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I. 1D Hubbard model: A prototypical integrable model
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Exact Lieb-Wu Equations:
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Length-n A strings(Orange dots):
n-magnons form a bound state

Length-n k — A strings (Green dots):
2n electrons form a bound state



K — A strings

A — A strings
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Thermodynamics Bethe ansatz equations

Equation of state
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M. Takahashi One-dimensional Hubbard model at finite temperature, Progress of Theoretical Physics, 1972, 47(1): 69-82.



Wilson ratio maps out T=0 phase diagram
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Wilson ratio maps out T=0 phase diagram

Wilson ratio (@)
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Fractional Excitations
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(a)
Elemental Fractional Excitations at O 1
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Spin-Charge Separation: originated from elementary excitations
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Effective Field Theory: separated spin and charge TLLs
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E)bservation of Spin-coherent liquid: Spin-charge separation
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Encoding Nonlinear TLL Effect
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Finite temperature: spin-coherent and —incoherent Luttinger liquid
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. . . . New Result
Universal Scaling Functions near phase boundaries
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Spin incoherent liquid in 1D Hubbard model
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1D Hubbard model near B,: Spin and charge coherent liquid at T=0

GIT?—>BC ~ exp(—ikF,Tx) Sy (x — ivgt)Sy (x + ivst)Cy (x — iv.t) + h.c.

Correlation functions show a power law decay of distance!




Spin incoherent liquid: Exponential decay Epin < KpT < Echarge
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To better capture the interaction-driven effects,
we define:

Contact (interaction driven MIPT)
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Entropy accumulation at phase transitions!

* Interaction-driven phase transitions
(11-1V) and (V-1V) ®
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ap ou’ a, ou’ a, 0B Upper: Contour plot of the entropy in T-u plane for

B = 0.15,u = —2.5, a maximum entropy at QC.
Lower: V-V phase transition: density shows
universal scaling behaviour driven by interaction.



* Contact susceptibilities and applications
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é y “ maximum entropy = minimum T
low-T NS low—T . .
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control parameter r
. - . . _
Also see Adiabatic demagnetization cooling: Adiabatic interaction ramping cooling!

Wolf et. al. PNAS, 108, 6862 (2011)



* Contact susceptibilities and applications
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A potentially novel way of cooling
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Transport in integrable systems:

Spin transport--magnetic field gradient

Heat transport--temperature gradient
Transport coefficients—dynamical correlation
Kubo formulas for conductivities

Generalized hydrodynamics

Bosonization

AT » QLT

e

Drude weight can be obtained from real-time

equilibrium current-current correlation function:
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Thermal current: T®" =7E —7°
Energy and spin currents

Bertini, et. al. Rev. Mod. Phys. 93, 025003 (2021)
Sirker, SciPost Phys. Lect. Notes 17, 2020




Linear response theory
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Bertini, et. al. Rev. Mod. Phys. 93, 025003 (2021)
Nardis, Bernard, Doyon, SciPost Phys. 6, 049 (2019)



Ballistic, super diffusive and diffusive spin transport

Spin chain H = _]Z(ijsﬁl T S]ijJfl-l + A7)

Easy plane A< 1: DW Dy, > 0, ballistic transport

Easy axis A> 1: DW Dpy, = 0, sub-ballistic transport
Isotropic point A= 1: super diffusive transport

o
W

Spatial spread of excitations, x

(a) Potassium copper tri-fluorine 1D spin chain;

Theoretical challenging!
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;"g} a-0 Diffusive
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Kardar-Parisi-Zhang hydrodynamics!

