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Maximum

Suggesting two extreme pQCD
examples to show PMC does not work

Why this work ?
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Stevenson’s two extreme examples 
inversely show the success of PMC

Improved as an article

Stevenson’s papers emphasize the 
importance of scheme-invariance

We do agree
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OUTLINE

ü The first round PK: BLM/PMS/FAC

ü Not the end of the story

ü The second round PK: PMC, seBLM, and PMS

ü What we are trying to solve, QCD scale-setting ambiguity

ü A recent PMC example, ttbar production near the threshold
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ü QCD scale-setting ambiguity
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Ὠ„ ὪὪṧ „ṧ Ὂ

parton distribution 
functions

Perturbative partonic
cross section

(virtual & real radiation)

Fragmentation 
models  

„ „ ρ ‌ ‌ Ễ

Contains  ‌ of 
tree level process 

NLO NNLO

Fixed-order predictions such as those at the hadronic colliders

How to set the 
renormalization 

scale ?

General 

factorization picture
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Any physical quantity  r could be expanded in following form

ensure reliability

Physical observable r should be scheme/scale invariant

Renormalization Group Invariance 

(Standard RGI)

Regularization     Scale-settiing
Renormalization 

Reliability and precision are of same importance

Improve preciction
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Standard RGI

The initial fixed - order QCD series is non - conformal, its prediction 

must be scheme - and - scale dependent due to mismatching of as

with its coefficients for an arbitrary choice of scale

0; 0;
R

n n

R

n
r r

m

µ µ
¸ ¸ -

µ µ
Equivalence to: Ȁ perturbative order,R-sc heme

Then how to estimate the magnitude of initial series ？

ᴍ
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ñ ò ̇̇ Conventional scale - setting approach

=> ñChooseòthe scale Q to be typical momentum transfer ,

or to eliminate large/dangerous logs or to get more convergent series or to agree with data

=> ñKeep it fixedò throughout the calculation

=> ñVaryòin a certain range, e.g. [Q/2, 2Q], [Q/3, 3Q], 

to discuss its uncertainty or to test its sensitivity to not -yet computed high -order contributions

Re+e-
Q=31.6GeV

Q 2Q

Typical example

In lower orders, we do not know 
which scale range is enough for 

estimating the uncertainty

We have to finish enough high-
order calculations, which are 
complex and time-consuming

So it is only an order estimation,
depressing the predictive power 

of pQCD theory
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Is it possible to achieve scheme-and-scale invariant pQCD prediction  
by using an improved series from the initial fixed-order series ?
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BLM
Resum all

nf - term

PMS
Minimize unknown higher - order contributions

Simply require series to satisfy the RG invariance

Three typical and different ideas

Require all higher-order terms contribute zero

目标：寻找微扰序列的最优能标和
最优方案

Goal: using initial series to find 
optimal scheme and scale, 

forming new improved series

FAC
Effective charge

1980’s attempts to remove the ambiguity

Resum all 
higher-order terms
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First round:  BLM/PMS/FAC

A serious shortcoming of PMS procedure, 
common to all applications, is discussed

各显神通

PK异常激烈

several PK works

Extreme 
intensity
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P.M. Stevenson 对RGI解读

Nucl.Phys.B 203 (1982) 472 -492

Strong coupling has dual nature

【自由参数】和【展开参数】
【free parameter】【expansion coefficient】

ᵬҹ ̆ ץ Ҋ Ḡ
↓ ṿҌ : 

ᵬҹ ̆↕ ↓
ҍ ῏̂ RGĨ

῀ (Extended 
RGE) Ҍ Ҋ
׆̆ ⌠ҍ ῏

Possible to achieve scheme-invariant 
predictions under fixed orders
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Key assumptions of PMS
Because {bi>=2}-functions are different for different schems

==>>Assum: one can use {bi>=2}-functions inversely to label different scheme
==>>Assum: the pQCD approximant can be scheme invariant under scheme transformations

The expansion basis and coefficients 
can be transformed simultaneously to 

ensure the scheme invariance
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At n -th order, 2n+1 parameters 

n PMS Equations  
‬′

‬‍
πȟά ς

‬′

‬†
π

One Basic RGE (‍-function) 

n RG invariant coefficients

ὥȟǿ†ȟ‍ȟȣȟ‍ȟꜟ ȟȣȟꜟ

2n+1方程求解2n+1未知数可采用数值求解

I）确定有效耦合常数 -- 无LQCD不确定性
II）理论预言与初始能标选择以及初始方案选择无关

Phys.Rev.D97,036024(2018)

PMS: the scheme-dependence and scale-dependence
are treated by using the extended RGE
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PMS prediction̂limitations̃

Lower-order predictions are generally incredible

weak perturbative nature

PMS cannot predict contributions from 
unknown higher-order terms

One-loop

summary

The useful is 
Extended RGE 
but not PMS
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The idea of BLM

