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moduli spaces, string perturbation + CFT...




Combinatorial Geometries (with “factorizing bd.”) underlying scattering amplitudes & beyond (by 2023)

e moduli space 4 an for conventional & (ambi-)twistor strings

* positive Grassmannian G, (k, n), on-shell diagrams etc. for planar N=4 SYM

« Amplituhedron: map from G, (k, n) —all-loop integrand of SYM in momentum twistor space [Arkani-Hamed, Trnka 13’ + Thomas;...] =>
momentum space [SH, Zhang 18°] & momentum amplituhedron [Ferro et al]

 ABJM amplituhedron: reduction to D=3 from SYM amplituhedron —> all-loop integrand of ABJM! [SH, Kuo, Li, Zhang, 22’ + Huang 23,...]

* kinematic associahedron (bi-adjoint gb3 tree) & worldsheet associahedron [Arkani-Hamed, Bai, SH, Yan, 17’]
 cosmological polytopes +”kinematic flow” DE for tree-level wave function of universe [Arkani-Hamed et al 17’ , 23,...]
e surfacehedra + binary geometries for surfaces... => “strings & particles without worldsheet”|w. Arkani-Hamed et al 20-]

* more applications of tropical geometry e.g. tropical Grassmannian for “symbology”, Feynman integrals, etc...



All-loop geometry for (4pt) correlator! (. v Huang, c. kuo 240520292

canonical form <«—— physical observables

Correlation function:
half BPS operator k=2
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g (&) for ¢ > 1 related to the canonical form defined in Correlahedron.
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LOOpS adS fibratiOﬂ over ’[reeS [w. Y. Huang, C. Kuo 2405.20292 + to appear]

* In general, non-renormalizable theorem (prefactor for all loops)follows from tree geometry

» Starting L=3: distinct loop forms for different tree/kinematic regions! (new leading singularities etc)

* Computed loop forms for L=3,4 (sum over all 6 chambers/different LS)! 4-loop elliptic cut? M
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Cosmo. amplitudes: diff. egs & recursion

* wave function coefficients & correlators for (conformal) scalars in FRW universe, e.g. q=0 for de Sitter

* Nested time integrals => naturally decompose into building blocks e.g. family trees, analytically solved in terms of
gen. hypergeometric series » in general “loop integrands” —> all directed graphs
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» Simplest DE for cosmo amps of any directed graph: contracting edge one at a time -> recursion relations
* For tree amps: combined to give canonical DE—> “kinematic flow"; more interesting CDE for loops

* byproduct: a compact, recursive formula for de Sitter (q=0) tree amps: multi-polylog & symbol structures



Supergluon dIMPS iNn AdS to all n fw. B E—B0 2312.15484, + 48 2406.08538]

* Supergluon amplitudes in AdS_5 x S"3 (tree-level): rich data for CFT_4 & “scattering in AdS”;
known up to n=6 based on factorizations (OPE) + flat-space limit [Alday, Goncalves, Nocchi, Zhou 2023]

* We find a recursive algorithm for supergluon & spinning amps to all n (“AdS constructibility”)
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« Explicit, compact results up to n=8 (spinning for n=7), and the simplest R-symmetry case to all n

* New structures: general poles (truncation of descendents), nice Feynman rules, collinear/soft etc.

* They can be viewed as AdS generalizations of “scalar-scaffolded gluons” in flat-space!



Toy Models —> Real World via “numerators/zeros”

Combinatorial/geometries: e.g. SYM/ABJM, or Tr gb3 (simplest colored scalars)
Amps uniquely determined by long-distance sing. or “denominators” !

More realistic theories: need “pole @ infinity” or numerators: N=4 (no pole @ infinity by DCI) vs. N<4;
Tr gb3 (projective inv.) vs. other scalar theories e.g. ¢p* , derivative coup. such as pions, even gluons?

What are “zeros” of (tree) amplitudes? already highly non-trivial for Tr qb3 . pattern of zeros (some s; P 0) &
surprising factorizations near them; hidden in Feynman diagrams, manifest by geometries!

The same zeros+ factorizations are also present for non-linear sigma model & Yang-Mills:

tree amps of Tr ¢3, pions & gluons given by one and same function at different kinematic points !

—> all-loop NLSM & (conjecturally) YM contained in all-loop (stringy) Tr gb3



3 | |
Tr ¢ ampl|tUdeS [Arkani-Hamed, Bai, SH, Yan, ’17; Arkani-Hamed, Frost, Salvatori, Plamondon, Thomas, ’23,...]
— 2 3 . . _
ﬁﬂ(¢3) — ’I‘r((‘)gb) +g Tr(¢ ), @ : N by N matrix -> fat graphs, genus expansion (only planar graphs for N — o)

planar variables: all poles of tree amps

Xij= i+ +pj-1)°

1 1 1 1 1

As = | | | | .
° X13X14 XoaXos X13X3s X14Xoa4 Xo5X35

non-planar Mandelstam variables

Cij = —2pi - pj = Xij + Xit1,+1 — Xi+1,; — Xij+1,



Tree amplitude from associahedron [ABHY: Arkani-Hamed, SH, Salvatori, Thomas ’19]

e.g. Ay ={s>0,t >0} N{—u = const > 0}

A,_5:{X;; 2 0} N (n-3)-dim subspace

. . Ao ={X13,--- , Xo5 >0tN{— — S — —  — —
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geometric picture: FD expansion = a special triangulation, others — new formula & recursion for ¢3 amps

hidden symmetry of 453 amps (invisible in FD's), analog of dual conformal symmetry, manifest by geometry!