D.(t)~t?, z =7

(b) Spinon exitiation;
(c) different spin transports:
Ballistic z=1, supper diffusive z=3/2; diffusive z=2

Wei, et. al. Science 376, 716 (2024)
Scheie, et. al. Nat. Phys. 17, 726 (2021);
Gopalakrishman, et. al., PRL 122, 1272020 (2019)



Super diffusive spin transport

Kardar-Parisi-Zhang hydrodynamics!
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Super diffusive transport in Heisenberg chain at high T (C)Spatial spin profiles at times t=5-35 j/h

Wei, et. al. Science 376, 716 (2024)



Quantum transport in 1D Hubbard model

J€ : charge current

Kubo formula for interacting electrons

J® : spin current

Je ac ... Vi .
response ]S = g5 7h perturbation J¢ : kinetic current
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Nichols et. al., Science 363, 383 (2019)



Inducing flux for spin & charge: Two U(1) symmetries
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D) U(tl) ...... ](tN+1)) Luo, Pu, Guan, arXiv: 2307.00890

Guan, Yang, Nucl. Phys. B 512, 601 (1998)
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4 X1 = g1¢; x, = gnP"/n!

Dressed charge: qdr
. g N2 Y1 =g1P; Xn = gno™/n!
s = Bapo(l — na)v2 (27 (pa + pl) =2
b 2T _g:k_\/( apa(l =)V, (2 (Pac  Pa) 35 21 = g2 ; Xy = ghdp™ /!
,l,. _ oo Xyt Xy2  Xy3z
Key—0y+L+L2 5+ )
D = [ dop(6)(1 = n(6))1(6)%" (0
interaction . nad2g New result
bare charge ¢ = { aa' = sign(p)27 (pa + o)~ }
dressing
sign(pL(0)) = 1,1,—1 for k, A,k — A
numericall dr _ — —1
Y qq = (I lB)ab * (p
> related to TBA kernels
i 0 [an(sink — A)ny| |1x N — [an(sink — A)nl ] |1xm 1
B = | cOs k [an (Sill k— A)”k] |Nx1 [_Qlﬂ, (%671771. (%)) n-m.:| |N><N O|N><;'\-I
cos k [an(sin k — A)ng] [arx1 Olarxn [—% (%@nm (\_T\’» 'nﬁn,] |MxM




Bare charges g

qgare_ particle number, magnetization number, energy

k : op =1 mp = 1/2 e, = —2cosk—pu—2u—B
A Opjp =0 Mp|A = —N €nlp = 2nB
k—A: opr—pn=2n mypp_p =0 CnlkA = 4Re\/1 — (A —inu)? — 2np — 4nu

r — bare
— (I o B)ab *(q
Dressed charges g9" at T=0 (k — A strings are gapped)

qgr = 1+ / dAaq(sink — A)q\
W = a+ / dk cos kay (A — sin k)¢ / dA ag(A — A')qE
J-Q

a = 0,—2 for charge and spin transport



Beyond the bosonization result: finite magnetic field at T=0 New Result

Bosonization
atH =0

~ Drude weight
atH #0,u#0
for Phase IV

Susceptibility
atH + 0

General result:
_arbitrary H, u
For all phases

De — Keve . 2K,
N T . .
Koo K spin rotation symmetry K, = 1
DS = s¥s S = d
| 2
c C,(lI‘Q_‘ ‘ 1 C.dr2_ , \
D" = o Lk VklQ + oA vl Contributions from another
. 1 g2 1T a2 degrees of states
D = 5-q7 vl +5-ay vala
4 T _ {Z,p} are the dressed charges
72, 72
Xc|B = ¢« 4L <5 7 — ee(Q) Ees(A)
TUe TTUg ; ) gsc(Q) gss(fl)
Y ‘ _ (ZCC - QZ.SC)H 4+ (ZC-S‘ - 2288)_ ) Xa
Xs|p ATV ATV, Eap () = Oap + Z/ diwg€aq (xq) Kap (g, xp)
da V—Xa
Deo— K.v, N IX'C,S.‘l’,S‘ o 2K, N 2K .o q,‘é"”:gcc, qf\'d%gcs
T 7/ TV, TV 4 4
- - - - s, ar s,ar
D5 — K v, K0, s K, n K. dy =8cc — 28sc, qa =8cs —2&ss
N T ™ Y 2mus 27w,

