Extracting quadratic propagators in

one-loop amplitudes
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Backgrounds: Feynman diagrams, CHY and BCJ

Helpful tools expansion formulas at on-/off-shell levels

Quadratic propagators in YMS and YM

Quadratic propagators in double-YMS, EYM and GR



l. Scattering amplitudes: from Feynman
diagrams to BCJ and CHY
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Main features of Yang-Mills and gravity Feynman diagrams

Yang-Mills Gravity
3-, 4-point vertices Infinite number of vertices
Color-dressed Color singlet

External lines e* External lines e*¥



Yang-Mills: Feynman diagrams and color decomposition

Jarazas [0 (k1 — k2)P + cye(1,2,3)]

(a)

1p 4o

2v 3p

—i[faraseSazase (177 = 0"70"P)] + cye(2,3.4)

(b)

SU(N) gauge field
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Color decompositions
Berends, Giele, 87; Mangano,Parke,Xu, 88
M= 5 t[te®. . . t30)]
o€S,/Z,
) A(0(1)...o(n)) ¢ Clorerere

amplitude

Del Duca, Dixon, Maltoni, 99
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Gravity: Feynman diagrams
3-graviton vertex
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What happens when the number of external particles increases?

Yang-Mills: The number of Feynman diagrams increases sharply!

Gravity: A lot of terms even in four-graviton tree amplitude!

Recursion relations: BCFW on-shell recursion
(Britto,Cachazo,Feng, 04; Britto,Cachazo,Feng,Witten,05),

Berends-Giele off-shell recursion (87)

Relations between color-ordered YM amplitudes: KK ( Kleiss and H.
Kuijf, 89), BCJ ( Bern, Carrasco,Johansson, 08 ) relations

Relations between GR and YM: KLT relation ( Kawai-Lewellen-Tye
(1986))



Amplitude relations for color-ordered YM

Proofs: Del Duca, Dixon, Maltoni, 99; Bjerrum-Bohr, Damgaard, Vanhove, 09;
Stieberger, 09; Feng, Huang, Jia, 10; Chen, Du, Feng, 11
KK relation: | A(B4, ..., Bi, 1, a1, ..., n) = Z(—l)iA(l,ﬂT We,n)

L

BCJ relation: ZZ[kﬁ, X, (W] A(L, @B, n) =0

w /=1

IB = {ﬂl...ﬂ;}, o= {al...aj}, XH = Z k

a=<fi
{1,2yw{3,4} = {{1,2,3,4},{1,3,2,4},
{]‘) 3747 2}{3’ 17274}7 {37 174? 2}’ {37 4? ]'7 2}}

KK+BCJ = Minimal basis expansion:
AL, B,2,a,n) = Z C(o) A(1,2,0 € perms(B) Wa, n)




KLT double-copy relation: GR as (YM)?

KLT relation:

Closed string tree amplitudes ~

\
GR tree amplitudes

(Open string tree amplitudes)?

\
~ (YM tree amplitudes)?

KLT in field theory:

( Bern, De Freitas, Wong, 99; Bjerrum-Bohr, Damgaard, Feng, Sondergaard 10; Du
Feng, Fu, 11)

M, : GR color-dressed YM
Mn = ZA 5[p’U]A (@) A, YM $* scalar
A,: YM YM

Further developments of double-copy: BCJ and CHY formulas



The BCJ form of amplitudes

Bern, Carrasco, Johansson, 08, 10

BCJ form of YM amplitudes: M™M= Z Long

G: diagrams with cubic vertices
Dé: propagators cg: color factors

ng: BCJ numerators satisfying

ngng
GR as (BCJ) double copy of YM M= 1. D:

Jacobi identity

/ e
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The CHY form of amplitudes

Cachazo, He, Yuan, 13, 14

M:/d,uILIR

Theories BS YM YMS EYM GR
Amplitudes | AZE(alp) | Ale(a) | AYess (01 ..;0ml|Glpsuc) | AL (o1;-iomlH) | MEE(L, ... n)
L PT(o) PT(o) PT(o1)..PT(om) P PT(01)..PT(om) P Pf/[W]
Ir PT(p) | PV PT (psuc) PfV] PV
Scattering equations

kicki _
DL

. z
j=1
J#

-




The CHY form of amplitudes

V is a 2n x 2n skew-symmetric matrix:

The n x n submatrices A, B and C are

A —CT

C

)

Aab Bab Cab
2€5-€ 2¢€4-k
b Sab Z€a'€p 2€a'Kp
d # Zab Zab Zab
a=b 0 0 — Dy 22k

Zac




Relations between FD, BCJ and CHY at tree level

Feynman

diagrams

Amplitudes
BCJ CHY
form € ) form

At tree level:

