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§1. Introduction



Study 5d N=1 SUSY gauge theory  
based on 5-brane web diagram



(Some of the ) 5-brane web diagram is a variation of 

Hanany-Witten type brane set-up 

p=3 [Hanany, Witten ’96]  
p=4 [Witten ’97]

p dimensional SU(N) gauge theory with 8 SUSY

is realized by the following 


Hanany-Witten type brane set-up

                     0   1  …  p-1    p   …  6    7   8   9 

NS5-brane   -   -       -       -   ・ ・     ・   ・   ・

Dp-brane       -   -       -      ・    -  -      ・   ・   ・
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N Dp-brane
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ex. 5D N=1 SU(2) SYM

5x

6x

NS5

D5 + NS5 
= (1,1) 5-brane

p

q

(p,q) 5-brane

D5

                     0   1   2   3    4    5   6    7   8   9 

5-brane         -   -   -   -   -    web  　・   ・   ・

D5-brane

NS5-brane

(1,1) 5-brane

[Aharony, Hanany ’97] 
[Aharony, Hanany, Kol ’97]

“(p,q) 5-brane” is necessary to realize 5d theory



• Existence of UV fixed point 
 
It is expected that the number of hypermultiplets 
have upper bound in order for the given 5d gauge 
theory to have UV fixed point.

Approach from field theory 
[Seiberg ’97], [Intriligator, Morrisson, Seiberg ’97], [Yonekura ’15], [Jefferson, Kim, Vafa, Zafrir ’17], …


Approach from string theory (5-brane web)

[Aharony, Hanany ’97], [Aharony, Hanany, Kol ’97], [DeWolfe, Hanany, Iqbal, Katz ’99], [Benini, Benvenuti, 
Tachikawa 09’], [Bergman, Zafrir ’14’15], [Hayashi, S.S.Kim, K.Lee, Taki, FY ’15], …

Power of 5-brane web diagram

Existence of 5-brane web → Existence of fixed point



• UV duality  
 
Two different 5d N=1 gauge theories have identical 
UV fixed point.

• SU(N)M-1 ⇔ SU(M)N-1  (c.f. Fiber-base duality)   
[Katz, Mayer, Vafa ’97], [Aharony, Hanany, Kol ’97 ] [Bao, Pomoni, Taki, FY ’11], …

• Sp(N) ⇔ SU(N+1)N+3  
[Gaiotto, H.C.Kim ’15], [Hayashi, S.S.Kim, K.Lee, Taki, FY ’15],  … 

• G2 ⇔ SU(3)7 
[Jefferson, Katz, H.C. Kim, Vafa ’17], [Hayashi, S.S.Kim, K.Lee, Taki, FY ’18],  …, 

Power of 5-brane web diagram



• Cubic prepotential  
 
5d N=1 gauge theories have exact cubic prepotential.
[Seiberg ’97], [Intriligator, Morrisson, Seiberg ’97], [Morrisson, Seiberg ’97],… 
 

It can be reproduced by computing the area of the 
faces in the 5-brane web diagram.  
[Aharony, Hanany, Kol ’97], … 
 

It is checked in various examples. 
[Hayashi, S.S.Kim, K.Lee, Taki, FY ’17, ’18, ’19], [Closset, del Zotto, Saxena '18] , …

Power of 5-brane web diagram



• Higgs branch at infinite coupling 
 
Unlike Coulomb branch, Higgs branch does not get 
quantum effect in general. However, for 5d gauge 
theories extra direction opens up at the UV fixed 
point, where gauge coupling is infinite. 
[Cremonesi, Ferlito, Hanany, Mekareeya ’15], 
 

This can be captured by the decomposition of 5-
brane web to its sub-web. 
[Cabrera, Hanany, Yagi ’18], [Akhond, Carta, Dwivedi, Hayashi, S.S. Kim, FY '20, ’21], [Bourget, Grimminger, Hanany, Sperling, 
Zafrir, Zhong ’20], [Bourget, Eckhard, Schafer-Nameki, van Beest ’20], …

Power of 5-brane web diagram



• Seiberg-Witten curve  
 
By taking T-duality and by uplifting to M-theory,  
we obtain single M5-brane, which is identified as 
Seiberg-Witten curve.  
[Witten ’97], [Brandhuber, Itzhaki, Sonnenschein, Theisen, Yankielowicz ’97], [Aharony, Hanany, Kol ’97], … 
 

