Some progress on
BPS spectrum of
5d/6d field theories

Strings and Related Physics
at
USTC/Peng Huanwu Center for Fundamental Theory

Sung-Soo Kim (UESTC)

7956 University of Electronic Science and Technology of China

2021-07-11



This talk iIs based on

[1908.11276] “Instantons from Blow-up”

[2101.00023] “Bootstrapping BPS spectra of 5d/6d field theories”

collaboration: Hee-Cheol Kim (POSTECH, Korea)
Joonho Kim (IAS, USA)
Minsung Kim (POSTECH, Korea)
Kihong Lee (KAIST, Korea)
Kimyeong Lee (KIAS, Korea)
Jaewon Song (KAIST, Korea)



Introduction

In this talk, we discuss N=1 5d / 6d field theories
(gauge theories and non-Lagrangian theories).

In particular, | will talk about how to compute BPS spectrum:
Nekrasov partition function on the Omega background (R4 x S)

There are many systematic ways of obtain the Znex :
ADHM, topological vertex, DIM algebra



Introduction

In this talk, we discuss N=1 5d / 6d field theories
(gauge theories and non-Lagrangian theories).

In particular, | will talk about how to compute BPS spectrum:
Nekrasov partition function on the Omega background (R4 x S)

There are many systematic ways of obtain the Zne :
ADHM, topological vertex, DIM algebra

They have been successful in computing the partition for some cases,
but each has their own limitations:

- exceptional gauge groups,

- matter in higher dimensional representations,
- higher CS level,

- many 5-brane webs are still unknown.

- orientifold planes and refinements, ....



Introduction

Today, | will discuss yet another powerful way,
which turns out a very powerful way:

Nakajima-Yoshioka Blowup equation

We devised a complete blowup formalism
which enables one to compute BPS spectrum
of any supersymmetric field theory

(of UV completion) in 5d / 6d
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N=1 Supersymmetric QFTs in 5d
(including KK theories)

e 8 supercharges
¢ SU(2)r symmetry

e particle content and moduli space

- vector multiplet (A, ¢) — Coulomb branch (CB)
G — U(l)

* hypermultiplet qA:1’2—> Higgs branch (HB)

* Instanton U(1) topological symmetry

* non-renormalizable — CFT, UV fixed point

M-theory

| ov:
5d SCFTs

| Ra

5d gauge
theories



Geometric Engineering

M-theory on shrinkable CY3 engineers 5d SCFTs

shrinkable means all holomorphic surfaces shrink to a point or
non-compact 2-cycles

= singular limit of CY3 — SCFT at singularity

Hirzebruch surface: F, P?
- building blocks of shrinkable CY3

-glue F, and their blowups F,

N -

p* A IF, ) F—F R

E, SUR2)y  SUR)  SWR),, SU(3), SUB),

. . . [Seiberg 96], [Intriligator, Morrison, Seiberg 97]
* (geometric) classifications

[Jefferson, Katz, H.-C. Kim, Vafa 18], [Bhardwaj 19], [Bhardwaj, Zafrir 20], - - -



Gauge theory

SCFT
Coulomb Branch (CB)

W-bosons
Flavors
BPS states

mass of BPS states

BPS charges

A

|

Geometry

CY3

Kahler cone

compact 4-cycles

non-compact 4-cycles

M2-brane wrapping
compact 2-cycles

volume of 2-cycles

Intersection number between
2-cycles and 4 cycles



Partition function on the Q deformed R* x S

Partition function here is the Witten index counting
the BPS states, annihilated by supercharge @ and Q.

Z(¢) m, 61, 62) — r:[‘I‘ [(—1)F6—ﬂ{Q’QT}e—€1 (']1+JR)6_€2(J2+JR)6—¢-H6—m-H:|

This BPS partition function factorizes
Z = Zpert : Zinst

Zpert — chass : Zl-loop

_ e .pp[__ Ltpp e (p1p2)'/? —twtmy]
B e (1 —p1)(1 — p2) Z ¢+ (1 —p1)(1 — p2) x S: ]

f wewy

ecR+

where p; 2 = e”“2 and R™ denotes the positive roots for the gauge group

PE (1) = exp (fj i)



Blowup Equation
Recall on the Q-deformed R* x S! (C? x SH

Z(¢,m; €1, €5) = Tr [(_1)Fe—ﬂ{Q,Q*}e—el(Jl+JR) —ea(Ja+TR) 1L —m. H]