% From CHY to polynomial BCJ (e.g. Du,Feng, Fu, Huang, 17;
Du, Feng,Teng 17; Du, Teng, 17)

% From FD to polynomial BCJ (e.g. Du, Wu, 21, 22)



Extensions to one-loop level

Feynman A(L.....n||p.q.r)
) diagrams . Z[ ~ e teutka)oter)y = 22 (pdueadu (k)
— (',,),.uq),«k,),} X (W)X (W)X? (w)
ke
Q1: Relation at one-loop? xA(1,{2.+++ .n—1} w {p} w {q} w {r}. n)
Amplitudes
BCJ CHY
>
form form
/ Tensorial PT
factors Forward limit: Linear propagator form

Q2: General expressions of

polynouil BCJ numersio? Q3: How to transform the linear propagators

into quadratic ones?

At one-loop level there are three related questions Q1, Q2, and Q3:

Y Once tensorial PT factors are constructed, Q2 and Q3 have been
answered, but it is still lack of general construction of the tensorial
PT factors. (Feng,He,Zhang,Zhang,22; Dong, Zhang, Zhang, 23)

% In this talk, we try to answer Q1 and Q3, partly.



Il. Helpful tools 1: on-shell expansion

formulas, graph-based relations at tree level



What is EYM?

%?%&_L @?% éié/
(b)

(a)

EYM=YM+GR+Dilaton+B Fields

Typical Feynman diagrams in EYM



EYM recursion expansion: single-trace case

EYM recursive expansion for single-trace amplitudes
(Stieberger and T. R. Taylor, 16; Nandan, Plefka, Schlotterer, Wen, 16; de la Cruz,
Kniss,Weinzierl, 16; Schlotterer, 16; Du, Feng, Fu, Huang, 17;
Chiodaroli,Gunaydin,Johansson, 17; Teng, Feng, 17)

AL2,.rlH) = > enFpFy Y,
H\{h,}—h|h

X AL, {2, ... r =1} W {ps ..., p1, ha}, rl|h)

e H\ {h.} — h|h: splittings of elements in H \ {h.}; Permutations p are
summed over
e h,: fiducial graviton; Y, = > ki; FI' = kl'e? — kP!
JE{1,...,r—1}s.tj<h

e AL B: permutations with keeping the relative orders in each set



EYM recursion expansion: multi-trace case

EYM recursive expansion of multi-trace amplitudes
(Du, Feng, Teng, 17)

Gravitons—Gluon traces

Multi-trace EYM

Single-trace EYM

Type-l: Fiducial graviton — Graviton

Type-ll: Fiducial graviton — Trace



From EYM to GR

Graviton amplitude can be expanded in terms of single-trace EYM
amplitudes (Fu, Du, Huang, Feng, 17)

MSR: Z (_1)‘h‘€h1'Fm"'Fpr'EnAEYM(hl’p’ ha|lh)
H\{hl,hz}—ﬂ“llh

Here

e Sum over splittings of graviton set H \ {h1, ho} and sum over
permutations p of elements in h

o (Fj)"" = kl'e” — kV¢!', gauge invariance conditions for gravitons
( ) are encoded in F;

e In each term we turn gravitons in {hy, h,} Uh to gluons



Expanding amplitudes in terms of graphs

A graph: nodes (external particles) and lines (Lorentz contractions)

Line styles Strength tensors

€a € €uky ko kp

— o o—»e e e o---e Y — B
a b a b a b a b
FIY = kel — kel
(a) (b) (c) (d)
Chains
Ea-Fil...El-Eb GaF’L'lFZZkb
———1—o —+—1—1>e o--0--0---0-0
1iyiz yymn aiyiy ib ailyily ib

(e) (f) (g)



Expanding amplitudes in terms of graphs

eReference order:

trees planted at roots R={h (1) )}
) S
B o 1the master e Root set:
gravitions L chain R={1,....,r—1}
| n |
'L_}'le'_#* § e Permutations:  Shuffling the
gluon trace ‘ g & -J branches
the first the last ® Ci 5.0 Summing all graphs
particle particle contributing o

EYM
ASingIeTrace Z ConA™(1,0,n)

