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@ The perturbative calculation of scattering amplitude is
crucial for higher energy physics. using Feynman
diagrams.

@ The tradition way to do the calculation is to use the
Feynman diagrams, but it is well known now, this method is
not efficient in many situations.

@ In last thirty years, various techniques have been
developed to speed the computation. Now one-loop
computation is considered as solved problem and the
frontier is the two loop and higher, as we will hear a lot in
this workshop.

@ However, in this talk, | will discuss some problems left in
the one-loop calculation.
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Some efficient one-loop computation algorithms:

@ OPP method:
@ Unitarity cut method:

@ Forde’s method:
@ Generalized OPP method:
@ ACK method:
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@ For one-loop computation, the well established method is
the reduction method.

@ Now we are all known that the reduction can be divided
into two categories: the reduction at the integrand level
and the reduction at the integral level.

@ The reduction at the integrand level is nothing, but division
and separation of polynomial, for which the powerful
mathematical tool is the "computational algebraic
geometry".
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@ One well known algorithm for reduction at the integrand
level is the OPP method.

@ OPP method has the advantage that it is easy to be
implemented into program, both numerically and
analytically.

@ The disadvantage of OPP method is that we need to
compute coefficients of spurious terms, although they do
not contribute at the integral level. For practical
applications, it is not a big problem since for the
renormalizable theories, the spurious terms are not so
much.
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Motivation

@ However, from theoretical point of view, it is not satisfied,
since the number of spurious terms increasing with the
increasing of power of ¢ in numerator. Thus for arbitrary
higher and higher power in numerator, there are more and
more terms to be calculated, and the efficiency will be lost.
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@ For the reduction at the integral level, the typical algorithm
is the celebrating PV-reduction method.

@ For this method, we need to calculate the coefficients of
masters only and the spurious terms will never show up.

@ Although the algorithm of the original PV-reduction method
is clear, its implement is not so easy.

@ A better realization of reduction at the integral level is the
Unitarity cut method.
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Motivation

PV reduction

@ The mast basis are given by

0§ A

tadpole bubble triangle box pentagon

@ For massless inner line, there is no tadpole and massless
bubble.
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Motivation

Unitary cut

Some facts regarding the one-loop amplitudes:

@ The singular behavior of one-loop amplitudes is much
more complicated than the tree-level: we have branch cuts
as well as higher dimension singular surface.

@ Under the expansion into basis, all branch cuts are given
by scalar basis while coefficients are rational functions.

@ Applying above observation we have unitarity cut method:
taking imaginary part at both sides Im(/) = >, ¢;Im(/;) and
comparing both sides we can get ¢; if each Im(/;) is unique.
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Motivation

Unitary cut

@ The good point for this method is that the input is the
multiplication of on-shell tree-level amplitudes of both
sides. Especially when we combine the BCFW recursion
relation.

@ The difficulty is how to evaluate Im(/)? This is solved by
holomorphic anomaly: reducing integration into reading out
residues of poles

@ Current status: Now we have well defined algebraic steps
to extract coefficients from tree-level input.
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@ Example: Triangle

Tri[Ks, K]
1 (KZ)N+1 1
2 (—BVT = u)N+1(\/—4qZKZ)NH (N + 1)1 (Pg 1 Ps o)™

N+t (kg
dTN+1 (K2)N+1

TWN(0) - Ds()

{\K] - |Qs(u)[6)
|f> — |PS’1 — TPS!2>

+{Ps1 © Ps2}) |

70

@ Advantage: (1) we can get the wanted coefficients without
calculating the spurious terms; (2) we can deal with
arbitrary higher power in numerator.
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However, there are some unsatisfied parts of unitarity cut
method. In this talk we will discuss following two aspects:

@ (A) The unitarity cut for higher poles
@ (B) The tadpole coefficients
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We consider the reduction of

B abe N4 ‘
M= [ G MKy - rign @

@ By general theory, we know that

M [f] Z ¢iIm It [f]