Generalizing to the 5-brane web diagram with 
O5-plane is discussed with careful treatment of 
the boundary conditions. 
[Landsteiner, Lopez, Lowe '97], [Hayashi, S.S.Kim, K.Lee, Taki, FY ’17], [X.Li, FY ’21] 

Power of 5-brane web diagram

⇒　Section 2 of this talk



• Nekrasov partition function 
5-brane web is mapped to a (toric) Calabi-Yau 3-fold.  
[Leung, Vafa ’02] 
 

Topological string partition function of Calabi-Yau 3-
fold is computed by using topological vertex.  
[Aganagic, Klemm, Marino, Vafa ’03] 
 

Topological string partition function agrees with 
Nekrasov partition function for 5d gauge theory on S1

[Nekrasov ’03], [Iqbal, Kashani-Poor '02, '03], [Eguchi, Kanno '03, '04] [Hollowood, Iqbal, Vafa '03], [J. Zhou, ’03], ….  

Generalization to 5-brane web diagram with O5-plane 
is proposed and checked.

[S.S. Kim, FY ’17], [Hayashi, S.S.Kim, K.Lee, Taki, FY ’18, ’19], [Hayashi, Zhu, 20], [H.C. Kim, M. Kim, S.S.Kim ’21], [X. Li, FY ’21]…


Power of 5-brane web diagram

⇒　Section 3 of this talk



5-brane web diagram 

Seiberg-Witten curve 
(Seiberg-Witten prepotential)

Nekrasov partition function 
(Topological string partition function)

\

[Nekrasov ’03], [Nekrasov, Okounkov ’03], [Nakajima, Yoshioka ’03,],[Etingof ’04], …

Thermodynamic limit
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5-brane web diagram with O5-plane 

Seiberg-Witten curve 
(Seiberg-Witten prepotential)

Nekrasov partition function 
(Topological string partition function)

[X. Li, FY ’21]

§2 §3

§4

Thermodynamic limit

Topological vertex formalism  
with O5-plane 
[S.S. Kim, FY’17]

Boundary conditions  
[Hayashi,S.S.Kim, K.Lee, Taki, FY ’17]
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Plan of this talk
§1 Introduction (Done) 

§2 Seiberg-Witten curve from 5-brane web 
diagram with O5-plane 

§3 Nekrasov partition function from 5-brane web 
diagram with O5-plane 

§4 Deriving Seiberg-Witten prepotential from 
Nekrasov partition function  
(Thermodynamics limit) 

§5 Conclusion



§2 Seiberg-Witten curve from  
5-brane web diagram with O5-plane



IIB → IIA → M

O5+O5� O5�

D5

0 1 2 3 4 5 6 7 8 9

5-brane � � � � � web · · ·
O5-plane � � � � � · � · · ·

5

6

(2,1)

(3,1)

(2,-1)

(3,-1)

We take T-dual along direction “4”

x5 = 0

ex. 5D N=1 Sp(1) SYM



IIB → IIA → M

O4+

O4+

O4� O4�

O4�O4�

D4

NS5 NS5

6

5

4

0 1 2 3 4 5 6 7 8 9

NS5-brane � � � � � � · · · ·
D4-brane � � � � · · � · · ·
O4-plane � � � � · · � · · ·

(x4, x5) = (0, 0)

(x4, x5) = (⇡RA, 0)



IIB → IIA → M
0 1 2 3 4 5 6 7 8 9 11

M5-brane � � � � x4 x5 x6 · · · x11

OM5-plane � � � � · · � · · · �

M5-brane: Riemann surface in (x4, x5, x6, x11)-space
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t2 + P (w)t+Q(w) = 0.

→　Seiberg-Witten curve
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Boundary condition at OM5-plane

The curve has a double root at OM5-plane cf [Hori ’96]

[Landsteiner, Lopez, Lowe 97’ ]

O4+O4� O4�

NS5 NS5

OM5

M5 M5



Seiberg-Witten curve for 5d Sp(N) gauge theory 
with flavors
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t2 + P (w)t+Q(w) = 0.