MCER = Z M.g.nA 1 o,n)
€S, 2
AM = N n 6 0AB(L 010, n)

oS, 2




Graph-based BCJ relations

Du, Hou, 18, 19

o
-~

Leamzﬁlc<a el )] -

c€Tg a€Tal. BETBIb

I LD DR

acTa



From the perspective of CHY

Expansion relation between half integrands:
(Fu, Du, Huang, Feng, 17; Teng, Feng, 17; Du, Teng, 17; Du, Teng, Feng, 17)

PT(O’l)PT(O‘m) P - Z CLo‘,n PT(].,O', n)
Pf/[\U] = Z nl,a,nPT(l’aa n)
O'ESn—Q

Graph-based relations for PT factors:

SOMY Y S| S spo] o

a€Ta c€Tg acTala BETB|p ~vEQWB|c<a



Summing over permutations < summing over graphs

Du, Hou, 18, 19
M = Z menA(l,0,n)
oeS, >
——

summing over permutations

M = > od >
F or
o~ ~~
summing over graphs permutations

| corresponding to a graph

A(L,a”,n)




I1l. Helpful tools 2: Off-shell expansions and

relations for Berends-Giele currents



What is the Berends-Giele current?

e A recursive approach to packaging Feynman diagrams

e Solution to classical equation of motion
(approach along this line: Lee, Mafra, Schlotterer 15;E. Bridges, Mafra
19)

e On-shell limit = amplitude



Berends-Giele recursion for YM

Berends, Giele, 87
B-G currents for YM

J(1,...,n—1)
1 . N
= H{ DV G R ) WY B B §
1<i<n—1
+ Z V4uuerH(1,...,i)Ju(i+1,...,j)JT(j+1,...,n—1)] “%@5
1<i<j<n—1

Starting point: J#(a) = ¢,

A



Berends-Giele recursion for BS

B-G currents for BS Mafra, 16

o(1,...,n—1|o1, ..., 00-1)

1 n—2 . '
= o . Z {¢(17...,I|01;...,0'i)¢(l+1,...,!7—1|0,’+1,..‘,Jn,1)
e n— i=1

(s ori|on iy s Tn 1) B(i + 1,0 n = 1o, s J,,_,-)}

Starting point ¢(ala) =1, ¢(a|b) (a # b)



Expansion formula of YM
Wu, Du, 21
BG current in Feynman gauge
JP(1,2,..,n—1) = JP(1,2,..,n—1)
Feynman gauge BCJ gauge
+K?(1,2,...,n—1)+ L"(1,2,...,n—1)

Vanish in the on-shell limit

F(L2,..n=1)= Y Ni(Lo)p(1,2,...,n—1[L0)
ceP(2,n—1)

Fvr(A) = 2k JP(A) — 2kh J¥(A)

Filny = NP (e)o(1, ..., n — o)
oeP(1,n—1)

+ Z [ (:+1n 1) J(f+1a"—1)]{1”)}

1<i<n—1



Three types of off-shell numerators

Type-€ 777777777777 Type-B
Fr [ o e TR

: 2 Type-A = £
Type-A T Tz T ’ yp l"ﬁ T -
'/ 1| { T Tive T ,__K____:\ |
| I . | | |
oy AV YN
i N‘\ " ' ‘ : 14 Y ki
L .‘( /3% N 1: W - _{)1_ _(')2_ _b‘i p ij_l_ _UL_ s E‘ :

s e last
::i;i element

o ={02,...,00-1} € P(2,n=1),0, = {02,...,0i-1}, Or = {0}, ..., 0p-1}

NZ(].,O‘) = [NA(].,O'L) . Nc(O‘R) — NA(l,O‘L)NB(O‘R) . 2/(17,'_1]p



Gauge transformation terms

Kp(1,2,...,n—1):Sl - “121 )-J(i+1,.,n—1)

D S = T Co
{ai,bi}C{1,...,n—1}

Shit1,a-15 K(az,b2) s -5 K(ay, 1) 5b,+1,n71)

On-shell limit: sip_pore - [K(1,2,e0yn = 1) + L(1,2, i n = 1)] |12 0 = 0



Off-shell graph-based BCJ

Du, Wu, 22
e
. . .
Tals e
‘ ‘.é.
» ‘;-' “-é-" '3 i
! : ¢ i
S ¢ ¢ O !
N o s L R :

SOMY Y Y| Y sl

a€Ta c€Tg a€Tals BETols ~vYEQWBc<a

= Z Z [¢(01,i|ﬁ)¢(0;+1,/|0)*¢(01,/—;|a)¢(01—i+1,/|.3)}

a€Talx BET|b



IV. One-loop CHY formula and the problem of
linear propagators

o = = = = 9acn



One-loop CHY formula

One |OOp CHY Geyer, L. Mason, 15; He and Yuan, 15; Cachazo, He,
Yuan, 16; EYM and YMS see Porkert,Schlotterer, 22) :