@ The Im(Z;[¢]) is known, so we need to find Im(AM[¢])
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Higher poles

To use the unitarity cut method, we use a trick by noticing that

/ aby N
(2m)P72 [Ty (€ = KG)2 — m? + i)™

1 d% d®e N4
{H (g —1)! / (2m)P2 T, (¢ — KG)2 — m? — nj + e) } 0

thus

a;—1
Re[L] + ilm[L] = {H - d =7 (RelR] + iIm[R])} [0
! 77/
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Higher poles

Since the n;’s are real numbers, we have

n a—1
Re[L] + ilm[L] = {H & 1 7 :aj—1 Re[R]} =0
“an

j=1 i
n
1 a1
+i Im[R .
so finally
n
1 aa—1
Im[L] = —Im[R ,
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Higher poles

@ For general N[¢], we know the expansion

Im[R] =~ cdm(Z[(])
t

@ The action of & will act on both ¢; and Im(Z:[(]).

@ Since the analytic function ¢;’s are known, the unknown
piece is the action of d%] on Im(Z;[¢]) and its expansion. In
another words, we just need to consider the reduction of
general power with N[¢] = 1 for n < 5.
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Higher poles

Example |: bubble

/ d472ep 1
(2m)42¢ (P2 — MF)3((p — K)? — MZ)P
@ The imaginary part is given by

1
C[T,] = (Kz)‘HEA;*/ duus='"V1—u
0
where
ALK; My, Mp] = (K2)° + (My2)? + (Mp?)?
—2My2Mp2 — 2K2My? — 2K2 M3
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Higher poles

@ By our trick

Cle(n+ 1, m+ 1) = (8;\9/72) (aiﬁ) Clh(1, 1)
o 2 1

thus

m n
1 0 0 1
c n+1,m+1) = N2~°¢
2 s2( ) I A< <8M22> <8M12>
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Higher poles

Recurrence relation:

1 g1
(ng — 1)l d(m2)n—1

1 d 1 gmn—2
- (1
(n3 —1) d(m12) (n3 —2)! d(m12)f73—2 3(1,1,1)
1 d
= k(1,1 1
(n3 — 1) d(m?) 5(1, 1,13 = 1)
1 d

BRI G A

3
+Z C3—>2;7(1a 1, ng — 1)1—2;7 + }

i=1

13(1,17n3): I3(1’171)
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Higher poles

1 des3(1,1,n3—1) C33(1,1,n3 — 1)
_ Tot (1,12
(1) dB) 2T (mo1y (12

23: dey ,3(1,1,n3 — 1)

I '_.
i=1 (n3 - 1)d(m$) 2
C3a2;7(1a1a”3—1)l (1.2) C3 05(1,1,n3—1)
(N3 —1) Zt (ng—1)

/2’2(2, 1) + .
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Higher poles

Thus we derive

1 dog3(1,1,m3 —1)  cza(l1,m5—1)

c3(1,1,n3) = c33(1,1,2)
(ng —1) d(m?) (n3 —1) -
c33(1,1,n3 — 1) 1 dc3*}2-1'(1,17”3_1)
C3 (1 1im) = S L5(1,1,2) + ;
- (ng —1) o (ng — 1) d(m2)
[ 3(1,1,n3 — 1)
32,7\ 13
W%Hz;i(hm
c33(1,1,n3 — 1) 1 dc3*}2-§(1, 1,n3 —1)
C3_,o3(1,1,m3) = ——————0¢3 ,5(1,1,2) + -
- (ng —1) o (ng — 1) d(m2)
[ 5(1,1,n3 — 1)
32,2\ 13
+ (n—1) €2 s25(2,1)
c35(1,1,n3 — 1) 1 doy_,,5(1,1,n3 — 1)
C3_,o35(1,1,m3) = ——————¢3 ,5(1,1,2)+ :
3—2;3 (n3 —1) 3—2;3 (”3 —1) d(m;")

Thus the key calculation is for scalar integral with one and only
one propagator having power 2.