In the past literatures the following condition was imposed
<latexit sha1_base64="O4Tc5I7J+Bj2DOubLO3TluhKTnU=">AAACAnicbVDLSgNBEOyNrxhfq57Ey2AQImjY1aBehIAXjyuYByRLmJ2dJENmH87MCmEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uL+ZMKsv6NnILi0vLK/nVwtr6xuaWub1Tl1EiCK2RiEei6WFJOQtpTTHFaTMWFAcepw1vcD32Gw9USBaFd2oYUzfAvZB1GcFKSx1zzynZR+gKWceofZ9gHzmlk6nQMYtW2ZoAzRM7I0XI4HTMr7YfkSSgoSIcS9myrVi5KRaKEU5HhXYiaYzJAPdoS9MQB1S66eSFETrUio+6kdAVKjRRf0+kOJByGHi6M8CqL2e9sfif10pU99JNWRgnioZkuqibcKQiNM4D+UxQovhQE0wE07ci0scCE6VTK+gQ7NmX50n9tGyfl89uK8VqJYsjD/twACWw4QKqcAMO1IDAIzzDK7wZT8aL8W58TFtzRjazC39gfP4A582TPQ==</latexit>

P (1) = 0, P (�1) = 0

 [Brandhuber, Itzhaki, Sonnenschein, Theisen, Yankielowicz ’97]

<latexit sha1_base64="YhAhw2aVngfF4gSUe1OaA64WAhY=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARKtiS1KJuhIIblynYC7SxTCaTduhkEmcmQgl9DTe+ihsXirjUlW/j9LKorQcGPv7/HM6c34sZlcqyfozMyura+kZ2M7e1vbO7Z+4fNGSUCEzqOGKRaHlIEkY5qSuqGGnFgqDQY6TpDW7GfvORCEkjfqeGMXFD1OM0oBgpLXVNyynYp/dlWIQVWNMIr6F1BjsPCfKhUyjOecWp2TXzVsmaFFwGewZ5MCuna351/AgnIeEKMyRl27Zi5aZIKIoZGeU6iSQxwgPUI22NHIVEuunkshE80YoPg0joxxWcqPMTKQqlHIae7gyR6stFbyz+57UTFVy5KeVxogjH00VBwqCK4Dgm6FNBsGJDDQgLqv8KcR8JhJUOM6dDsBdPXoZGuWRflM5rlXy1MosjC47AMSgAG1yCKrgFDqgDDJ7AC3gD78az8Wp8GJ/T1owxmzkEf8r4/gWwdZiY</latexit>

P (1)2 � 4Q(1) = 0, P (�1)2 � 4Q(�1) = 0

Boundary conditions the two OM5-planes at w=1, -1

[Hayashi, S.S.Kim, K.Lee, Taki, FY ’17], [X. Li, FY ’21]

<latexit sha1_base64="ABMun8FuP+BaiUZnLjFqaf9oKTs=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVWtAyo0XdCAU3LluwF2jHksmkbWgmMyYZpQx9ATe+ihsXirh17863MdOOoNUDCT/ffw7J+d2QUaks69PIzM0vLC5ll3Mrq2vrG+bmVkMGkcCkjgMWiJaLJGGUk7qiipFWKAjyXUaa7vAi8Zu3REga8Cs1Conjoz6nPYqR0qhr7lULd8VzfV3Hh/a4eAA7NxHyYC2htW/aNfNWyZoU/CvsVORBWtWu+dHxAhz5hCvMkJRt2wqVEyOhKGZknOtEkoQID1GftLXkyCfSiSfbjOG+Jh7sBUIfruCE/pyIkS/lyHd1p4/UQM56CfzPa0eqd+bElIeRIhxPH+pFDKoAJtFAjwqCFRtpgbCg+q8QD5BAWOkAczoEe3blv6JxVLJPSse1cr5STuPIgh2wCwrABqegAi5BFdQBBvfgETyDF+PBeDJejbdpa8ZIZ7bBrzLevwCxYZjE</latexit>

P (w) = P (w�1), Q(w) = Q(w�1)



Seiberg-Witten prepotential is obtained 
from Seiberg-Witten curve

<latexit sha1_base64="7YFnbjlEjPcYU9zkqAJg8KkPXgg=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoSIMM7WoG6HgxmUL9gJtLZk0bUMzmSE5o5ShuPFV3LhQxK1P4c63Mb0stPWHwMd/zuHk/H4kuAbX/bZSS8srq2vp9czG5tb2jr27V9VhrCir0FCEqu4TzQSXrAIcBKtHipHAF6zmD67H9do9U5qH8haGEWsFpCd5l1MCxmrbB3CXx6e4lHs4wWCgPIYr7Dq4bWddx50IL4I3gyyaqdS2v5qdkMYBk0AF0brhuRG0EqKAU8FGmWasWUTogPRYw6AkAdOtZHLCCB8bp4O7oTJPAp64vycSEmg9DHzTGRDo6/na2Pyv1oihe9lKuIxiYJJOF3VjgSHE4zxwhytGQQwNEKq4+SumfaIIBZNaxoTgzZ+8CNW84507Z+VCtliYxZFGh+gI5ZCHLlAR3aASqiCKHtEzekVv1pP1Yr1bH9PWlDWb2Ud/ZH3+AOZ2kzk=</latexit>

t2 + P (w)t+Q(w) = 0.

