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*QbKB+ *2MbQ`b?BT *QMD2+im`2

*QbKB+ *2MbQ`b?BT *QMD2+im`2 U***V,
r�b T`QTQb2/ iQ b�p2 i?2 T`2/B+i�#BHBiv Q7 :_ S2M`Qb2

! q2�F ***,
aBM;mH�`Biv b?QmH/ #2 ?B//2M #2?BM/ i?2 7mim`2 2p2Mi ?Q`BxQM- bQ �b MQi
iQ BM~m2Mi i?2 bT�+2iBK2 QmibB/2 i?2 #H�+F ?QH2X

! ai`QM; ***,
*�m+?v ?Q`BxQM b?QmH/ #2 /2bi`Qv2/ #v T2`im`#�iBQMb- bQ i?�i rQ`K?QH2
i`�p2H2`b rQmH/ MQi #2 BM~m2M+2/ #v i?2 iBK2HBF2 bBM;mH�`BivX

k f ke



q2�F *QbKB+ *2MbQ`b?BT *QMD2+im`2

! � `B;Q`Qmb T`QQ7 Q7 q*** Bb biBHH �#b2MiX

! o�`BQmb +QmMi2`2t�KTH2b ?�p2 #22M T`QTQb2/- r?BH2 MQi [mBi2
ǳT?vbB+�HǴX *?QTimBF- *?`BbiQ/QmHQm- XXX

! :2/�MF2M 2tT2`BK2Mi, �M QT2`�iBQM�H /2KQMbi`�iBQM
h`vBM; iQ /2bi`Qv i?2 ?Q`BxQM #v i?`QrBM; K�ii2` BMiQ 2ti`2K�H Q`
M2�`@2ti`2K�H #H�+F ?QH2bX q�H/ 2i �H

j f ke



:2/�MF2M 2tT2`BK2Mi

o2`bBQM A q�H/ RNd9

9. 2ti`2K�H E2``@L2rK�M #H�+F ?QH2

J 2 = (C/J )2 + Z 2

h`vBM; iQ Qp2`+?�`;2 Q` Qp2`bTBM Bi #v /`QTTBM; i2bi T�`iB+H2b,

! S�`iB+H2b rBi? H�`;2 [ Q` D/K +QmH/MǶi 7�HH BM /m2 iQ 2H2+i`QK�;M2iB+
Q` +2Mi`B7m;�H `2TmHbBQMX

! aTBMMBM; T�`iB+H2b rBi? H�`;2 b/K +QmH/MǶi 7�HH BM /m2 iQ ;`�pBi�iBQM�H
bTBM@bTBM `2TmHbBp2 7Q`+2X

q*** T`2b2`p2/X
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:2/�MF2M 2tT2`BK2Mi

o2`bBQM A
_2BMi2`T`2i�iBQM, 7Q` _L #H�+F ?QH2- i2bi T�`iB+H2 2M2`;v Bb #QmM/2/ 7`QK #2HQr
B7 Bi +QmH/ 2Mi2` i?2 #H�+F ?QH2

1 = −(Km� + [��)ξ
� ≥ [Φ> = [

r?2`2 Φ> = 1 Bb ?Q`BxQM 2H2+i`QK�;M2iB+ TQi2MiB�H 7Q` 2ti`2K�H _L #H�+F ?QH2-
?2M+2

J + 1 ≥ Z + [
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:2/�MF2M 2tT2`BK2Mi

*?�HH2M;2 >m#2Mv RNNN

6Q` M2�`@2ti`2K�H _L #H�+F ?QH2 +?�`�+i2`Bx2/ #v

ε =

√
J 2 − Z 2

J
bBM+2 Φ> = Z/`+ ≈ 1− ε rBi? `+ = J +

√
J 2 − Z 2 - QM2 ?�p2

1 ≥ [(1− ε)- ?2M+2

(J + 1 )− (Z + [) ≈ −ε[ +
J ε2

2

a22Kb q*** Bb pBQH�i2/ B7 [ ≥ εJ/2 \
! ǳoBQH�iBQMǴ Q++m`b �i O([2)- i2bi T�`iB+H2 �bbmKTiBQM Bb BMp�HB/- Qi?2`

2z2+ib bm+? �b 2H2+i`QK�;M2iB+ �M/ ;`�pBi�iBQM�H b2H7@7Q`+2 KB;?i 2Mi2`X
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:2/�MF2M 2tT2`BK2Mi

o2`bBQM AA aQ`+2@q�H/ kyRd

! 6Q` �`#Bi`�`v K�ii2` i?�i 2Mi2`b #H�+F ?QH2- � +QKTH2i2 �M�HvbBb Q7
+QMi`B#miBQM iQ "> K�bb r�b T2`7Q`K2/ pB� Av2`@q�H/ 7Q`KmH�iBQMX