Bo Feng Some results of one-loop red



Higher poles

Further simplification—- The dihedral symmetry Dj:
@ By momentum shifting p — p + K; we get

ls(ny, N2, n3)[Ky, Ko, Ka; My, Mz, my]

g*-2eph 1
a / (2m)4=2< ((p+ K1)2 — M2)™ (p? — M2)™((p — K2)? — m5)"s
= Bk(n2, n3, ny)[Kz, Ks, Ky; Mz, my, Mj]

@ We can also consider the variable changing p — —p to get
(N1, N2, n3)[Ky, Kz, Ka; My, Mz, my]

B / d4—26p 1
(2m)4=2¢ (2 — M2)m ((p + K1)2 — M3)™((p — K3)2 — m2)™s
l(ny, n3, n2)[Ks, Kz, K1; My, my, Ma]

@ Thus only In(1,...,1,2) needed to be calculated.
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Higher poles

For triangle, we need to compute only /3(1,1,2). Let us show
the calculation for the cut Kj:

o
4K?2 A )
Ck, (l3(1,1,2)) = — 1 Tz
K1(3( )) (A[K1,M1,M2]> */AS;m:O 6m'12 ( )
@ With a little algebra we have
2K? —
I THO(Z) = 1 (2(1 226) Bub®
omg VD3m0 A[Kt, My, Mp] -Z
2Z¢

(0)
+1 >z Tri (Z))
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Higher poles

Thus
4K? Ze
C33.4(1,1,2) 1
e \/As;m:OA[K1 ) M1 ) M2] 1-22
and
4K12 1—2¢
Ca234(1,1,2) = - A[Ky, My, Mp] Ao 1 — 22
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Tadpole

@ One of the big problem of unitarity cut method is that
tadpole coefficients can not be found by this way.

@ There are proposal using the single cut, but the calculation
is still complicated.

@ In this talk, | will present a method to give the analytic
expression of tadpole coefficients
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Tadpole

We want to find the tadpole coefficient of integral

abe (2¢- R)™
(2m)P (€2 — MZ) T/ (£ — Kj)2 — M?)

K™ 1R (K} My, {M}] = /

This expression is general. By setting R = """, «;R; into (??)
and expanding the result to find the coefficients of aq...apm, it is
easy to see that we will get the reduction of

-t _ / dPy pmigre ... ppm
1 (27’[‘)D P0'~-Pn ’
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Tadpole

We will focus on

dby 1

@nP (@ _Mg) "

K™ = Go(m.n+ 1)/

and others can be obtained by momentum shifting.

@ To find the Cp, we will use a trick, i.e., to establish some
differential equations by using following differential
operators:

0 = o 0

A,: L = . — MV
Di=Ki g i=Twun  T=p"omom
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Tadpole

Kool = [ doC _ m(2t- R)"(2Kq -0)
ToRe ™ T | (@m)P (2 — MR)TTL (¢ — Kj)2 — M)
/ dP¢ m(2¢ - R)™1
(@m)P T, (¢ — K2 — M?)
e e
(2m)P (2 — M) TTLo((£ — Kj)2 — MP)
. o0 m(2¢ - R)™"
+(M§ + K — M) / )P ( M ((C— K2 — MP)

_ (m—1) (m
- In+1 :0 m/n4r1 A + mf1

n+1
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Tadpole

@ Using

~ ~ dP¢ 1
ATy = {D,Co(m,n+1)} / 2o
0

and comparing the tadpole coefficients, we have the
equation

ﬁjCO(m,nJr 1) = —mCy(m —1,n+1;))
+mf,Co(m—1,n+1)
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Tadpole

@ Similarly

ng

90 (m _/ dP0  m(m—1)(2¢- R)™2(462)
oRr OR'm1 = | @) (2~ MBI (0~ K)2 — MP)
PN (2¢- Rym—2
am(m — 1)M5 / (2m)P (2 — M2)2 11 ((£ — Kj)2 — M2)
/ dP¢ 4m(m —1)(2¢- R)™2
(2m)P TILi (€ - Kj)2 — M?)