GM-L：重求和泡泡图可获得准确的a值 BLM：重求和泡泡图可获得准确的as值

Q0 – Initial scale

Resummed to 
achieve a 

scale-invariant 
prediction 

-- it is infact
the chain-loop 
approximation

类比找思路
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Commensurate relation among different as

不同方案下的有效强耦合常数值不一样，但结合各自的展开
系数，最终获得与方案无关的结果

---这是应对Steverson质疑的回答---

特殊情况可以将所有系数也吸收进有效强耦合常数定义

One-loop CSR ensures 
scheme invariance
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BLM-approach > 1200

PMS-approach > 1200

FAC-approach ~600

Who wins for the first round PK  ?  It s surely BLM 
--- almost all its citations are for scale-setting



20

Why BLM is so successful, what’s underly it ?

How to extend it to all orders ?
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1981̆ BLM-scheme
1992̆Wrong attempt of BLM extension, leading to wrong explanation
1995̆Commensurate Scale Relation (CSR), BLM up to two -loop level
1997-2010̆realizing the need of using b-function to replace nf -term
2011̆ BLM transforms to PMC at the one -loop level (nf -> b0)

PMC-I , PMC-BLM correspondence principal, BLM up to all orders
2012̆Application of PMC to top -pair production
2013̆ PPNP review, general arguments on renormalization scale -setting
2014̆PMC-II , demonstrate scheme -independence for any Rd-scheme
2015̆The equivalence of PMC I and PMC II

A through comparison of PMC and PMS
RPP review, based on RGI

2017̆Extend CSR up to any order, General Crewther Relation
Demonstrate scheme-independence for any scheme

2019̆PPNP review
2024̆PPNP review

Initial

developing

“Controversy drives forward”

Developments of BLM to PMC
It is finally found that it is the PMC that underlies the BLM
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2024

2019

2015

2013

QCD scale-setting problem
PMC 

Fix as-value, the new series 
naturally satisfy RGI
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The idea of PMC is simple

It is b-terms that are most important, but not nf-terms

So it is important to finish correct transformation of nf-terms to b- terms

At the NLO-level, there is no ambiguity to make such transformation
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Key idea of PMC: we can only get the answer from RGE itself , which 
can be used to determine the running behavior of coupling constant, 
thus fixing scale ambiguity.

I) Using RGE to determine the beta -terms at each order.

II) Resummingall the same type beta -terms, determining the exact 
value for exch perturbative order.

In this sense, PMC is similar to resummation , which resum a kind of 
large log -terms to form a steady prediction.

But different to a pure resummation to improve the reliability, 
PMC tends to solve the scale -setting problem.

PMC satisfies RGE-properties: symmetry, reflexity , transitivity

Phys.Rev.D86,054018 (2012)

0; 0;   We cannot get exact constraints from those inequalities
R

n n

R

r r

m

µ µ
¸ ¸

µ µ

PMC tries to solve scheme-and-scale ambiguities simultaneously

Basiṡrenormalization group equation (RGE)
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Can We Make Sense Out of Quantum Chromodynamics ?

Gerard 't Hooft , 1977

It has already been realized that, ``t he pQCD theory is invariant to the 
choice of subtraction point (m) under a simultaneous change in alphas and 
mprovided that alphas satisfies RGE !ò

Conventional treatment of the initial series, alphasṿ ↓ ṿ ◓
. The RGE has only been used to fix the alphas value at the chosen scale m, but the 

RGE-involved b-terms of the series itself have not been adopted to determine the 
exact value of alphas for the considered process ! 

The importance of RGE has already been realized, but not are throughly used

” ‘ ὧ‘‌ ‘
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How RGE works for pQCD series
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Transformation nf-series into RGE-involved b-series 
---Second step

Initial pQCD series --- First step

There are also b–terms that are pertained to Msbar running mass and etc., 
which should be treated separately

Comment: different to the 
wrong extenson of BLM: seBLM

PMC multi scale-setting procedure
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PMC single scale-setting procedure

Eliminate all b-terms

Basing on RGI:

The overall PMC scale Q* is also in perturbative form 

RGE-involved
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Demonstration of scheme independence
(Using the C-scheme coupling to characterize any scheme)

New coupling constant, all scheme -dependence 
are introduced into C -parameter ̕its scale and 
scheme running satisfies the same RGE, which is 

scheme-independent



30

Second round —— PMC or seBLM ?
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Maximum

Still in PK——究竟需不需要区分nf-项

2013年我们自已就已发现问题，并提
出单能标解决方案。但他们没引用，而
是提出 Improved PMC approach

该文错误：错误认为PMC只是处理nf-项，没
有意识到需正确使用RGE；we need to use 

the correct RGE under the specific 
scheme to do b-resummation

pessimistic̔Any approach cannot remove the theoretical 
uncertainties in physical predictions, since these uncertainties 

ultimately arise from missing higher orders in alphaS.