Blowup equation is a functional equation identifying
two partition functions on different backarounds

blowup: Q
/ / the origin is replaced by /

an S2or P! Hohmf of 2

before blowup after

7 SN )

summing over fluxes



(Gottsche-) Nakajima-Yoshioka blowup equation

22 £2 .
(N)
AN
[ ] >
O Z1 (S) <1

- A

A(my; e1,€2) Z(ps,mys €1, €2) = » (—1)FZ2MN(7, B) x 29 (%, B),

Z(N)(ﬁa E) . Z(N)(qu:“niél,mr-Bf;Gl;61,62—61)
Z(S) (’FI:, B) =S Z(S) (gb,,;——nieg, m --Bjég; €1 — €9, 62)

A # A(¢): unitary / vanishing equation

(n, ﬁ): magnetic fluxes on P! for (gauge, global) symmetries



Various studies and generalizations:

4d/5d SU(N) [Nakajim, Yoshioka 03, 05, 09], [Gottsche, Nakajim, Yoshioka 06]

exceptional gauge groups / matter [Keller, Song 12]  [Kim-SSK-Lee-Lee-Song 19]

local CY3 [Huang, Sun, Wang 17]

elliptic, 6d Gu, Haghighat, Klemm, Sun, Wang 18, 19, 20]

6d (2,0) theories, N=1~ [Duan, Lee, Nahmgoong, Wang, 21]

RG flows, dualities, global symmetry [Lee-Sun 21]

surface defects, Painleve Jeong, Nekrasov 20]



Our Main conjecture



Partition function Z (on the Omega background) of any N=1 theory

Z(p,m; €1, €) = 6£(¢’m;€1’62)ZGV(¢a m; €1, €2)

can be computed by solving the blowup equation

A(my; e1,€2) Z(¢s, myser,e2) = » (1) ZMN (7, B) x Z¥)(71, B),

n

with the following inputs:

(i) effective prepotential £(¢, m;eq, €)

(i) consistent magnetic fluxes (7, B)



Effective Prepotential

In 5d field theories, the effective action consists of
[Witten 96] [Bonetti, Grimm, Hohenegger 13]

. C
- cubic CSterm  Ses= 75 /A’/\FJ/\FK
. oL 1 .
- mixed gauge/gravitational CS term  Sgav = — ¢ / Gy A* A pi(T)

p1 : Pontryagin class of tangent bundle of 5d spacetime

1

- mixed gauge/SU(2)r CS terms Sz = / C;*A* A co(R)

c2 : 2nd Chern class of SU(2)r symm bundle

Together, we define the effective prepotential:

: _ L i G 1if 2 2 1 R i 2
E(p,m; €1, €2) = €165 []:(Qb, m) + 48013 (€1 +€) + QCi €4
the cubic prepotential (or IMS prepotential) [Intriligator, Morrison, Seiberg 97]

mq = gauge coupling

Kaq = CS-level
Mg aaaﬁaa a_la la 1 3 3 a _Ty(TaTa
F= Z(TK@ mﬁg%km%)m(Zle'¢l -2 |w"/’+mf|) o e e

eeR f wewy



Other coefficients are given by

1
cg:_ai(zk.@_zz |w.¢+mf|) Cl=20Y e

eeR

eeR f wewg
|n geOmetry, X =CY3 Dy =divisors S; = compact divisors
Cruxk = D;1- Dy - Dg triple intersection number
CE = cy(X) - S; (X)) -P*=—6, co(X) - F°o=—-4+2b

For instance, pure SU(2) 6F =6m¢? +8¢3, CE =4, CF=2
local P2 (non-Lag.) 6F=9¢°, Cf =-6, Cff=2

N\

Fo O

SU(2)o SU(2) Local P2

Either gauge theory or geometric description is known, we can compute



Consistent magnetic flux

Magnetic flux (7, B) on P! cannot be arbitrary.
It satisfies the quantization condition.

Suppose M2-brane wrapping a 2-cycle C of the charge (j, j,.)
couples with the flux F

F - Cis integral / half-integral when C? is even / odd
F - Cis integral / half-integral when 2(j; + j,) is odd / even

2 +m \cb +m
W-bosons (0,1/2): integral flux 20| Fo "
~
hypermultiplet (0,0) : half-integral flux SU(2), SU(2)..
nez BneZ nezZ,BnhnezZ+1/2

There exists a chamber such that mass of all BPS particles are
non-negative. This further restricts background flux

nEZsBI11:Oa:t1s:t2 ]1EZ$BI1IZ:t1/23j:3/2



Solving the blowup equation

With two inputs: effective prepotential and magnetic fluxes

Z(p,m; €1, €) = £ O™ 7o (h ms e, €3),

, _ 2(51+7-) nrd Xj (PI/P2)Xjr(P1P2) —d'-m
Zav (¢, m; €1, €2) = PE Z (—1) ks )sz,jr 1/2 l —1/2\/ 1/2 —1/2, ¢
(p1 — D1 )(Pz —py ')

-jl7j'r‘,d

We recaSt the bIOWUp eq uation: d: degree of 2-cycles; m: vol (2-cycles)

Mgy =Y (-D)Ie™V 250 (7, B) 2y (7i, B)

n

where | =g _ W) _ g(5)

3 different sets of (1, E) gives three linearly independent equations

- S
can solve for three unknowns at each instanton order : Zov, Zay, Zy

Less than 3 sets ....