<latexit sha1_base64="PgZw5ULV8sdPH1jTbbtuGFXRqSs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZjXjMQ=</latexit>

F

Seiberg-Witten curve:

Seiberg-Witten prepotential:



§3 Nekrasov partition function from 
5-brane web diagram with O5-plane



Topological vertex formalism

Assign different Young diagrams to each edge

�

µ

⌫

⇢

? ?

??



Topological vertex formalism

Assign different Young diagrams to each edge

�

µ

⌫

⇢

? ?

??

Edge Factor: E�(g,Q)

Coulomb moduli, 
gauge coupling, 

masses

Q = exp (�“Length”)



Topological vertex formalism

Assign different Young diagrams to each edge

�

µ

⌫

⇢

? ?

??

Vertex Factor: C?µ⌫(g)
(topological vertex)

Edge Factor: E�(g,Q)

[Aganagic, Klemm, Marino, Vafa ’03]

Coulomb moduli, 
gauge coupling, 

masses

Q = exp (�“Length”)



Topological vertex formalism

Assign different Young diagrams to each edge

�

µ

⌫

⇢

? ?

??

Vertex Factor: C?µ⌫(g)

Edge Factor: E�(g,Q)

Z =
X

�,µ,⌫,⇢···

Y
(Edge factor) ·

Y
(Vertex factor).

(topological vertex)

[Aganagic, Klemm, Marino, Vafa ’03]

Coulomb moduli, 
gauge coupling, 

masses

Q = exp (�“Length”)



1. As for the two edges intersecting at the O5-
planes, assign the the O5-plane factor to them

2. As for the part away from the O5-plane, the rule 
is identical.

Topological vertex formalism with O5-plane



Partition function for 5d Sp(N) gauge theory with 
Nf flavors



§4 Deriving Seiberg-Witten prepotential 
from Nekrasov partition function 



5-brane web diagram with O5-plane 

Seiberg-Witten curve 
(Seiberg-Witten prepotential)

Nekrasov partition function 
(Topological string partition function)

[X. Li, FY ’21]

§2 
(Done)

§3 
(Done)

§4

Thermodynamic limit

Topological vertex formalism  
with O5-plane 
[S.S. Kim, FY’17]

Boundary conditions  
[Hayashi,S.S.Kim, K.Lee, Taki, FY ’17]

<latexit sha1_base64="511JYwFNjeRTfES7249eO3kJ1oE=">AAACEHicbVDNS8MwHE3n15xfVY9egkP04mjnUC/CQBCPE9wHrrWkWbqFJW1JUmGU/Qle/Fe8eFDEq0dv/jdmXQ+6+SDw8t7vR/KeHzMqlWV9G4WFxaXlleJqaW19Y3PL3N5pySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsfXk789gMRkkbhrRrFxOWoH9KAYqS05JmHV/ACHkOHUe6lzsBHAjoqgtYYZpf7qraiPrzzzLJVsTLAeWLnpAxyND zzy+lFOOEkVJghKbu2FSs3RUJRzMi45CSSxAgPUZ90NQ0RJ9JNs0BjeKCVHgwioU+oYKb+3kgRl3LEfT3JkRrIWW8i/ud1ExWcuykN40SREE8fChIGdeRJO7BHBcGKjTRBWFD9V4gHSCCsdIclXYI9G3metKoV+7RyclMr12t5HUWwB/bBEbDBGaiDa9AATYDBI3gGr+DNeDJejHfjYzpaMPKdXfAHxucPGA2auQ==</latexit>