Crossing Luttinger parameters: K., K,



Luttinger parameters v.s. Dressed charges Cover the bosonization result

5 . s s
Phasell K, = qli,dr —72 =1 free |attice at vanishing magnetic field.
qS,drz h=01 {Z,p} are the dressed charge
_ A _ - . . aﬁ
PhaseV K, = Y 72, —>  spin chain
qc,drz 72 free lattice XXX spin chain
PhaselV K =k = |
—— K,
Qf\,drz (ZCS T ZZSS)Z h=0 —0—1123
K, = > = > > 1 —— K| ]
v
C,dr2 y V ’
aa L¢s h=0
Res=" =2
s,dr?2 2
Ay (ZCC - ZZSC) h=0 -0.2
Kse = = >

2 2

For fixed B and u



Dressed charges at infinite interaction

Phase IV

Subtle spin
polarization!

v, — 2sin(nn,)

D =
W T -,
]\;’g’z' K..v c=00
s sy's scle
D* = - = v —0
c=00
c,dr2 2
K Ay Lée c=o1
¢ 2 2 2
sdr? (7 _ 7 32
da cs Ss
KS = =
2 2
c,dr2 2
K. = aa L €=
CS 2 2
s,dr2 2 2
9k _ (Zee — 2Zsc) c=00 2M

2 2 ng

Drude Weights displays a feature
of spin charge coupling!

m = 0.1968 m =0
D¢ e ———

DS —_— —= ]

n. = 0.803

o
~

Drude weight
o
W

D~ sin(7n,)
0.2 .
s _4m? sin(mn.) |
0.1 D n2 p
0 ---------------------------------------------
1 20 40 60 80 100

DWs v.s. interaction for fixed n and m

DWs essentially depends on
polarization and filling factor!



Linear Drude weight at finite temperature New Result

dx,
do

 Dressed charges: [ qflh = Sigll(p;')Qﬂ(pa + pZ) } Density, magnetization, energy

oo

 Universal laws in TLL k — A strings has no contribution

nT? 92

S — c,sdr s v csdr
[Dcs B 2a=k,A,k—A{ (q ) Va |Q t 12 662 [(q ]

* Phase diagram: characteristic of Luttinger liquid
D¢, D~
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Universal scaling laws at quantum criticality

= 2 New Result
2 (q5 (0)) (€7(0)
e lI-IV p, = A -~
A 0(0)( 2T )( 2 fy2
b, =pof1_f 0(0)g5™"(0) — 20" (0)q3"(0)) , w*T2 92
k 1/2 poqlc(iro 6 OKx2 K (k) =0
SV 2 (e N (K@ General !
k_p(n) 21 2 1/2
p(m)qe" (m) — 2p'(M)qe"(m))  w?T? 92
D, =D%{1 0
A { + k1/2 , O'Oqgro T 6 0&? e(A)=0
C L RO ONE
=S\ T2 2 ) far 1
PUOI 2 P e ONT 1
2 (aF @\ (K" (@ fin == () g
* -l Dy= — K12 )
p(n) 27-[ 2 2 T1/2 K”(Tl') 2 1
2 qgr(o) SII(O) k1/2=_ 5 <_ 5 ) nELil(_eK(ﬂ)/T)
* lll-V D, = o\ 2 5 fi2 1 ’
o n TY? (K"(0)\ 2 1
. k1/2=_—( ) 7T2Li1(—e_K(0)/T)
Also applied to other systems 2 2 Z



Universal scaling for phase transition from Il to IV

T=0.00001
=0.000015
=

Ana. TBA Num.