Strategy for less than 3 sets

Expand the partition function in terms of the Kahler parameters

Solve the blowup equation order by order in the Kahler parameter
to determine NG, ,

Even undetermined, those we have determined are another input
for higher order equation.

= Solve iteratively g |



Examples



; NP

Fo: wvol(f) =2¢, volle)=2¢p+m,

f fi\ {Fli vol(f) =2¢, vol(e) =¢+m.
yan

(a) Fo (b) Fy

Two SU(2) theories are perturbatively indistinguishable (same &),
but have different instanton spectra.

— A good example for having same ¢ with different
fluxes B yielding different results

ZGV (¢) m; €y, 62) = chn(¢; €1, 62) ' Zinst (¢> m;e€y, 62)
o0
Zinst (O, m; €1, €2) = Z quk(¢; €1,€2)  with the instanton fugacity ¢ = e™™ and Z, =1
k=0

1 €2 + €2

» Effective prepotential 5=@(f -1 ¢+€i¢) 6F = 6mg” + 8¢°

Perturbative part Zypen($;61,€2) = PE [— 5 _1p’1“)1(’;pj pz)e—w]

* Magnetic flux F,: SUQ). necZ, B,—_% _1 13

T2 2 2 2

{Fo: SU(2)0 nes, Bn,=-2, —-1,0, 1,2



SU(Z)QZOJZ'

With these inputs, we can expand the blowup equation to the
first order in the instanton fugacity e ™

Bm+1_,—2(2+Bm)¢1
A A A €
Aot 5 — B 5N B 5(9) (p1p2)
1 =+ 1 P1 1 v E p2 1 (1 . 6_2¢)(1 . p16_2¢)(1 . p26_2¢)(1 o p1p26_2¢)
(p1p2)Bm—1e—2(2—Bm)¢1
(A —e2n)(1—prle2)(1—pyle21)(1 — (pipa)le241)

A

Three unknowns: 21, 2™, 29

There are more than 3 distinct equations coming from fluxes:

4

IF()I SU(2)0 TLEZ, Bm:—2, —1 O, 1,2
L

)
3 _1
2? 27

\IF1: SU(2) ne€Z, B,=-3 ;|
Solutions:  z5v@s 4., ¢ pipa(1 + pipa)e2?
| N (L =p1)(1 = p2) (1 — prpoe=2?)(e72 — pip2) *
3/2_3/2 1 26\ .—o
ZiSU(2)W(¢7 €1, 62) = — pl p2 ( +e )6

(1 —p1)(1 = p2)(1 — pip2e=2?)(e=2 — p1pa)



SU(2) again but with one blowup equation.

Reca” GV inV form' ZGV(Cb, m; 61,2) = PE [Z Z (_1)2(jl+jr)N;lc,i;;dz)Ajl,jr (61, 62)e—dlvol(e)—dgvol(f)

Ji,Jr di,d2=0

SU(2 SU
X0 @ (p1/p2)x; P (p1p2)

1/2 —-1/2 1/2 —1/2\ °
0y = p7 )0y — py'?)

(2) (

Ajz,jr(ela 62) =

(d,, d,) : degree for 2-cycles e and f, respectively.
e.g., (0,1) means perturbative part

L+ pip2 )e—2¢] N N(Oil) — 1 N(O’dz) — (O for d2 > 1
0,3

Z oi($i€1,€2) = PE | - (0,
pert(93 €1, €2) (1—p)(1 - o

Suppose we found only one flux for SU@2)o: B,, =0

From the blowup equation at 1st order in the instanton d; = 1, we
then further expand the equation with d,, namely e %

A =2 + 28 — 2y — (pip2 + (pip2) ) e ™

B (1+p1)(1+p2)(1 +p:13pg)e—6¢ + O(e789)

pips

We then solve this equation order by order in d,

. oo 1,d2) ., . . . .
d ®N5 ;, (i, Jr) d ®N5 ;, (i, Jr) Né,% ) IS not fixed zZ™M+29 -2 -0
(1,0) (o 1 (L) g 1 3 : . .
(1,0) Noj (0:2) (LY ]| Ny 05905 But at higher orders in dy, itis
(1,2) (1,3) . .
(L2) | Npi(0,5)@(0,5) | (1L,3) | Nyi7(0,5)®(0,3) fixed to 1 for d2=0, 0 otherwise




Rank2: SUQ3)., k <7

Geometrically, they are engineered by glueing two Hirzebruch surfaces.