j=1

= 4m(m— V)M +am(m—1)[(7 2

thus

TCo(m,n+1) = 4m(m —1)M3Cy(m —2,n+1)
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Tadpole

@ To continue the study, we are not solve the differential
equations directly, but noticing that it can be expand as
following

Co(m,n+1) = (M) "3 ¢! (MEseo) 7 Hsgk

hl 7’27’37

{ik}

we extend the definition domain of ix, k = 0,1, ..., nto Z but
keep in mind that ¢{? . vanishes if one index i meets
lix — B> T orm—>"}_, ik is odd. Using this expansion,
we transfer the differential equation to the algebraic
recurrence relation

Bo Feng Some results of one-loop reduction



Tadpole

Example I: Tadpole coefficients of tensor tadpole
o
TCo(m, 1)[R; Mo] = T (™ (M) %53,
= c™(MB)E(Dm + m(m — 2))syZ
= 4m(m — 1)MECo(m — 2,1) = 4m(m — 1)MEC™-2 (MR) "2 5,
which leads to the recurrence relation

om _ _AHm=1)  (m2

- (D+m-2)
Using the initial condition ¢(®) = 1, we get immediately for
C(m:even) —om - ( — 1) C(m=odd) -0
[I2,(D+2(i - 1))
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Tadpole

Example II: Tadpole coefficients of tensor bubble
With the expansion

Co(m,2) Zcm) M2)~" (MBsg0) "= Sh,

we have
@ By D;, we get immediately

(i + 1)5110, )+ (m—i+1)c"™) = may ™" — mag ;cm=1)
Replacing / with / + 1, then we solve out c,(+2)

1 1 _
63 = (1 +2)B11 (m0410,(+1 ) — még j1e™ N — (m— i) (’"))

where c(™ is the tadpole expansion coefficients, and
f Ki-K; (m 2r)
Qj = Vga BI] .

——+. We just need to calculate c,
O



Tadpole

@ By T, we have

r(D+2r —2)c" + 8y1cZ" = 4r(2r — 1)c??

for it contains another unknown terms c(zr) we need to

2
cancel cé "), Here we can use iteratively to write ¢ (2 ) as
following
2 r (2r-1) _ (2n)
) ﬂT(aq’ ~cy )
F (0 2= (-2 per2)) _ g0
B( i (a1Co -c )—co

then we have

(2r) 2r—1 (( > (2, 2) o (2r—2))
==~ ((a- + e
0 2r+D-3 Bi1 B
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Tadpole

With the recurrence relations of c, o ) and c(zr and the

boundary condition c(() ) — 0, one can obtain all coefficients for
arbitrary rank. Here are some examples:

o m=1
m_ 1 © ) _ —1
[Or— cn’ —C =
! B11 (a1 0 ) B11
om=2
2
i =—((4-—2)V+ L) =
0 D-1 Bi1) 0 Bi (D —1)p11
@ _ 1 (M _on@)_ oD
= gy (oot —26%) = 5
@ m=3
3 (4611 — 4D 2p
ng): 3 (a1C(()2)—C(2)) _ (4511 511:—a1 )
P11 (D—1)Dp?,
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Tadpole

em=3

& -

— 2 M2 2
33 (30410§2)_3C(3)):_8511 8DB11 + a2D? + 202D
11

1 (D - 1)Dgs,

The process of calculation is shown as the figure below

-1 0~ 0~ — 5
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Tadpole

Example lll: Tadpole coefficients of tensor triangle
With the expansion

Co(m,3) = 3 (M) 2(M2se0) "7 " sy Shy

i7j
we have
@ by Dy, Do, we get

ma c(’" D méig c(’"_”[o 2]

m)

= (m+1*i*/)cl( 1, (’*1)511‘3&1/ U+1)6120’§ﬂ)1
mozgc,(f_” — mdjoc™ V[0, 1]