! h�FBM; +�`2 Q7 kM/ Q`/2` 2z2+ib- i?2 >m#2Mv@ivT2 ǳpBQH�iBQMǴ rQmH/
MQi Q++m`- q*** Bb T`2b2`p2/ 7Q` 1BMbi2BM@J�tr2HH i?2Q`v ;Bp2M i?2
LmHH 1M2`;v *QM/BiBQM 7Q` K�ii2`X

d f ke



:2/�MF2M 2tT2`BK2Mi

o2`bBQM AA
Av2`@q�H/ 7Q`KmH�iBQM, 2bi�#HBb?2b i?�i "> 2Mi`QTv Bb i?2 /Bz2QKQ`T?BbK
LQ2i?2` +?�`;2 7Q` i?2 ?Q`BxQM@;2M2`�iBM; EBHHBM; }2H/X Av2`@q�H/ RNN9

δG = 1(φ)δφ + /Θ(φ, δφ)

7`QK i?2 bm`7�+2 i2`K- QM2 /2}M2b i?2 +QMb2`p2/ bvKTH2+iB+ +m``2Mi

Ω(φ, δ1φ, δ2φ) = δ1Θ(φ, δ2φ) − δ2Θ(φ, δ1φ)

6Q` �Mv p2+iQ` ξ� QM2 +�M +QMbi`m+i i?2 �bbQ+B�i2/ LQ2i?2` +m``2Mi

Cξ = Θ(φ,Lξφ) − BξG

r?B+? Bb +HQb2/ �M/ +�M #2 r`Bii2M �b

Cξ = /Zξ + ξ�*�

3 f ke



:2/�MF2M 2tT2`BK2Mi
o2`bBQM AA
o�`B�iBQM Q7 LQ2i?2` +m``2Mi ;Bp2b `Bb2 iQ HBM2�` p�`B�iBQM�H B/2MiBiv ,

∫

∂Σ
δZξ − BξΘ(φ, δφ) =

∫

Σ
Ω(φ, δφ,Lξφ)−

∫

Σ
δ*ξ −

∫

Σ
Bξ(1 δφ)

�bbmKBM; QM@b?2HH �M/ ξ Bb EBHHBM; p2+iQ` ∂i + Ω>∂ϕ- i?2 �.J K�bb- �M;mH�`
KQK2MimK �M/ 2Mi`QTv 7Q` #H�+F ?QH2 �`2 B/2MiB}2/ �b

M ≡
∫

∞
δZi − BiΘ(φ, δφ)

J ≡
∫

∞
δZϕ − BϕΘ(φ, δφ)

h>δa ≡
∫

"
δZξ − BξΘ(φ, δφ)

GBM2�` p�`B�iBQM�H B/2MiBiv `2/m+2 iQ

δM− Ω>δJ − h> δa = −
∫

Σ
δ*ξ URV

N f ke



:2/�MF2M 2tT2`BK2Mi

o2`bBQM AA

! *QMbi`�BMib im`M Qmi iQ #2 �Hr�vb T`QTQ`iBQM�H iQ 1PJbX

! 1p2M URV r�b /2`Bp2/ rBi?Qmi K�ii2`- bBM+2 HBM2�`Bx2/ 1PJb �`2 MQi
2M7Q`+2/- QM2 +QmH/ bBKTHv `2TH�+2 δ*ξ rBi? K�ii2` T2`im`#�iBQM bQ i?�i
URV Bb �HbQ p�HB/ BM T`2b2M+2 Q7 K�ii2`X

! 6`QK MQr QM QMHv +QMbB/2` δφ p�MBb?BM; M2�` BMi2`M�H #QmM/�`v Q7 Σ-
i?2M URV rBi? h>δa = 0 ?QH/b 7Q` #Qi? 2ti`2K�H �M/ MQM@2ti`2K�H ">bX

Ry f ke



:2/�MF2M 2tT2`BK2Mi

o2`bBQM AA
� b2+QM/ p�`B�iBQM Q7 HBM2�` p�`B�iBQM�H B/2MiBiv ;Bp2b

EΣ(φ; δφ) =

∫

∂Σ

[
δ2Zξ − BξδΘ(φ, δφ)

]
+

∫

Σ
δ2*ξ +

∫

Σ
Bξ (δ1 ∧ δφ) UkV

BM r?B+? q�H/Ƕb +�MQMB+�H 2M2`;v

EΣ(φ; δφ) ≡
∫

Σ
Ω(φ, δφ,Lξδφ) .