— i+ P
- or e€even K
bl () oded K
SuB@), P . SuUB),
e
IR =
r i

-

VOl(fl) = 201 — P2, VOl(f2) = —@1 + 2¢9,

l(es) (1 — g) 01+ ¢ +m for even K
VOI1(€Eq ) =
I_T”qbl + 209 + m for odd &



Rank2: SUQ3)., k <7

Input:

» Effective prepotential

1

2 2
L= E (.F— 61;_262 (d)l +¢2) +€3_(¢1 +¢2)) )

6 F = 6m(¢? — ¢12 + 63) + 3kp1da(d1 — o) + 8% — 372 — 3p15 + 83,

* Magnetic flux

%, ,g k=20,2,4,6
-1,0,1 k=13,5,7

B =

ny,ne € Z and B, = {

e GV form

Zav (i, m; €1, €) = Zoert(Pii €1, €2) + Zinst (@i, M €1, €2)

1 + pip2 (261—d2) | —(2bp—d d
Zpert (935 €1, €2) = PE [— e~ (201-92) 4 =(202-¢1) 4 o=(d1+62)
s T —p2)" )

o0
Zust (i mier,6) = Y ¢ Zi(d;e1,) |
k=0



Rank2: SU(3)s and Sp(2),

Two theories are known to be UV-dual / fiber-base dual.
[Gaiotto, Kim 15]

S~— = _
Geometrically, Fo ———— T
SU(3) frame: vol(f1) = 261 — ¢a, VOl(fo) = —61 +2¢2, vol(ez) = —261 + 205 +m

S

Sp(2) frame: vol(£1) = 261 — ¢a,  vol(fo) = —2¢1 + 269, vol(eg) = —y + 205 + m

Map between two theories [Hayashi-SSK-Lee-Yagi 15,16]

o 1 o 2 2
SU __ lp e _mSp ’ SU __ p+ _mSp ’ mSU _ __mSp

| 3 2 Y2 3 3



Rank2: SU(3)s and Sp(2),

» Effective prepotential

2, .2
£=L (.7:— 61+€2(¢1+¢2)+€i(¢1+¢2)) ;

€1€2 12

6.F = 6m(2¢f — 2¢109 + ¢§) + 8¢:{ + 12¢%¢2 = 18¢1¢§ i 8‘153 ;

d ®Nj, ;. (i, Jr) d ®N; ;. (71, Jr)
: (1,0,0) 0,1) (1,0,1) 0,2)
 Magnetic flux 500 0.5 TS 0.1
(1,1,1) 0,3)®(0,3) (1,1,2) 0,3) ®(0,3)
ny,No € Z . Bm - —1707 1 (1,2,0) 0, 3) (1,2,1) 0,3) @ (0,3)
(1,2,2) 0,2)®(0,2)®(0,2) (2,0,1) (0, 2)
(2,0,2) 0,3)®(0,}) @ (5,4) (2,1,1) 0,3) ®(0,3)
Duality under the map 01030, 040,5 7
222) | 50, Do, 2ed 30k 9) | GO 0.2
(0’ §)®(O’Z)®2(O’Q @ 5 7
(3,0,2) 2 2 2] (3,1,1) 0,3)® (0,1
SU(3)5 < Sp(Z)ﬂ- (1,4)69(5,55)69(1,77)
0,2)®3(0,3) ®5(0, ) &
(3,1,2) | 3(0,9) @ (5,3)®3(5,49) & | (3,2,2) 0,3)®(0,2)®(0,1)
23,9 @ (1,3)e1,%)
329 | (©2®30580,5870,3 040,532 e3(33)
258 i, 9e23,5e (L, De,)e (1Y)

Table 6. BPS spectrum of SU(3); for d; < 3 and da,d3 < 2. Here, d = (d;,ds, d3) labels
the BPS states with charge dyes + da fi + ds fo.



