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General properties of light-rings
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1.Motivation

• A light ring (LR) is a circular photon orbit outside a 
black hole or an ultracompact object (UCO）

• Light ring is an important feature of curved 
spacetimes. 

• Light rings play an important role in gravitational 
wave observations and black hole photographs.

• Light rings could be observational evidence for 
event horizons [V. Cardoso, et.al. PRL(2014)]
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2.Example: Schwarzschild black 
hole
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From Wald et al. 2019



Do the light rings exist in general 
in curved spacetimes?

10



• P. Cunha et.al shows that light rings always come in 
pairs for UCO (PRL 2017)，one being a saddle point 
and the other a local extremum. A topological 
argument was used in the proof.
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3. Previous works



• Very recently, the authors employed this topological 

argument to a stationary black hole and found that at 

least one standard LR exists out-side the nonextremal 

horizon for each rotation sense (PRL 2020). 
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Unresolved issues

• The topological argument relies on the formation 
history of UCO

• The previous works cannot answer that whether a 
light ring must exist on the equatorial plane. 
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• It cannot answer whether the radial or the angular 
direction is stable.

• The topological argument does not apply to 
extremal black holes. 
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4. General setup
• A stationary spacetime with two Killing vector fields:

• In general, the 4-momentum of a photon is 

With 
• The conservation of energy and angular momentum:
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• Therefore
Where

Define                . Then                  
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• The        branch corresponds to LR counter-rotating 
with  the black hole and the        branch 
corresponds to LR co-rotating with the black hole. 

• To find LRs, we shall analyze the angular direction 
and the radial direction, respectively. 

H
H



Stability

18



5. Existence of LR for Black holes
• Axis-symmetric black holes--angular direction 
            (fixed r)
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Radial direction (fixed    ) 

• At infinity                , we have 

• On the horizon                         and       is always 

positive outside the horizon 
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So there exists at least one maximum for  
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There exists at least one minimum for          (maximum for
V)             
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• For extremal Kerr black holes 
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6. LRs in horizonless spacetime

• Horizonless spacetimes are interesting because 
they can represent ultracompact objects (UCO)

• The behavior of          at infinity is the same as BH, 

• Assume that the spacetime is  regular, 
                                           everywhere.                                            
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• Near the center r=0, assume
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• There is either no LR or there are even number of 
LRs for each branch.
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7. Conclusions 
• We have shown that there are at least  two LRs 

outside a non-extreme  stationary black hole. The 
outermost LRs are   unstable   along the radial 
direction and stable along the angular direction. 

• For an extremal stationary black hole, we find there 
is at least one LR.

• When the spacetime possesses a reflection 
symmetry, there must exist a LR on the equatorial 
plane. 
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• For horizonless spacetimes, we have proved that if LR 

exists, there are at least two LRs, with the outer one 

being unstable in the radial direction and the inner one 

being stable.

• In our arguments, only some generic conditions have 

been used, for instance, the asymptotically flat 

condition and the behaviors of the metric near the 

horizon or the center of star. The results could apply to 

most gravity theories. 
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Quasi-black holes and stability of 
spacetimes
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• Cardoso et al. (2014) conjectured that ultracompact 
objects possessing LRs may not be stable. They calculated  
the quasi-normal modes of  ultracompact stars and found 
that lone-lived modes near the stable light ring. 

• If the conjecture is true, then the LRs can be the 
signature of black holes. 

• Can we have a one-parameter family of horizonless 
solutions where the LRs appear at certain parameter?

• For this purpose, we revisit the quasi-black hole solutions, 
constructed by Lemos, et. al. (2000). 

• The one-parameter family of static solutions are 
everywhere nonsingular but can come arbitrarily close to 
a black hole at certain critical parameters.

1. Motivations  



2. Quasi-black holes  
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3. Light rings of QBH
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Quasi-black hole 0c Extremal RN black 
hole =0c
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4. Long-lived quasi-normal modes 
(QNM) of the QBH spacetime





5. Conclusions
• We found a critical parameter for the quasi-black hole at 

which the light rings just appear.
• In the black hole limit, we found one unstable LR which 

coincides with the RN black hole, while the stable LR 
does not have the black hole correspondence . 

• We calculated the quasinormal modes of the quasi-black 
holes. Both the WKB result and the numerical result 
show that long-live modes survive for the range where   
light rings exist, indicating that horizonless spacetimes   
with light rings are unstable.

• Our work provides a strong and explicit example that 
light rings could be direct observational evidence for 
black holes.



 Thank You！
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