F = � lim
~!0

~2 logZ <latexit sha1_base64="lrwnTG8wQbgrU6+li5/UCWtZVtI=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARKmKZqUXdCAU3LivYC3SGkknPtKGZC0mmUIY+hBtfxY0LRdy6cOfbmLazsNUfAn++cw7J+b2YM6ks69vIrayurW/kNwtb2zu7e+b+QVNGiaDQoBGPRNsjEjgLoaGY4tCOBZDA49DyhrfTemsEQrIofFDjGNyA9EPmM0qURl3zrISdEREQS8b13cY3+HyBVDRxBh4R+LRrFq2yNRP+a+zMFFGmetf8cnoRTQIIFeVEyo5txcpNiVCMcpgUnERCTOiQ9KGjbUgCkG46W2qCTzTpYT8S+oQKz+jviZQEUo4DT3cGRA3kcm0K/6t1EuVfuykL40RBSOcP+QnHKsLThHCPCaCKj7UhVDD9V0wHRBCqdI4FHYK9vPJf06yU7cvyxX21WKtmceTRETpGJWSjK1RDd6iOGoiiR/SMXtGb8WS8GO/Gx7w1Z2Qzh2hBxucPcWycgw==</latexit>

("1 = �"2 = ~)

<latexit sha1_base64="PgZw5ULV8sdPH1jTbbtuGFXRqSs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZjXjMQ=</latexit>

F
<latexit sha1_base64="QImwmbuXqG8WrJi1MKzn50aKiUA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEcSLx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76p8Wa+UqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALcnjNg=</latexit>

Z



Step1. Rewrite in terms of profile function

Sum over Young diagram → Sum over profile function
<latexit sha1_base64="OlXkAGeyIr8TNg60JOSbRahxqmE=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkt6rLgxmUF+4DOWDKZTBuaZIYko5Sh/+HGhSJu/Rd3/o1pOwttPRA4nHMP9+aEKWfauO63s7K6tr6xWdoqb+/s7u1XDg7bOskUoS2S8ER1Q6wpZ5K2DDOcdlNFsQg57YSjm6nfeaRKs0Tem3FKA4EHksWMYGOlB19nop/73AYiPOlXqm7NnQEtE68gVSjQ7Fe+/CghmaDSEI617nluaoIcK8MIp5Oyn2maYjLCA9qzVGJBdZDPrp6gU6tEKE6UfdKgmfo7kWOh9ViEdlJgM9SL3lT8z+tlJr4OcibTzFBJ5ovijCOToGkFKGKKEsPHlmCimL0VkSFWmBhbVNmW4C1+eZm0z2veZe3irl5t1Is6SnAMJ3AGHlxBA26hCS0goOAZXuHNeXJenHfnYz664hSZI/gD5/MH85WSxQ==</latexit>X

�

<latexit sha1_base64="EHs2MLxyEDcPXXI8w85XV0i69cM=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikzWtRlwY3LCvYBnWHIpJk2NMkMSUYsw4C/4saFIm79Dnf+jWk7C209EDiccw/35oQJo0o7zrdVWlldW98ob1a2tnd29+z9g46KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fhm6ncfiFQ0Fvd6khCfo6GgEcVIGymwjzyV8iCLgsxjJjVAee3xLA/sqlN3ZoDLxC1IFRRoBfaXN4hxyonQmCGl+q6TaD9DUlPMSF7xUkUShMdoSPqGCsSJ8rPZ+Tk8NcoARrE0T2g4U38nMsSVmvDQTHKkR2rRm4r/ef1UR9d+RkWSaiLwfFGUMqhjOO0CDqgkWLOJIQhLam6FeIQkwto0VjEluItfXiad87p7Wb+4a1SbjaKOMjgGJ6AGXHAFmuAWtEAbYJCBZ/AK3qwn68V6tz7moyWryByCP7A+fwBzA5XC</latexit> X

f�(x)

<latexit sha1_base64="DdiJ9p0i5QBVmoKsoMXsH/zDJtw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQ5lsN+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVDVEzwSXzDTeCdVPFMA4F64ST27nfeWRK80Q+mGnKghhHkkecorGS3x+HqAbVmlt3FyB/iVeQGhRoDaqf/WFCs5hJQwVq3fPc1AQ5KsOpYLNKP9MsRTrBEetZKjFmOsgXx87ImVWGJEqULWnIQv05kWOs9TQObWeMZqxXvbn4n9fLTHQT5FymmWGSLhdFmSAmIfPPyZArRo2YWoJUcXsroWNUSI3Np2JD8FZf/kvaF3Xvqn5536g1G0UcZTiBUzgHD66hCXfQAh8ocHiCF3h1pPPsvDnvy9aSU8wcwy84H9/DuY6f</latexit>