! lbBM; i?2 2M2`;v +QMbi`�BMi ;Bp2M #v B/2MiBiv URVUkV- aQ`+2@q�H/ b?Qr2/
#Qi? 2ti`2K�H �M/ M2�`@2ti`2K�H #H�+F ?QH2b +QmH/ MQi #2 Qp2`+?�`;2/ Q`
Qp2`bTmM- mT iQ kM/ Q`/2` T2`im`#�iBQM Q7 K�ii2`X

RR f ke



"2vQM/ 1BMbi2BM@J�tr2HH i?2Q`v \

Rk f ke



9. ?B;?2` /2`Bp�iBp2 ;`�pBiv

! Zm�MimK +Q``2+iBQMb +QmH/ H2�p2 HQr@2M2`;v `2HB+b BM i?2 7Q`K Q7 ?B;?2`@
Q`/2` /2`Bp�iBp2 i2`Kb #2vQM/ 1BMbi2BM@J�tr2HHX

! _2;�`/ q*** �b � T?vbB+�H T`BM+BTH2 iQ +QMbi`�BM i?2 ?B;?2`@Q`/2` 16hbX

A =
∫

/ 4t
√

−;
(

1

2κ
_ −

1

4
6µν6µν +∆G

)
,

r?2`2

∆G = +1_ 2 + +2_µν_µν + +3_µνρσ_µνρσ

+ +4_6µν6µν + +5_µν6µρ6ν
ρ + +6_µνρσ6µν6 ρσ

+ +76µν6µν6ρσ6ρσ + +86µν6 νρ6ρσ6σµ .

Rj f ke



*?�`;2/ #H�+F ?QH2b

*?�`;2/ MQM@bTBMMBM; bQHmiBQMb UHBM2�` +Q``2+iBQM iQ _L #H�+F ?QH2V,
JQiH 2i �H- kyyd

−;ii = 1 −
κK

`
+

κ[2

2`2
+ +2

(
κ3K[2

`5
−

κ3[4

5`6
−

2κ2[2

`4

)

+ +3
(

4κ3K[2

`5
−

4κ3[4

5`6
−

8κ2[2

`4

)
+ +4

(
−

6κ2K[2

`5
+

4κ2[4

`6
+

4κ[2

`4

)

+ +5
(

4κ2[4

5`6
−

κ2K[2

`5

)
+ +6

(
κ2K[2

`5
−

κ2[4

5`6
−

2κ[2

`4

)

+ +7
(
−

4κ[4

5`6

)
+ +8

(
−

2κ[4

5`6

)
+ O(+2B )

rBi? ;�m;2 TQi2MiB�H ( *`2/Bi, CB�M; 2i �H- kRyRXRyRdk )

�i = −
[
` −

[3

5`5 ×
[

+2κ2 + 4+3κ2 + 10+4κ+ +5κ− +6κ
(
9−

10K`
[2

)
− 16+7 − 8+8

]

R9 f ke



*?�`;2/ #H�+F ?QH2b

! aBM;mH�`Biv rBHH #2 ?B//2M #v � ?Q`BxQM B7
U�#bQ`#BM; i?2 +Q``2+iBQM iQ K2i`B+ 7mM+iBQM �b K�bb b?B7iV

K ≥
√

2

κ
|[ |

(
1−

4

5[2
+0
)

, +0 ≡ +2 + 4+3 +
+5
κ

+
+6
κ

+
4+7
κ2

+
2+8
κ2

! 6Q` 2ti`2K�H bQHmiBQM- HQ+�iBQM Q7 /2;2M2`�i2 ?Q`BxQM
U ;ii = 0 �M/ /;ii//` = 0 V

` 2ti
> =

Kκ

2
+

4

5K

(
+2 + 4+3 +

10+4 + +5 + +6
κ

−
16+7 + 8+8

κ2

)

1H2+i`Qbi�iB+ TQi2MiB�H QM 2ti`2K�H ?Q`BxQM

Φ 2ti
> = − (ξ���) |H =

√
2

κ

(
1 +

4+′0
5[2

)
, +′0 = +2+4+3+

+5
κ
+

+6
κ
+
4+7
κ2

+
2+8
κ2

= +0

R8 f ke



:2/�MF2M 2tT2`BK2Mib �M/ q***

*QMbB/2` i?`QrBM; K�ii2` BMiQ �M 2ti`2K�H #H�+F ?QH2X

! �bbmKBM; bi�#BHBiv Q7 Qm` 7�KBHv Q7 bQHmiBQMb, BM@7�HHBM; K�ii2` }M�HHv im`Mb
Q`B;BM�H 2ti`2K�H "> BMiQ � QM2@T�`�K2i2` 7�KBHv bQHmiBQMb (K(r), [(r))X