D
1-loop d~/ t 1-loop ;1-loop
Mn,B®C —/ 2 kihg]i /du reel [k

Scattering equations at one-loop level:

I ki ki - k;
— 2 =0
Zj +Z Z,'j




One-loop CHY formula

Theories BS YM YMS EYM GR
Amplitudes | ALPP(a]p) AV () AV oo (01;...;0ml|G|psuc) Aro? (01 iom||H) Mg (1, ..., n)
Jloop PT(+,0,-) PT(+,0,-) PT(+,01,—)... PT(+,01,—)... PV, 0]

L +cyc(o) +cyce(a) PT(om) P + cyc(o1) PT(om) P + cyc(o1) 2
§ PT(+,p0,-) PT (+.psu6, —)

J1-loop [V, Pf/[W, Pf/[w,

R +cyc(p) Vo2l +cyc(psuc) [Vni2] [Waio]

One-loop level CHY integrands for BS, YM, YMS, EYM and GR In the
single-trace case m = 1, there is only one PT factor with n 4 2 points and the
P becomes Pf[W]y.4.




One-loop CHY formula
For BS, the CHY integral gives:

BS . tree j1-loop j1-loop
m = lim d / /

kiai// Hni2ls e

Z 1 1 1 1 6 p
N 2 sa ;s SA Ao A, A AL Az| Ay

(AtAs...A)=0 A1yl 2A1 Azl A1Az---Aj1,]

(A1A2.../ﬂ,’):p
A=A;

For other theories, e.g, YMS, the CHY integral gives:

1 tree / 1-Ioopl 1-loop
2 M2l R

7
o 0™ I? say,1 Saa,,1 SA Az A1,
1A2...Aj)=
(A1Az... Aj)=y
Aj:Aj

F 1 1 1 1
= ZC |: Z I¢A1IA~1¢A2|52”.
F

+(cyclic of &) | + (cyclic of «)

¢Ai\A~i

(bAf |4;



One-loop CHY formula

_ 1 1
One-loop CHY = Linear loop propagators sy = TR

| Graphic rule Xie, Du, 24

1 1
F di = dratic | tors -0 = ——
eynman diagrams Quaderatic loop propagators B~ U+ k)

The crucial relation between linear and quadratic propagators:

N(T) N + ka) .
/2SA1’ISA12"/ < SAp. . me1,] /25Am,ISAm1,/ c o SA ma,l
N(I + ka,, )
L..m gN/ onA,A,...,Am
/25A2,/5A23,/ < SAys il ( )g ( 1, A2 )
where gon(Ay, Az, ..., Am) = }/2

A1LA12 A2 m—1



V. From linear to quadratic propagators 1:
YMS and YM
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The main idea

Single-trace YMS

Cutting graphs < Feynman diagrams

4

Generalize U(1)-decoupling cancels disconnected subgraphs
4

Off-shell BCJ, X pattern cancel nonlocal terms
4

Remaining terms ~ cyclic sum = Quadratic propagators

Single-trace YMS = YM, multi-trace YMS



Cancellations of disconnected subgraphs

Graphs for kinematic
coefficents

Feynman diagrams
with linear propagators

Disconnected subgraphs vanish: — > ¢au5c = 0 (Generalized
L
U(1)-decoupling)



Further cancellations between BCJ pattern and X pattern

(b)

corresponding branches

(c)
(a) — Off-shell BCJ relation — Cancels with X-pattern (b) — Cancels with other (a
larger) X pattern e.g. (c)... The red nodes b, ¢ are the highest-weight nodes on the



Cancellations between BCJ pattern and X pattern

An X-pattern A reduces as:

AAAACRAAAACRALACRRAAAC

(b) (d)

A BCJ-pattern A reduces as:

/G)A)lls( 3

EAi 0141




Cancellations between BCJ pattern and X pattern

KO P

(c)

(% @ Fa) Ix




Further cancellations between BCJ pattern and X pattern

After performing all possible cancellations between BCJ and X
patterns, the “non-local” terms (Terms involving contractions

between A, and A7 but As and Ay are separated by linear
propagators) all cancel out!

u}
o)
I
i
it




Linear v.s. quadratic propagators at 1-loop

The remaining terms do not contain nonlocal structure, for
example:

Sapt SABi LBt SA1BiLBigA2il SA41B1LBirA2B2L Bag:l

+Cyc [A1, (BirB1iR), A2, (Bar,Bar), As]

