Gedanken Experiments and
the Weak Cosmic Censorship Conjecture

Bo Ning

Sichuan University

Based on PRL 126 (2021) 031102 [arXiv: 2006.08663]
Collaborated w/ Baoyi Chen, Feng-Li Lin and Yanbei Chen

Strings and Related Topics @ PCFT, USTC
13 July 2021



Cosmic Censorship Conjecture

Cosmic Censorship Conjecture (CCC):
was proposed to save the predictability of GR  penrose

» Weak CCC:
Singularity should be hidden behind the future event horizon, so as not
to influent the spacetime outside the black hole.

» Strong CCC:
Cauchy horizon should be destroyed by perturbations, so that wormhole
travelers would not be influenced by the timelike singularity.
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Weak Cosmic Censorship Conjecture

> A rigorous proof of WCCC is still absent.

» Various counterexamples have been proposed, while not quite
”physical”. Choptuik, Christodoulou, ...

» Gedanken experiment: an operational demonstration

Trying to destroy the horizon by throwing matter into extremal or
near-extremal black holes. wald et ar
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Gedanken experiment

Version | wald 1974

4D extremal Kerr-Newman black hole
M2 — (J/M)2 + Q2
Trying to overcharge or overspin it by dropping test particles:

> Particles with large g or j/m couldn’t fall in due to electromagnetic
or centrifugal repulsion.

> Spinning particles with large s/m couldn’t fall in due to gravitational
spin-spin repulsive force.

WCCC preserved.
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Gedanken experiment

Version |

Reinterpretation: for RN black hole, test particle energy is bounded from below
if it could enter the black hole

E = _(mua+qAa)§a > qq)H =4q
where &y = 1 is horizon electromagnetic potential for extremal RN black hole,

hence
M+E > Q+gq
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Gedanken experiment

Challenge Hubeny 1999
For near-extremal RN black hole characterized by

V= Q2
M

since &y = Q/ry ~ 1—¢€ with rp = M++/M? — Q?, one have
E > q(1 —¢), hence

€ =

Mé?
2

(M+E)=(Q+q) ~ —eq +

Seems WCCC is violated if g > eM/2 ?

> “Violation"” occurs at O(g?), test particle assumption is invalid, other
effects such as electromagnetic and gravitational self-force might enter.
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Gedanken experiment

Version Il Sorce-Wald 2017

> For arbitrary matter that enters black hole, a complete analysis of
contribution to BH mass was performed via lyer-Wald formulation.

> Taking care of 2" order effects, the Hubeny-type “violation” would
not occur, WCCC is preserved for Einstein-Maxwell theory given the
Null Energy Condition for matter.
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Gedanken experiment

Version Il

lyer-Wald formulation: establishes that BH entropy is the diffeomorphism
Noether charge for the horizon-generating Killing field. 1yer-wald 1994

0L = E(¢)d¢p + dO(¢,d¢)
from the surface term, one defines the conserved symplectic current
(¢, 019,029) = 610(¢,020) — 620(¢,019)
For any vector £? one can construct the associated Noether current
Je = ©(¢,Leg) — icL
which is closed and can be written as

J& = dQ§ + §aca
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Gedanken experiment

Version Il

Variation of Noether current gives rise to linear variational identity :

/;92 0Q¢ — i¢®(¢,0¢) = /Zﬂ(qﬁ,&b,ﬂgb)f/zécﬁf/zig(E&z))

Assuming on-shell and ¢ is Killing vector 0; + Qud,, the ADM mass, angular
momentum and entropy for black hole are identified as

M = / 5Qe — 1:© (¢, 50)
7 = /mwww,é@
T.65 = /B 5Qe — ic®(p,60)

Linear variational identity reduce to

SM — QudT — Ty dS = —/ 5Cy (1)
>
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Gedanken experiment

Version Il

> Constraints turn out to be always proportional to EOMs.

> Even (1) was derived without matter, since linearized EOMs are not
enforced, one could simply replace §C¢ with matter perturbation so that
(1) is also valid in presence of matter.

> From now on only consider d¢ vanishing near internal boundary of %,
then (1) with ThdS = 0 holds for both extremal and non-extremal BHs.
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Gedanken experiment

Version Il

A second variation of linear variational identity gives
Ex@i60) = [ [Qc — e500,50)] + [ Cc + [1cGEASH) (@)
% b b
in which Wald's canonical energy
Ex(i60) = [ 0(6.00.Lc50).
> Using the energy constraint given by identity (1)(2), Sorce-Wald showed

both extremal and near-extremal black holes could not be overcharged or
overspun, up to 2" order perturbation of matter.
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Beyond Einstein-Maxwell theory 7

12 /26



4D higher derivative gravity

> Quantum corrections could leave low-energy relics in the form of higher-
order derivative terms beyond Einstein-Maxwell.

» Regard WCCC as a physical principle to constrain the higher-order EFTs.