! �i }`bi Q`/2` BM r - q*** ?QH/b QMHv B7

δK −
√

2

κ

(
1 +

4+0
5[2

)
δ[ ≥ 0 UjV

Re f ke



:2/�MF2M 2tT2`BK2Mib �M/ q***

Ai im`Mb Qmi UjV +QBM+B/2b rBi? i?2 i?2 `2[mB`2K2Mi i?�i ?Q`BxQM �`2� Kmbi
BM+`2�b2 �b K�ii2` 7�HH BMiQ 2ti`2K�H #H�+F ?QH2bX

Naked singularity region
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:2/�MF2M 2tT2`BK2Mib, h2bi T�`iB+H2

6Q` `2;mH�` bQHmiBQM (K, [)- +QMbB/2` � i2bi T�`iB+H2 rBi? K�bb δK0 �M/ +?�`;2
δ[0 7�HHBM; BM 7`QK BM}MBiv rBi? �+iBQM

aT = 4π

∫
/τ (δK0 − δ[0m���)

+�MQMB+�H KQK2MimK T� = δK0 m� − δ[0 �� Bb +QMb2`p2/ �HQM; i`�D2+iQ`v-
�TTHvBM; ξ�T� = +QMbi iQ BM}MBiv �M/ ?Q`BxQM-

δK0

(
m >

� ξ�
)

− Φ+
>δ[0 = δK0 (m∞

� ξ� ) = −δ1∞

6BM�H bT�+2@iBK2 Bb T�`�K2i2`Bx2/ #v (K + δK, [ + δ[)X *QMb2`p�iBQM Q7 +?�`;2
�M/ �.J K�bb U;`�pBi�iBQM�H `�/B�iBQM M2;H2+i�#H2V ;Bp2b δ[ = δ[0-
δK = δ1∞ - ?2M+2

δK − Φ+
>δ[ = −δK0

(
m >

� ξ�
)

≥ 0

Q`
δK ≥

√
2

κ

(
1 +

4+′0
5[2

)
δ[ U8V
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:2/�MF2M 2tT2`BK2Mib, aQ`+2@q�H/ K2i?Q/

lbBM; Av2`@q�H/ 7Q`KmH�iBQM iQ /2`Bp2 i?2 ǳH�r Q7 2M2`;v +QMb2`p�iBQMǴ 7Q`
BM@7�HHBM; T`Q+2bb- B/2MiB7v i?2 p�`B�iBQM Q7 +QMbi`�BMi rBi? K�ii2` T2`im`#�iBQM

(δ*�)#+/ = ε2#+/ (δh 2
� + �� δD 2)

GBM2�` p�`B�iBQM�H B/2MiBiv URV ;Bp2b

δM = −
∫

Σ
ε�#+/ ξ

� (δh 2� + �� δD 2)

! δD 2- δh 2
� , �bbQ+B�i2/ +m``2Mi �M/ bi`2bb i2MbQ` Q7 BM@7�HHBM; K�ii2`

T�bbBM; i?`Qm;? ?vT2`bm`7�+2 Σ U+?Qb2M iQ #2 H∪Σ1V
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:2/�MF2M 2tT2`BK2Mib, aQ`+2@q�H/ K2i?Q/

�0

�1H

�� = 0

U

�bbmKBM; �HH i?2 K�ii2` 7�HH BMiQ #H�+F ?QH2
7�` 2�`HB2` i?�M DQBMi KQK2Mi Q7 H �M/ Σ1-
`2TH�+2 BMi2;`�H QM Σ1 rBi? H �M/ Q#i�BM

δM− Φ>

∫

H
ε�#+/ δD � = −

∫

H
ε2#+/ ξ

�δh 2�

! QM ?Q`BxQM ξ� ∝ M�- _>a Bb MQM@M2;�iBp2 /m2 iQ MmHH 2M2`;v +QM/BiBQM
! +?�`;2 +`QbbBM; i?2 ?Q`BxQM, δQ =

∫
H ε�#+/ δD �

?2M+2
δM − Φ+

> δQ ≥ 0

RN f ke20 / 26



:2/�MF2M 2tT2`BK2Mib, aQ`+2@q�H/ K2i?Q/

1tTHB+Bi 7Q`K Q7 Zξ ,

(Zξ)+3+4 = ε�#+3+4
(

J �#+ ξ+ − 1 �#+/ ∇[+ ξ/ ]

)

rBi?