Some criticisms on PMC



32

After fixing the scale ambiguity, 
what we still have to do for perturbative theory ?
It is not the end of the story, but a new beginning

路总是趟出来的
The road always comes out

An important step forward
Conventional scheme-and-scale ambiguity ===> residual scale dependence due to UHO-terms
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Feynman, 1959, ``How to estimate higher order terms in the perturbation 
series without having to laboriously calculate Feynman diagrams”
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The reliability of perturbative series
（feasible，reliability,  precision,  predictive）

Any perturbative series cannot solve all things, even after 
removing scale and scheme ambiguity, there is still residual scale 

dependence due to unknown higher-order (UHO) terms !

Thus we need to have reliable ways to estimate UHO contributions
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Several ways to estimate higher-order contributions

ÂConventional:Varying scale — Rough order estimation and cannot estimate conformal contribution

ÂConvervative: The one-order higher shall always be smaller than the given order

ÂResummation: Find a proper generating function, such as fractional function – Pade approximation

ÂProbability analysis：Bayesian analysis

Give the probability of the higher-order magnitude
P(A∩B) = P(A)*P(B|A)=P(B)*P(A|B)

Comparing with initial series, the PMC series has advantages:

Better convergence; More accurate without scheme-and-scale 
dependence; The coefficients have no RGE-relations; …

Thus it has good potential to do the estimation; especially it can 
achieve more precise prediction with less given orders.
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ü One recent PMC application at the e+e- colliders
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top-pair production near the threshold
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CPC (2021)
CPC (2024)
CPC (2024)
PLB (2024)

NLO QCD correction

J. Jersak, E. Laermann, and P. M. Zerwas, Phys. Rev. D 25, 1218 (1982)

N2LO QCD correction

J. Gao and H. X. Zhu, Phys. Rev. Lett. 113, 262001 (2014)

L. Chen, O. Dekkers, D. Heisler, W. Bernreuther, and Z. G. Si, J. High Energy Phys. 12 (2016) 098

N3LO QCD correction 

M. Fael, F. Lange, K. Schönwald, and M. Steinhauser, Phys. Rev. Lett. 128, 172003 (2022)

M. Fael, F. Lange, K. Schönwald, and M. Steinhauser, Phys. Rev. D 106, 034029 (2022)

L. Chen, X. Chen, X. Guan and Y. Q. Ma, Phys. Rev. Lett. 132, 10 (2024)
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Up to N3LO, total cross section of ὩὩ ᴼ‎zᴼὸӶὸcan be written as
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the velocity of produced quarks

„ „ ד ד Coulomb part

Non-Coulomb part

only numerical results ! 

reconstructing analytic form ! 

we schematically factorize total cross section as the product of 

Coulomb and non-Coulomb parts
PSLQ algorithm

H. R. P. Ferguson, and D. H. Bailey, RNR Technical Report RNR-91-032 (1992)

H. R. P. Ferguson, D. H. Bailey, and S. Arno, Math. Comp. 68, 351 (1999)
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TheQCD coupling‌ Ἱ hasbeenintroducedfor describingtheinteractionof

thenon-relativisticheavyquark-antiquarkpair, which is definedasthe effective

chargein thefollowing Coulomb-like potential:

ὠἹ τ“ὅ
‌ Ἱ

Ἱ
ȟ

where‌ Ἱ absorbsall thehigher-orderQCD corrections,which is relatedto

the-3-schemecouplingvia thefollowing way
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T. Appelquist, M. Dine and I. J. Muzinich, Phys. Lett. B 69, 231 (1977)

W. Fischler, Nucl. Phys. B 129, 157 (1977)

M. Peter, Phys. Rev. Lett. 78, 602 (1997)

Y. Schroder, Phys. Lett. B 447, 321 (1999)
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A. D. Sakharov, Zh. Eksp. Teor. Fiz. 18, 631 (1948)

Obtained by solving NR Schrödinger equation

The ὢ -coefficient is exactly zero!

exactly non-conformal term
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After applying the PMC, the 

scale dependence is removed 

and the pQCD convergence 

near the threshold region is 

improved
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By applying PMC, uncertaintiescausedby the

UHO-termsbecomesmaller. Theseresultsconfirm

theimportanceof thePMC scale-settingapproach.

The PMC provids more reliable foundation for

constrainingpredictionsof UHO contributions
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Summary and Outlook
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PMC is not simply chosen “special/effective/optimal/ scale”, but basing 
on RGE, satisfying standard RGI, and using a general way to get an 

improved series that is independent of any choices of scheme and scale, 
resulting to a precise perturbative prediction at any fixed order

Up to infinite order, the predictions are scheme and scale independent, there is 
no scale ambiguity

At fixed-order, guessing/using typical momentum flow as the scale, one cannot 
get precise values, becoming an important systematic error

More convergent and precise series provides much better ground for estimating 
not-yet-computed higher-oder contributions

It is maximum conformality, but not strict conformality !

总结：争议并非坏事，可更深入认识，注定推动前行
Contraversy pushes things forward


