, - u,) log(w?)
U wlll - ] [Z21[2311(¢ + €5 — @?1[(¢) — @)*11(F; — q)?]

Strategy |
= 1—nlog "+

(@]



Local-in-time dynamics

Typical Feynman integrals o =k - Ui Ugom = (myu; + mou,)/M

ot - u))o(2, - uy) 103(602)
(£ - wll&5 - uy] [CRIE3(E + &5 — @)1 — @)?1[(£5 — g)?]

[deldez

Strategy |

(2] = 1-nlogw™+--

Strategy | 0 = m,/m,

2
log w? = log((k. M11‘:_QQ]€° uz) ) = log ((fz-ul + Q7 - uz)z) — 2log(1 + Q)

log((f2°u1+Qf1'u2)2) zlog( o Uy ) 22( 1) (z/”l U, )

£n * U




Local-in-time dynamics

* Local-in-time conservative binary dynamics at 4PM Dlapa-Kalin-ZL-Porto

| . U 7°h v+ 1 h, arccosh(y) — 1 + 1
—F)(lggos)m — : {hl + - 2 hylog ( > ) +— - hs log (}/ ) + h log2 (}/ )
T (},2_1) \/y —1 \/},2_1 3 2

he log(2)arccosh — 1 + 1 — 1
+h- arc:c:osh(y)2 . g2) ) + hg log (y ) log (y ) + - + by L, .
VrE—1 3 2 y+ 1



Local-in-time dynamics

* Local-in-time conservative binary dynamics at 4PM Dlapa-Kaélin-ZL-Porto
1 . % m°h y+ 1 h, arccosh(y) y— 1 y+ 1
—F)(,%ng) = . {hl + * + Iy log( 5 ) + — - - hs log . + hg log? 5
/s (2 - 1) V72— 1 V72— 1
he log(2)arccosh — 1 + 1 — 1
+h-, arccosh(y)* 4 3 108(2) ) + hg log (y ) log (y ) + .-« + hy L1, (}/ ) }
\/},2 — ] 3 2 y+ 1
* |Local-in-time conservative binary dynamics at 5PM (1SF) Dlapa-Kalin-ZL-Porto
(5)(1SF)
X (nloc) G 1(xX)h3(x) | G5 (X)h4(x) n G 5(x)hy5(x)
[y 252000 — 1)6x3x+ DO(x2+ 1) 900x — 1)6x3x + DO(x2+ 1) 12600(x — 1)7x3(x + 17 (x2 + 1)°
G 4(X)h6(x) | G s(xX)h-(x) | G e(X)hg(x)

X2+ x

1680(x — 1)7x3(x + 17 30(x — 1y7x3(x + 1y7 (x2+1)° 420(x — 13x3(x 4+ 1)8 V="



Local-in-time dynamics

* Local-in-time conservative binary dynamics at 4PM Dlapa-Kalin-ZL-Porto
1 ’h + 1 h, arccosh — 1 + 1
—;(,ﬁggg)ﬂ ___ = q By + e h, log (}/ ) + — ) - hs log (}/ ) + hg log? (}/ )
nl (},2_ 1) \/y2_ 1 2 \/},2_ 1 3 2
he log(2)arccosh — 1 + 1 -1
+h-, arccosh(y)* 4 3 108(2) ) + hg log (y ) log (y ) + .-+ + hyL1, (}/ ) }
\/},2 — ] 3 2 y+ 1
* |Local-in-time conservative binary dynamics at 5PM (1SF) Dlapa-Kalin-ZL-Porto
(5)(1SF)
X (nloc) = C:61(35)}113(35) | ?Q(X)hm(x) n C53(36)1715(36)
[y 252000 — 1)6x3x+ DO(x2+ 1) 900x — 1)6x3x + DO(x2+ 1) 12600(x — 1)7x3(x + 17 (x2 + 1)°
G 4(X)h6(x) | G s(xX)h-(x) | G e(X)hg(x) o e
1680(x = D50+ 17 30(x — 1y63(e 4+ 1)7(x2 4 1)° 420G = DA+ 18 V=

* Local-in-time conservative binary dynamics at 5PM (10SF) Dlapa-Kalin-ZL-Porto & WIP



Conclusion

Modern techniques from Quantum Field Theory have already proven useful to improve theoretical
predictions for gravitational-wave observables.




Conclusion

Modern techniques from Quantum Field Theory have already proven useful to improve theoretical
predictions for gravitational-wave observables.

We developed an efficient framework for binary dynamics and have made breakthroughs to NNNNLO.

* Conservative spin & tidal effects at NLO JHEP 06 (2021) 012 PRD 102 (2020) 124025

* Two-body dynamics at NNLO PRL 125 (2020) 261103

 Two-body dynamics at NNNLO PLB 822 (2021) 136698 PRL 128 (2022) 161104 PRL 130 (2023) 101401
 |ocal- & nonlocal-in-time separation PRL 132 (2024) 221401 PRL 135 (2025) 251401 PRD 114 (2026) 024029
* Novel techniques to evaluate loop integrals in classical gravity JHEP 07 (2023) 181 JHEP 08 (2023) 109
 Beyond Einstein’s general relativity 2602.08876



Feynman's integrals solve Einstein’s equations!
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