1 1
| = /d4xw/—g (—R— —Fp FHY +AL) ,
2K 4
where
AL = cR? + Ry R" + c3Ruvpo RMP°

+ CaRFuw F* + c5 Ry FPP Yy + Co Ruvpo FH FPO
+ 1 Fuu FP Fpo FP7 + c8 Fuy FYP Fpo F7H
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Charged black holes

Charged non-spinning solutions (linear correction to RN black hole):
Motl et al, 2007

L (ﬂsz _ e _ 2K2q2>
r 2r2 ] 56 A
4.t»c3mq2 4K3q4 8.!»12q2 6n2mq2 4ﬁ2q4 4.~aq2
+°3<r5 _5r6_,4>°4<_r5 +r5+r4>
4k2¢4 K2mq? 12 mq? k2qh 2mq?
+C5(5r5 T )+C‘3( 5 56 A)

4/eq4 2nq4 2
+C7<* 5,6>+58<*F>+O(5f)
with gauge potential [Credit: Jiang et al, 2101.10172]

3 10
Ay = — a_9 |:C2K)2 + 4e3k? + 10csk + csk — Cok (9 - mr) — 16¢c7 — 8C8:|

r 5 2
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Charged black holes

» Singularity will be hidden by a horizon if
(absorbing the correction to metric function as mass shift)

C6 4cy 2cg

2 4 cs
m>4/=lql(1- 5], «@=ctds+—+—+—F+—
K 5q2 K K K2 K2

> For extremal solution, location of degenerate horizon
(gtt =0 and dgtt/dr: 0)

ext mek 4
= — + —|c2+4c3+
r” 2 5m<2 3

10cs +¢c5 +cs  16¢c7 + 8c8)
2

K K

Electrostatic potential on extremal horizon

2 4c, cs ¢  4dcr  2cg
o= @al= 2 (1452) . dmerier 2420 g

15 / 26



Gedanken experiments and WCCC

Consider throwing matter into an extremal black hole.

» Assuming stability of our family of solutions: in-falling matter finally turns
original extremal BH into a one-parameter family solutions (m(w), g(w)).

» At first order in w, WCCC holds only if

2 4
sm— /2 (1+ CE’)éq > 0 3)
K 5q2
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Gedanken experiments and WCCC

It turns out (3) coincides with the the requirement that horizon area must
increase as matter fall into extremal black holes.

Naked singularity region

extremal line, A, = A
A, contours

A_ contours

Extremality contour & constant area contours
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Gedanken experiments: Test particle

For regular solution (m, q), consider a test particle with mass dmg and charge
dqo falling in from infinity with action

Sp = 47‘('/d7' (6mo — dqouaA?)

canonical momentum p? = dmg u® — §qo A? is conserved along trajectory,
applying £,p° = const to infinity and horizon,

o (46) — 55000 = Smu=) = i
Final space-time is parameterized by (m+ dm, g+ dg). Conservation of charge
and ADM mass (gravitational radiation neglectable) gives 5g = dqo,

om = 0E , hence

Sm — ®56q = —dmo (u;*ga) >0

om > /2 (1418 59 *)
K 5¢

or
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Gedanken experiments: Sorce-Wald method

Using lyer-Wald formulation to derive the “law of energy conservation” for
in-falling process, identify the variation of constraint with matter perturbation

(0Ca)bed = €ebcd (0T, + A2 dj€)
Linear variational identity (1) gives

oM = _/ Eabcdfa (5Tea+Aa5je)
)

> §j¢ 6T¢,: associated current and stress tensor of in-falling matter
passing through hypersurface ¥ (chosen to be HUX1)
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Gedanken experiments: Sorce-Wald method

Assuming all the matter fall into black hole

far earlier than joint moment of H and Xy,
replace integral on ¥; with H and obtain H

SM — By / Cabca5j° = — / Cerca €0,
H H

» on horizon £? o< n?, RHS is non-negative due to null energy condition

> charge crossing the horizon: §Q = fH €abed 0J°

hence
oM — ®56Q > 0
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Gedanken experiments: Sorce-Wald method

Explicit form of Qg

(QE)C3C4 = €abczcy (Mabcfc - Eadev[c gd])

with
Mabc = —QVdEade-‘r EEbAc
Eabcd = oL
6Rabcd
g = 0L
0F3p
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Gedanken experiments: Sorce-Wald method

0M and §Q for black hole in higher theory might not be the same as the ones
for RN black hole, i.e., M and 6Q .

> Corrections to Q¢ due to the higher-dimension Lagrangian AL fall off too
quickly to contribute to the ADM mass, hence M = M.

> Straightforward calculation using C, gives 6Q = 6Q + O(c?).
Hence linear variational identity gives

2 4c]
sm > 7<'1+—E’><5q (4)
K 5q2
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Conclusion

> Since ¢y = ¢, constraint obtained from “law of energy conservation” (4)
coincides with WCCC holding condition (3), i.e., WCCC always be valid
for in-falling matter satisfying NEC at linear order.

» For near-extremal black holes, a check of WCCC at 2" order is required.
(Work in progress...)
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Discussion

In fact, one can prove that WCCC is preserved for nonrotating extremal BHs in
all n-dim. diffeomorphism-covariant theories of gravity and U(1) gauge field.

Condition for extremal solution not becoming singular is (generalization of (3),
if assume (dM/dQ)ext > 0 and non-extremal BHs have M > M(Q))

dM
M— | — Q >0
(dQ)ext Q N

According to 1st law M = T§S+ ®46Q, NEAC Gyt
for extremal BH with T=0,

dM
- =&
(dQ> ot

coincides with constraint from variational
identity

OM—DHéQ > 0
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Discussion

Weak gravity conjecture (WGC): vafa etal, 20052006

Finiteness of the number of stable particles not protected by symmetry

M/|Q| <1 due to corrections from higher dimension operators
Motl et al, 2006
Ce 4(77 2{78

Cs
tde+—+—+—F+—52>0
K K K K

Shift of thermodynamic entropy of extremal black hole due to higher-dimension
operators must be positive gives the same constraint. cheung etal,2018

It would be interesting to compare the 2nd order result from WCCC with
thisWGC bound...
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THANK YOU !