~



Step2. Take the thermodynamic limit
<latexit sha1_base64="L4LfESWQ80h79D6/wQ9urCuHpbY=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiRa1GXBjcsK9gFJKJPppB06mYSZG6GUfoYbF4q49Wvc+TdO2yy0emDgcM69zD0nyqQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJprxtsslanuRdRwKRRvo0DJe5nmNIkk70bj27nffeTaiFQ94CTjYUKHSsSCUbSSH4wiqkmAKXH71Zpbdxcgf4lXkBoUaPWrn8EgZXnCFTJJjfE9N8NwSjUKJvmsEuSGZ5SN6ZD7liqacBNOFyfPyJlVBiROtX0KyUL9uTGliTGTJLKTCcWRWfXm4n+en2N8E06FynLkii0/inNJbMR5fjIQmjOUE0so08LeStiIasrQtlSxJXirkf+SzkXdu6pf3jdqzUZRRxlO4BTOwYNraMIdtKANDFJ4ghd4ddB5dt6c9+VoySl2juEXnI9vPxeQig==</latexit>

~ ! 0

Sum over profile function  → “Path integral” over profile function
<latexit sha1_base64="EHs2MLxyEDcPXXI8w85XV0i69cM=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikzWtRlwY3LCvYBnWHIpJk2NMkMSUYsw4C/4saFIm79Dnf+jWk7C209EDiccw/35oQJo0o7zrdVWlldW98ob1a2tnd29+z9g46KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fhm6ncfiFQ0Fvd6khCfo6GgEcVIGymwjzyV8iCLgsxjJjVAee3xLA/sqlN3ZoDLxC1IFRRoBfaXN4hxyonQmCGl+q6TaD9DUlPMSF7xUkUShMdoSPqGCsSJ8rPZ+Tk8NcoARrE0T2g4U38nMsSVmvDQTHKkR2rRm4r/ef1UR9d+RkWSaiLwfFGUMqhjOO0CDqgkWLOJIQhLam6FeIQkwto0VjEluItfXiad87p7Wb+4a1SbjaKOMjgGJ6AGXHAFmuAWtEAbYJCBZ/AK3qwn68V6tz7moyWryByCP7A+fwBzA5XC</latexit> X

f�(x)

<latexit sha1_base64="3NS34S1vfPvo/btgxQRJrLstSrA=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUm0qMuCLlxWsA9oQplMJ+3QySTMTMQS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyZ0rb9bZXW1jc2t8rblZ3dvf2D6mGtq6JEEtohEY9k38eKciZoRzPNaT+WFIc+pz1/epP7vUcqFYvEg57F1AvxWLCAEayNNKzWXCY0ckOsJwTz9DYL0LBatxv2HGiVOAWpQ4H2sPrljiKShFRowrFSA8eOtZdiqRnhNKu4iaIxJlM8pgNDBQ6p8tJ59gydGmWEgkiaZ5LM1d8bKQ6VmoW+mcxDqmUvF//zBokOrr2UiTjRVJDFoSDhSEcoLwKNmKRE85khmEhmsiIywRITbeqqmBKc5S+vku55w7lsXNw3661mUUcZjuEEzsCBK2jBHbShAwSe4Ble4c3KrBfr3fpYjJasYucI/sD6/AGPppQY</latexit>Z
Df

<latexit sha1_base64="iD2Xrhy4IdtSXv9KIY5o4fiho1s="></latexit>

Z =

Z
Df e�

1
~2 (E[f ]+⇠(Constraint)) = e�

1
~2 E[f⇤]+O(~�1)

<latexit sha1_base64="P8rlg4LJeiubgnD4Zou9DAniSCI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5JoUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHsLeea9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDG/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdK8qHhXlcv7arlWzeMowDGcwBl4cA01uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/j/42B</latexit>

f⇤ is the function which extremize the exponent.

<latexit sha1_base64="PgZw5ULV8sdPH1jTbbtuGFXRqSs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZjXjMQ=</latexit>

F



Step3. Introduce resolvent
<latexit sha1_base64="jm9nbbR33/pCUKoYv/yWu9sj7sg="></latexit>

R(z) :=

Z 1

�1

f 00
⇤ (x)

1� ez�x
dx

Analytic continuation shows that the resolvent is 
defined on a Riemann surface

→ Seiberg-Witten curve !