11 1 1 1

= quardratic propagators EE P 2 2 )
A1 ‘A1B1 Big A1B11 BipA2 A1B11 BipA2B2, By



Linear v.s. quadratic propagators at 1-loop

A part of the cancellation map in YMS with four gluons

)
p r s ~Nq\yYyp r s ~q p r s
‘ _‘ ‘ ‘ "l . ‘ . ‘ B ‘ ‘ = ‘ . ‘ = Terms induced
by (cl)
(b1A) (bIBI) (b1B2) i
(MGLNMI L(('I}‘Fﬂ/)\hul £ ({2 ,»’" £ ({a.0)lx £ ({a.p)lx L({a.p)lx’
A S T A A T A
b2
©) — 7| |- - - -] | |-]- -
(b2) (b3A) (b3B) (b3C1) (b3C2)
(0 Ol
c uq » rm\ Z({a.p.T)lx £leprbx | Laprhil (o mm)\nm
ot T vI1. YYL Y, YR
(b11) -7
T (b10A) (b10B) (b10C1) (b10C2) (b11°)
Terms induced by @57} @ O)locs £
(b4), (c1), (d1) - . -

(b15)

m]

(b15°)

5

4.7} L) ey




The final result for YMS

1 1
J[As] X ... x —————J [Al]
SAL Al SALAy. A1,

1 1

S S JA]l —J[A)]
01...0=0 ! SALl
H1U...UH=H

+cyc[A1, Az, ...y A[].

where we introduced the tree level currents J [Aj] expressed by graphic rules

JIA] = chf"(bajmpf/';j (if A; contains scalars)
Fj o w

J [Aj] = ZZCFJ ’ (l+kA1 +"'+kAj_1) d)p}_f\lj < BGeurrents JH¥ = J+ K+ L
Fj w

Fi F
+ Z e Z ¢PFjL|’ajL¢P]:jR|ZjR

Tt Fir 7L p iR

(if A; does not contain scalar)



The relation to Feynman rules in YMS

J14;]

JH A JH[AsL] JY [AjR]

T San —
(a) (b) (© (d

1 gluon-2 scalar vertices, 2-gluon, 2-scalar vertices, three-scalar vertices



From YMS to YM

YM is obtained from the forward limits of tree level YM ( and its
relation with YMS):

I;;\I/loop — (D_2) Z gon A17A27-~7 HJ[A]
AU UA ={1,...,n}\{i1,--»if}

+i(fl)/ Z Tr [Fil : Fl'z Tt FI/]

{2, i1 Y ESNZ)

)
X Z gon (A1, Ao, ..., A) [ 1 1A]]
=i j=1
U B G T



VI. From linear to quadratic propagators 2:
A taste of double-YMS, EYM and GR
(work in progress)

=] 5 = = £ DA



From double-YMS to EYM and GR

CHY: GR ~ EYM ~ double-YMS

7= / dji (It + cye(0)] g + cyc(p)]

IL = PT(+,U, —)Pf[\UH] IR = PT(+,p, —)Pf [W,jl]
Define X,Y,Z,W as scalar, left-gluon, right-gluon, graviton sets

X={12,...,i}, Y ={a1,a,...,a},
Z ={b1, by,..., by}, W={c,c,...,q}

o: perms(XUZ), H: YUW, p: perms(XUY), H: ZUW



Quadratic propagators in double-YMS

The main idea:

Cancellations in the left part

4

Cancellations in the right part

4

Cyclic sums

4

Quadratic propagators



Quadratic propagators in double-YMS

A simple example: |Y| = |Z| = |W| =1 with (e, €.) and (€p - €¢),
reference order a < ¢, b < ¢ and we focus on the subgraph with
the propagator between a, ¢ is cut when cancellation on the left is

performed
b a c b a c b a ¢
Left ’ ’ ‘ o,
+ - + -
. Cancel out due to the can- l
Right cellation between BCJ and X patterns for b
X patterns b L

| . .- /j ¢

No nonlocal terms Local multi-point vertex

Diagrams obtained by cylcic permutations of the substructures are
also allowed by the graphic rule — Quadratic propagator form



Comments on the more complicated cases

% First left, then right ~ First right, then left

% Multi-point vertices naturally arise from the cancellation
process

% The right part cancellation can borrow factors k - k from the
left part factors.



VII. Further discussions



Further discussions

% How to express integrands via tensorial PT factors?

% A general construction of one-loop BCJ?

% The full connection to Feynman diagrams in GR?

% On the reduction of one-loop integrals (disucssions with Hu,
Xie and Zhou)
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