J �#+ ≡ −2∇/1 �#+/ + 1 �#
6 �+

1 �#+/ ≡
δG

δ_�#+/

1 �#
6 ≡

δG
δ6�#

ky f ke



:2/�MF2M 2tT2`BK2Mib, aQ`+2@q�H/ K2i?Q/

δM �M/ δQ 7Q` #H�+F ?QH2 BM ?B;?2` i?2Q`v KB;?i MQi #2 i?2 b�K2 �b i?2 QM2b
7Q` _L #H�+F ?QH2- BX2X- δJ �M/ δZ X

! *Q``2+iBQMb iQ Zξ /m2 iQ i?2 ?B;?2`@/BK2MbBQM G�;`�M;B�M ∆G 7�HH Qz iQQ
[mB+FHv iQ +QMi`B#mi2 iQ i?2 �.J K�bb- ?2M+2 δM = δJ X

! ai`�B;?i7Q`r�`/ +�H+mH�iBQM mbBM; *� ;Bp2b δQ = δZ +O(+ 2
B ) X

>2M+2 HBM2�` p�`B�iBQM�H B/2MiBiv ;Bp2b

δK ≥
√

2

κ

(
1 +

4+′0
5[2

)
δ[ U9V

kR f ke



*QM+HmbBQM

! aBM+2 +0 = +′0- +QMbi`�BMi Q#i�BM2/ 7`QK ǳH�r Q7 2M2`;v +QMb2`p�iBQMǴ U9V
+QBM+B/2b rBi? q*** ?QH/BM; +QM/BiBQM UjV- BX2X- q*** �Hr�vb #2 p�HB/
7Q` BM@7�HHBM; K�ii2` b�iBb7vBM; L1* �i HBM2�` Q`/2`X

! 6Q` M2�`@2ti`2K�H #H�+F ?QH2b- � +?2+F Q7 q*** �i kM/ Q`/2` Bb `2[mB`2/X
U qQ`F BM T`Q;`2bbXXX V

kk f ke



.Bb+mbbBQM

AM 7�+i- QM2 +�M T`Qp2 i?�i q*** Bb T`2b2`p2/ 7Q` MQM`Qi�iBM; 2ti`2K�H ">b BM
�HH M@/BKX /Bz2QKQ`T?BbK@+Qp�`B�Mi i?2Q`B2b Q7 ;`�pBiv �M/ lURV ;�m;2 }2H/X

*QM/BiBQM 7Q` 2ti`2K�H bQHmiBQM MQi #2+QKBM; bBM;mH�` Bb U;2M2`�HBx�iBQM Q7 UjV-
B7 �bbmK2 (/J//Z)2ti > 0 �M/ MQM@2ti`2K�H ">b ?�p2 J > J2ti(Z)V

Naked singularity region

ar
ea
de
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as
e

area
incr
ease

con
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nt
are
a

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0δJ −
(/J

/Z

)

2ti
δZ ≥ 0

�++Q`/BM; iQ Rbi H�r δJ = hδa + Φ>δZ ,
7Q` 2ti`2K�H "> rBi? h = 0 -

(/J
/Z

)

2ti
= Φ>

+QBM+B/2b rBi? +QMbi`�BMi 7`QK p�`B�iBQM�H
B/2MiBiv

δJ − Φ>δZ ≥ 0

kj f ke



.Bb+mbbBQM

AM 7�+i- QM2 +�M T`Qp2 i?�i q*** Bb T`2b2`p2/ 7Q` MQM`Qi�iBM; 2ti`2K�H ">b BM
�HH M@/BKX /Bz2QKQ`T?BbK@+Qp�`B�Mi i?2Q`B2b Q7 ;`�pBiv �M/ lURV ;�m;2 }2H/X

*QM/BiBQM 7Q` 2ti`2K�H bQHmiBQM MQi #2+QKBM; bBM;mH�` Bb U;2M2`�HBx�iBQM Q7 UjV-
B7 �bbmK2 (/J//Z)2ti > 0 �M/ MQM@2ti`2K�H ">b ?�p2 J > J2ti(Z)V

Naked singularity region

ar
ea
de
cre
as
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kj f ke

It would be interesting to compare the 2nd order result from WCCC with 
this WGC bound...
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