= (m+1_l_/) I(j)1+(l+1)/812cl+1j (j+1)ﬁ2201j+1
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Tadpole

then we solve out CI(+1)j and CI(H)1

1
C,(Z?, i+ 1a(,2) ((m+ 1- ’*/)(5120,/ 1 5220, 3,)
+ m(B12do ;™ V[0,1] — 52250,,'6‘,-(,"71)[0, 2]) + m(a1 822 — azﬁ12)0/(,771))
m 1 . (m) (m)
o = Gy (M1 = 1= DEee, = fucl)
+ M(Brado,i6""10,2] — Bi1do, 6™ "[0,1]) + m(azfin — a1Bre)c] ")

@ by T, we get
r(2r+ D — 2)000 +ﬁ11020 +ﬂ22002)+51201(21r 4r(2r — 1)0((325 ?

Finally we get another recurrence relation
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Tadpole

@ 2r —1 2r—2
&) = G DA [(2a1 2Bz — a5P11 — o B2 + 4A(1,2)) C(()(; :

+ (2f11 — 1 12) C(()zr—z)[07 1]+ (o1 822 — a2f312) Cc()zr_z)[O, 2]}

where for simplicity we denote A(iy, o, -+ ,inij1,j2, - ,jn) @S
the determinant of a n x n massless matrix A with entry
Aab - /Bia,jb and A(I1 9 i27 e 7in) = A(I1 ) i27 e 7in; i1 ) i27 e 7in)-

With the three recurrence relations of cfﬂ)j, c,(ﬁ)1 , c((fg) and the

boundary condition C(()og = 0 we can get all coefficients for any
rank. Here are some examples:
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Tadpole

o m=1
éB:O
o m=2
c((fg =0
C(g?z) = 2A(11,2)< 211 Coo + 21204 "0,2]
C1(,21) = A(11,2) <2ﬂ1200 0 — 262203 M0,2] + 2(a1 822 — 0[2512)0((; )
2

A(1,2)
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Tadpole

em=3
3
C1(?()) = A(.2) ((ﬂmCéz)[O’ 1] - /3220(()2)[0, 2]) + (1822 — 042512)05?3)

_ Ba1Brz — 3aaPis
(D—-1)811A(1,2)

1
01(3% = 3A(1,2) (2(5120((,?1) - ,31101(?3) + 3(2f11 — 041512)01(?0
_ 3axD 3(D + 1)B12 (02 B12 — a1 f22)
(D —1)B224(1,2) (D —1)B22A(1,2)?
1
Cé?g = m ( — 252205?()) + 35120&2) [0,1] + 3(c1B22 — 062512)05(%)
a2 (281122 + (D — 1)5122) — a1(D + 1)B12622 a1DB12

(D—1)BnA(1,2) (D—-1)82,A(1,2)
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Tadpole

The process of calculation is shown as the figure below

J J
[ ] n [ ] O N [ n [
- 54 \ . . . - . . .
. . - . . 4’4 . - .
= ;}’{T \.\\ . ] - \oq \-\\ .
. 1 S \q . . ‘\/T \/[ Tu
/‘T/' ‘t_/' N ] /' \L/‘ \t_/' S
g r p T 7 7 .
1 3 5 i 2 4 6 1

(a) m=25 (b)) m =6
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Tadpole

Example IV: Tadpole coefficients of tensor box
With the expansion

B m—i—j—k .
Co(m, 4) =Y (M§)*(Miswo) 2 C,(j;in)s& S02503
iJk

we have
@ by Dy, Do, D3, we finally get

(m 1 B) Am); ;
ik T I+ 1A, 2, 3) CREROND

3 - 3 -
+ 8308 j, k) + a0, k) (1)
Other recurrence relations can be got by permutation of

{1,2,3},{i,j, k}.
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Tadpole

where we have defined
O™ (ij, k) = m (a6 = Go,el"[0,2,3]) — (m+ 1~~~ K)e™)
O™ (ij, k) = m (a2 = 6o,el 10, 1,3]) = (m+1—i = j = K)ciT,