-0.1

(Df —bg) -T2

-0.2

0.82825 0.82815

u=1,pu=—0.8382

(D

0.8282
B

Universal scaling for phase transition from IV to V

0
-0.01 1
Ana. TBA Num.
T=0.00002 *
T=0.000025 e ™
T=0.00003 =— -]
-0.02
0.827 0.8271 0.8272
B

0
0.827

0.8271

bg) - T~/

0.8272

0.1

0.05

0
0.82825 0.82815

0
0.827

0.8282
B

0.8282t

0.8272

Excellent agreement between numerical and analytical results!



Nonlinear Drude weight

* Universal laws at ground state

-

m 2mptgs = q,

62 hd a * oo . —
p® — E EEE[Zpiffe?]£=O——52[12pT(gfif4—29fgze?ﬂ » In = 9109n-1 /1
+2p"[(1293 + 249193)¢ + 3691 92& + 491 + 39187 /€] | ) oms 9103 Xn = gpd™/n!
=

A

vym,A..q,q9,q ...p,p ..for nonlinear DW

43 6q°v (q? v
c -4V p_6a <q +qq)
s T \m 27p
3 : 2
q( 3q 961) q°v (.2 .
A=-"(4q2 —— (7¢% + 4qj§ ——=
7\ 1 +mzv-l_npm +n(an)z 97+ *aq

Universal laws in TLL area

p

v:de/dp velocity
m: d*e/dp? mass
Ad3e/dp3 ?

depends on gand v

4q€1[3) Linear DW only

1
o =L (g,

dB 0%C

_|_

_I_
de  0¢&?

£=0 6 0€? T

m2T? 0° [ 0B 9%C
A —

de  0&?

Q

=0




The general features in linear and nonlinear Drude weight

Conjecture

T=0 results D(()l) D(§3) D((,l),l >3
parameters q?, v q®, 4%, 4% v,m, A, p,p 01 1q%, dle/dpt, 01 2p

TLL areas w2T? 0% w?T? 0% w?T? 0%
p® p®  p® T e NG 9% Lo

e +
g 6 0€? 6 0e? g 6 0de2 O



time = o

time > o

Motion of the center of the charge and spin

ZZ( Grra + rraCia)

j= 1a ™
+uZ(1 —2n)(1 - 2n)
+QZ 1x n;
L
Xj :——]
Quench
ZZ( Grra + Grratia)
j= 1a ™

+uZ(1 —2n)(1 - 2n)

+Q Z§:=1(Xj — 5)2 TlJ
L
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Spin transport in a Mott insulator in Hubbard model

mH=-tY (ég,iég,j + h.c.) + U fp iy
(i.3).0 i
—py Y =y Y Ry
) )

—l_AT Z ixﬁT,z’ + A¢ Z ixﬁi,z’-
) )

Observation of spin conduction and spin diffusion

A4, present spin dependent tilt of the potential along x-direction
& 11Hz B o o154 Hz £ ~100Hz 2 ~1kH
— = ~41. ; — = ~15. T~ s~ z
h “ h “h “h

Nichols et. al., Science 363, 383 (2019)
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Spin diffusion coefficients D

Spin conducting oy



A4, present spin dependent tilt

B _ s1abz 2= is4m
= 1Hz; = A Hz;
b o100Hz L ~1kH
h Z, h VA

SEDSLUE 3 AR
+ATZi$ﬁT,Z~ + A¢Zixﬁ¢,z‘- Einstein relation: os = Dsx

i ( Nichols et al. 363, 383 (2019)



Conclusion and discussion

1. The 1D repulsive Hubbard model exhibits novel phases of Luttinger liquids and phase
transitions driven by either external potentials or interaction.

2. The spin and charge Drude weights at low temperature have been analytically
obtained, showing universal ballistic transport with spin polarization.

We have built up exact relations between Luttinger parameters and dressed charges.

4. The universal scaling laws of the Drude weight at quantum criticality obtained shed
light on non-Fermi liquid behaviour.

The decade-old 1D Hubbard model continues to yield new and exciting physics!

Thanks for your listening!