Step4. Reproduce Seiberg-Witten solution

<latexit sha1_base64="Z3A+y3jqgk+/pS1RJiCMWtB6gTs=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hiEycEwo0G9BAJePEYxCyRj6Ol0kiY9C901SjIE/BUvHhTx6nd482/sLAdNfFDweK+KqnpeJLgC2/42UkvLK6tr6fXMxubW9o65u1dVYSwpq9BQhLLuEcUED1gFOAhWjyQjvidYzetfjf3aA5OKh8EdDCLm+qQb8A6nBLTUMg/Aeiyy++RkOMrhIgbr1hrmci0za+ftCfAicWYki2Yot8yvZjuksc8CoIIo1XDsCNyESOBUsFGmGSsWEdonXdbQNCA+U24yOX+Ej7XSxp1Q6goAT9TfEwnxlRr4nu70CfTUvDcW//MaMXQu3YQHUQwsoNNFnVhgCPE4C9zmklEQA00IlVzfimmPSEJBJ5bRITjzLy+S6mneOc+f3RSypcIsjjQ6REfIQg66QCV0jcqogihK0DN6RW/Gk/FivBsf09aUMZvZR39gfP4AP2OTsQ==</latexit>

t(w = e�z) = t(R(z))

By finding a proper function of the resolvent, 

we find the constraints identified as the Seiberg-Witten curve
<latexit sha1_base64="7YFnbjlEjPcYU9zkqAJg8KkPXgg=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoSIMM7WoG6HgxmUL9gJtLZk0bUMzmSE5o5ShuPFV3LhQxK1P4c63Mb0stPWHwMd/zuHk/H4kuAbX/bZSS8srq2vp9czG5tb2jr27V9VhrCir0FCEqu4TzQSXrAIcBKtHipHAF6zmD67H9do9U5qH8haGEWsFpCd5l1MCxmrbB3CXx6e4lHs4wWCgPIYr7Dq4bWddx50IL4I3gyyaqdS2v5qdkMYBk0AF0brhuRG0EqKAU8FGmWasWUTogPRYw6AkAdOtZHLCCB8bp4O7oTJPAp64vycSEmg9DHzTGRDo6/na2Pyv1oihe9lKuIxiYJJOF3VjgSHE4zxwhytGQQwNEKq4+SumfaIIBZNaxoTgzZ+8CNW84507Z+VCtliYxZFGh+gI5ZCHLlAR3aASqiCKHtEzekVv1pP1Yr1bH9PWlDWb2Ud/ZH3+AOZ2kzk=</latexit>

t2 + P (w)t+Q(w) = 0.

Especially, we reproduced the “boundary condition” 
<latexit sha1_base64="YhAhw2aVngfF4gSUe1OaA64WAhY=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARKtiS1KJuhIIblynYC7SxTCaTduhkEmcmQgl9DTe+ihsXirjUlW/j9LKorQcGPv7/HM6c34sZlcqyfozMyura+kZ2M7e1vbO7Z+4fNGSUCEzqOGKRaHlIEkY5qSuqGGnFgqDQY6TpDW7GfvORCEkjfqeGMXFD1OM0oBgpLXVNyynYp/dlWIQVWNMIr6F1BjsPCfKhUyjOecWp2TXzVsmaFFwGewZ5MCuna351/AgnIeEKMyRl27Zi5aZIKIoZGeU6iSQxwgPUI22NHIVEuunkshE80YoPg0joxxWcqPMTKQqlHIae7gyR6stFbyz+57UTFVy5KeVxogjH00VBwqCK4Dgm6FNBsGJDDQgLqv8KcR8JhJUOM6dDsBdPXoZGuWRflM5rlXy1MosjC47AMSgAG1yCKrgFDqgDDJ7AC3gD78az8Wp8GJ/T1owxmzkEf8r4/gWwdZiY</latexit>

P (1)2 � 4Q(1) = 0, P (�1)2 � 4Q(�1) = 0



Step5. Reproduce Seiberg-Witten solution by 
evaluating integral over cycles



§5 Summary

We studied 5d N=1 Sp(N) gauge theory with Nf flavor by using 
5-brane web diagram with O5-plane.


We find Seiberg-Witten curve from 5-brane web. Especially, we 
discuss the boundary condition originated from the O5-plane.


We compute Nekrasov partition function by using topological 
vertex formalism with O5-plane.


We take thermodynamic limit of the prepotential and reproduced 
the Seiberg-Witten curve (prepotential).