0§ (i,j. k) = m (aael] " = soxcf™"[0,1,2]) = (m+1—i—j - K)o\,

@ by T, and using the three recurrences of Dy, Do, D5, we

finally get
oo = g (4 a7 Gl +aT G 20, 1,2,3]

where we have defined G as the massless Gram matrix
with G; = 3 and « as the column vector
{aj},i=1,2,...,n, and the column vector
c(M[0,1,2,....n] = {¢™[0,1,2,....n;{],i = 1,2, ..., n},
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Tadpole

With the boundary condition c(() 3 o = 0 The four recurrence

relations are sufficient to determine the tadpole coefficient of
any rank, the first nontrivial case is m = 3.

1

ol = Az g (20107011 +45000.1,1) + 27307 (0.1,1)]
____ 6
=~ TA®,2,3)
1
o= A(,2.3) (Aﬁsio (0,2,0) + A} 0§7(0,2,0) + Aga,éoés)(O»fZ,O))
_ 3823 3512A%
BZZAU ’ 273) ﬁggA(s)A(17273)
1
o= SA0.23) (A3 09(2,0,0) + 2708 (2,0,0) + A% 00 (2,0, 0))
ﬁ13A53 B12A5:2

ﬁﬁAz,z (1,2,3)  AnafiA(1,2,3)
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Tadpole

where we have used:

0®(0,1,1) =3 (CMC(%)J - 05?1)[0’2’3]) - 7%

o(0,1,1) = 3a20((f1),1 - 403?3,1 =0

057(0.1,1) = Bascl] — 4cf] 4 =0

0®(0,2,0) =3 (a1 Cé?%,o - 05?3[0’2’3]) - 523212?3)
11

05Y(0,2,0) = 3az26) , — 26§ , =0

07(0.2.0) =3 (asey - o0 1.2) = 202,
3,3

07(2,0,0) = Barcy o — 2¢{3, = 0

OF(2,0,0) =3 (oacff, —af3i0,1,31) = %
2.2

082,00 =5 (st - 0 1.2) = 52,
3,3
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Tadpole

Example V: Tadpole coefficients of tensor pentagon
With the expansion
_ m—i—j—k—I .
Co(m,5) = > (M3)™*(MBso0) ™+ iy Shy ShoStiaShe
ik,

we have
@ by Dy, Do, D3, Dy, we finally get

oam o 1
HLLKIT (14 1)A(1,2,3,4)

+AQ@MQL&0+A@QMMLKD+Aﬁqm@LKﬂ

AY O (i, k, 1)

Other recurrence relations can be got by permutation of
{1727374}? {i7j7k7 l}
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Tadpole

where we have defined

Ogm)(l],kl)fm(mcl(/k,) 60,0,” [0234]) m+1—/—j—k—l)o 1/k/
o, j ki =m azcl,k/ —50/1;(/ [071’34]) ’"*1_’_1_1‘_’)"‘1/ 1okl

(m 1[0124]) (M+1—i—j—k—ncm

//k 1,/

(
Oém//k/)_m(a;g”k, 30,k6; ]
(

O™ iy, ki, 1) = m (aac Ty ) — 60,c 7 V10, 1,2,8]) = (m+1 —i—j—k—ncTy |,

@ by T, and using the three recurrences of Dy, Do, D3, Dy, we
finally get

@n _ (2r—1)

(2r—2) — —
000 = D rar—6 [(4—aTG ) d +aTa e 2 0,1,2,3,4]]
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Tadpole

With the boundary condition cé?&o’o = 0 The four recurrence

relations are sufficient to determine the tadpole coefficient of
any rank, the first nontrivial case is m = 4. The nonzero
expansion coefficients are

@) 1
C =
40.0.0 ~ 4N(1,2,3,4)

+4a%08(3,0,0,0) + al%0(9(3,0,0, 0)]

[4190%(3,0,0,0) + 1 0{"(3,0,0,0)

