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Outline
• Introduction to TTbar deformation

• TTbar flow effects on partition function[2nd order]

& KdV [1st order]

• Wormhole induced by TTbar

• Conclusions & Future Problems
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Basic introduction 

of  the deformation 
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We focus on two dimensional spacetime with complex coordinates 

Definition:

then in coordinates, 

Our notations are following

Basic introduction of 𝑇𝑇തdeformation 

Zamolodchikov ‘04
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Deformation of TTbar
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From free bosons to Nambu-Goto

IR

UV

ℒఒ

ℒఒାఒ

Before the deformation: (Free boson)

(Nambu-Goto action
- Noncritical String theory)

Example:

Cavaglia,Negro,Szecsenyi,Tateo ‘16

N-free Boson

N+2 dimensional String
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-deformed

torus partition functions

-deformed

torus partition functions



The deformation of correlation function

8

Energy-Momentum conservation

Conformal Ward Identity



• Conformal symmetry does not hold.

• Wald Identity breaks down due to higher order 
deformation of TTbar.

• Solve the effective action order by order and go further.

9

Go beyond the 1st order?



𝑇𝑇ത deformation on torus 10/23

deformation on 
torus:

Field theory defined on torus 

has (anti-) periodic boundary condition

“Flat” torus

Green functions of free theories  are comprised

of (anti) double periodic functions 

(Weierstrass elliptic functions, Jacobi theta functions)

𝑇𝑇തdeformed partition functions
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Path integral formulation:

𝑇𝑇തdeformed partition functions

perturbation approach

The deformed partition function in the Lagrangian path integral formalism



12

TTbar deformed Partition function

Deformed Partition function up to second order
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1st order deformation

2nd order deformation

Regulized Z
Grassmanian nature leads to vanishing for fermionic theory

SH, Yuan Sun,  Yu-Xuan Zhang, 2011.02901



recursion relation
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Free bosons

The additional term 
contribution comes from

𝑇𝑇തdeformed partition functions

O. Aharony, S. Datta, A. Giveon, Y. Jiang and D. Kutasov，18

recursion relation

Free BosonFree Boson
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Free bosons

The additional term 
contribution comes from

𝑇𝑇തdeformed partition functions

O. Aharony, S. Datta, A. Giveon, Y. Jiang and D. Kutasov，18

recursion relation

Free BosonFree Boson
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Generic operator: KdV

Operator with flow effect:

SH, Yuan Sun,  Yu-Xuan Zhang, 2011.02901
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Resulting VEV of  KdV

V.S. M. Asrat, 
2002.04824

SH, Yuan Sun,  Yu-Xuan Zhang, 2011.02901
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Wormhole induced by 
1D TTbar deformation
Wormhole induced by 
1D TTbar deformation
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V.S.V.S.
EOM ofEOM of EOM ofEOM of

2D TTbar2D TTbar

Same as TTbar flow eq.Same as TTbar flow eq.

A. J. Tolley, 1911.06142
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TTbar deformed
Hamiltonian
TTbar deformed
Hamiltonian

1D TTbar1D TTbar

One H deformationOne H deformation
SH，Zhuoyu Xian2104.03852

D. J. Gross, J. Krutho, A. Rolph and E. Shaghoulian,1912.06132
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H=H_L+H_RH=H_L+H_R
TTbar deformedTTbar deformed
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Up to 1st orderUp to 1st order

Non-vanishing means the causal correlation.Non-vanishing means the causal correlation.
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Summary 
and 

future works

Summary 
and 

future works
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Summary

Summary and future works

• The second order correction contains the TTbar flow effect in path 
integral formalism.

Partition function & KdV operator

• Reformalize the 1D TTbar deformation to realize the quantum 
transversible wormhole.
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Future works

Summary and future works

Generic higher order correlation functions on 2D Rieman surface 
in deformed theory. 
Formulate the JT+CFTs in terms of TTbar deformation
2D Bosonization of TTbar…
Correlation functions in Lorentz-breaking theory [M. Guica, 
Cardy…], …
How can we do TTbar deformation of the gravity theory
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Thank you for your attention!