Rank2: SU(3)s

- hiaf
Cteometei ca.-llj H:q p ﬂ-;
o I primitive curves vol(f1) = 2¢1 — @2, Vvol(f2) = —¢1 +2¢2, vol(ez) = —3¢1 + ¢2 +m ,

but  nen-— Shrinkable (_Ca.vmo'(" be all hon-\negod‘\\'e y QS vn—'?o)

—Q » Cownot hove o UV Cow\Ple:l-ton in the geom, p\no&e.
CT&‘FFQfSon, KOJZ‘, Kfm, VoC'ga ']J’-J

it was pointed ot thotr I KK theory :
Su(am-/z*”: 7 G2 T 1Adj,

é{ by decoup\fng I_F CBhav—ij 19 )
SU(%)Q.

I“{"e'"’-sﬂ"gl% No 5-brane webs vyet; No ADPHM metheds.
D The PN‘*‘H‘HbV\ -ccmd'i'on has not been cOw\pud'ec\.

Puex Blovw? CoOM- CoMU*L -



Rank2: SU(3)s

e Effective pre po'fe.n“‘faﬂ

2 2
c_ L(f— 61+52(¢1 +¢2)+ei(¢1+¢2))a

€1€2 12
6F = 8¢} + 21¢Tpy — 27105 + 8¢ + 6m(¢; — 102 + ¢3)
d ®N; ;. (i gr) d ®Ny, ;. (i, ir)
¢ Ma3 ne-l—ic: 'Pluxe.s (1,0,0) (0,0) (1,0,1) (0,1)
(1,0,2) (0,2) (1,0,3) (0,3)
n€Z+1/3, n,€Z+2/3, Bnp,=-1/6 |10 0,0) (1,1,1) (0,0) @ (0,1)
(1,1,2) (0,1) @ (0,2) (1,1,3) (0,2) @ (0, 3)
(1,2,0) 0,0) (1,2,1) (0,0) @ (0,1)
(1,2,2) (0,0) ® (0,1) ® (0,2) (1,2,3) 0,1) ® (0,2) ® (0,3)
(1,3,0) (0,0) (1,3,1) (0,0) ® (0,1)
* BPS spectrum 132 00)e0)e02 | (133 0,060,1)e0,2e(3)
(1,0,0), (1,6,2) , (1,20) States: |02 0.5 208 | (00
3 5 (0,5)@3(0,3) ®2(0,3) @
~ negqotive  masses (2.1,2) 0.3)©(0,3) (2.1,3) (4,3) @ (L,4)
hy‘)ex Ynu.lﬁp\ei's (2,2,1) (0 2) (2,2,2) | (0,5)®2(0,3) @ (0,3)
V fiop
. 3 5 3(0,3) ©6(0,3) ©6(0,3) &
non—trivial phase of CB . 23,2 3 5)633?3’ 3@(0’ 29 | (2,33) 2(0,5)(@ (%),1)(@ 2()%,2)@
2’ 1.3)@ (3,4

Table 29. BPS spectrum of SU(3)g for d; < 2 and dy,d3 < 3. Here, d = (dy, d3,d3) labels
the state wrapping curve dies + da f1 + d3 fo.



KK theory: Rank1

o Sume) + &F — 64 E-$'hr1‘n3 on o civrcle
( £, Moagnetic fluges ) = BPS
. SLU.’Z.)O 3 lAdS —_— 64 M - S’rr(\ng onn O c'\'rCle
e  Sug + IAd; — &d N=(2.0) Arthy w| Zy ~twist
\
__4__.¢_i_§_ like SW)p,m - two distict Sets
g decoupling of Fluves
" nstantanic hypor.

\ "4

L()Ca.( IPZ"’(- 1Ad‘3
/. )%\

NoW — i/CLS\“OtV\,SIQVI [,B]ﬂaro\wa.j &



KK theory: Rank2

Sp)+3N*,  GQotbF .  Sp@+INT+8F (rank-2 E-String)
SUB)+ I6F ,  SudxSu@) + 2biF,  SU3)e ! Ad;

Sp,t1Ady, Spliy +1Ad) | SUBYe * 1 Sym +IF

Su3)s +1F l L
(Go+1Ad)) PPUF, +1Sym P*UIFg + 1 Sym .




Conclusion

A systematic bootstrap method for BPS spectra of 5d N = 1 field
theories (including KK theories),
based on the Nakajima-Yoshioka’s blowup equation

for any theories: either gauge theory description
or geometric description

With inputs: effective prepotential, consistent magnetic fluxes.
Various examples: rank 1 and rank 2, KK theories

Wilson lines: Online talk on July 14 by Minsung Kim
Strings and QFTs for Eurasian time zone

External homepage
HEP - theory

Audience: Researchers in the topic
Seminar series times: Wednesday 15:00-16:00, 16:00-17:00

Organizer: Satoshi Nawata*