B 1 AL} (BisA(1,4)A(3,4,1,8) + B1aA(1,3)A(3,4:4,1))
o B11A(1,2,3,4) A(1,3)A(1,4)A(1,3,4)
AY) (BrA(1,4)A(2,4;1,2) + BaA(1,2) A(2,4; 4, 1))
i A(1,2)A(1,H)A(1,2,4)
A (B128(1,3)A(2,3:1,2) + BaA(1,2)A(2,3;3,1))
i A(1,2)A(1,3)A(1,2,3)
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Tadpole

4 1 4) 4
C1(7%’0’0 == m [Ag,% Og )(O7 3, 0, 0) + As‘gogt)(o, 37 07 0)

+290§%(0,3,0,0) + A(),0{”(0,3,0,0)]
_ _74><
- B2A(1,2,3,4)
AP [ (2. 4)AG.4:2,3) + 52, 3)A(3,44,2)
A(2,3)A(2,4)A(2,3,4)

AN [Br2A(2,4)A(4,1;1,2) + BaaA(1,2) A(4, 1 2,4)]
- A(1,2)A(2,4)A(1,2,4)

A [B12A(2,3)A(3,1;1,2) + B A(1,2)A(3, 1; 2, 3)]
- A(1,2)A(2,3)A(1,2,3)
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Tadpole

4 1 4) 4 4) (4
500 = 2A(1,2,3.4) [Aﬁ,ioﬁ ’(1,2,0,0) + A 0Y(1,2,0,0)

+a1507(1,2,0,0) + A{%0%(1,2,0,0)]

— —6 A(4) (/824A(172) +/B12A(274; 152))
T B2eA(1,2)A(1,2,3,4) 3 A(1,2,4)

ND (B2sA(1,2) 4 B12A(2,3;1,2))
1.4 A(1,2,3)
0
9 12A77 O 24 B
21107 A(1,2,3)A(1,2,8,4)" BT T A(1,2,3,4)

Other expansion coefficients can be got by using the
permutation symmetry.
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Tadpole

Final remarks:
@ Our method for tadpole is nothing, but the traditional
PV-reduction method with a little deformation

@ It can also be applied to find coefficients of other basis,
such as bubble, triangle, box and pentagon.

@ The generalization to higher loops is possible, but there
are some technical difficulties.
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Other master integrals

Our method can be applied to other master integrals by
changing the boundary conditions.

@ The reduction coefficient of bubble /[0, 1].
0 0

cs[0,1] = 1,¢(™ = C((Jg = C(()go C((Jgoo =0
@ The reduction coefficient of triangle 5[0, 1,2].

0 0

c5000,1,2] = 1,6 = 6™ = 6§ o = 6% 50 = 0
@ The reduction coefficient of box /40, 1,2, 3].
C(()Ogo[ov 1,2,3] = 17C(m) = Cl(m) - Ci(,;n) - C(()(,)(g,O,O =0

@ The reduction coefficient of triangle 5[0, 1,2, 3, 4].

cgogoo[o,1,2,3,4]=1,c(> (m)_c,(/)_ {j”,l_o
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Other master integrals

Example : Bubble coefficients of tensor triangle for /[0, 1].

oem=1
o 1 (0) _ () P2
%0~ ad,2) (82”1011 — 22”[0,2]) = A(1,2)
oem=2
2) _ 1 _ (er-2)
Coo = 7(D —2)A(1,2) ((a2/311 a1$12) G [0, 1])
i — B2
-~ (D-2)A(1,2)
1
0521) = A0,2) (2/3120((53 + 2(a1 22 — a2512)0(()j1))
_ 2ap(D —1)B11B12 — 201 5% _ 2a1P11f22
1
Cz?()) = 2A(1,2) (251201(1)[0, 11— 25220(()?3 + 2(a1 22 — 042512)01%)

~ Brz(a1(D—=1)B11B22 — (D — 2)A(1,2)) — aa(D — 1) B2
B (D—2)B82A4(1,2)?
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Thanks a lot of your
attention !
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