Kinematic mesh: 1+1 dim wave egs & causal diamonds mesh regions <=> initial triangulations (n=06)
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A surprise: zeros of Tr ¢3 on the mesh jawani-Hamed, cao, Dong, Figuereido, sH, 2312. 16282

1 1 C13 34
n=4cl3=0=> I _O 04

X3 Xog Xi3Xy 14

13
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n = 5 . C13 — C14: O, or C14 — C24: O,etC.
the big cubic polynomial N® = 0

1 r 1 1 1 _ NOx}
Very difficult to see in Feynman diagrams: X;3X 4 | X3 X5+ | X5 X35 | X55X4 | X514 X4 _X13X24X35X14X25

skinny rectangle (“soft limit”)
n-pt: highly non-trivial linear subspaces of the big numerator e.g. Cl3 = Ciy = " =Clp_ = 0

2 by 2 square
n=6IaISO C14:C15:C24:C25:O;

generally any rectangle of the mesh




Factorization of 5-pt amplitude

ca=0 [ 1 1 1 1
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Factorization of 6-pt amplitude
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GGeneral zeros & factorizations

1 1
M, (e, #0) = (X_B + X—T) X MIOWE 5 AMUP.

X=XT+X, X=XB+X.

8'> 6*4*4 8_> 5*4*5

shifted kinematics: in terms of momenta, these are currents (with an off-shell leg)



Stringy Ir ¢3 amplitude (arani-Hamed, sH, Lam, 197

Veneziano-Koba-Nielsen amplitudes (60’s)
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ZerOS Of St”ng ampl|tUde [see also D’Adda, Sciuto, D’Auria, Gliozzi, 71°]
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Z = 1+vy1.3 3 = :
4 Rey YLg L3 (1+913) I'a’cy,3]

any non-positive integer works: e.g.
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Factorizations

€13 = 0, but C14 7é O,

3 u
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Deformed to the real world jacorn 23

2n—3 o' '
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key:all ¢; ; = X; i+ Xj11 41 — Xij+1 — Xi41,; @re preserved, thus all zero + fact. unchanged!

a's =0 Lry(g3y = Tr(0¢)* + g Tr(¢°),
/ 1
0<as<1 (orR/Z) a =0 e = SV (BHUTB"U) . with U= (I+A®)(I —\d)™!
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2n-pt Tr qb3 string amps => 2n-pion in NLSM or 2n-scalar (n-gluon) in YMS: same function @ different pts!



NLSM directly from Tr ¢°

2n—3

dyI ! Xe e+0 o Xo,0—90 a,Xo e
o= oo I1 0 TLu5 o [t x T e
Rn
I=1

>0 (e,e) (0,0) (0,€)
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(note: if both +0 => tr gb4 amplitude)

Field-theory directly take § — oo: ANLSM lim " AT (X, o = X+ 8, Xoo — Xoo — 0),
AT (X5 = 6, Xp,4+0) 2% L(1-1) = o (Xus 4+ X4) +O(1/5°),
A4NLSM
3 4
A?"SB(X — X £6) 000, 514 ( (X3 +X2’§()1(jl’5 T Xas) - (cyclic, 7 — 7 + 2) . i :.
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Proof: 1. correct pole structure (only Xo,e = ()) 2. correct factorization 3. Adler zero from “skinny zero”



NLSM zeros and factorizations jacor+ 23;

All zeros directly follow; factorizations? C1.3C2.4C3.5 1 1
As(c1a=c15 =c25=0) = e = | - €13 C35
. 3, ’ ’ ’ X1,4(X1,4 — cop4) X144  X3p T
1. even-even-> NLSM* 4pt ¢p° *NLSM: . .
. s = (X - ¥ ) (X183 + Xo6) - (X15 + Xae),
2. odd-odd-> mixed* 4pt NLSM* mixed: 1,4 36/ el
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— (X1,3 +X2,6) ( X3,6 + X2,5 1),
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All-loop NLSM contained in Tr ¢3[ACDFH]

Same shift works for planar integrand of NLSM: X, , = X, ,+ 0, X, , = X, , — 0 (inc. loop punctures)

2L

: +2L—-2 46 __ ANLSM z. ;
511;[{010 Z ((5)” An’L o AnaL ) ij - /\ . U
Zg—1,... ., even/odd z ’
Proof: satisfies all-loop single-cuts + fact. (follow from cuts/fact. of gb3) _
1 1 1
Al = | | + (12,0 - =9
e.g. 1-loop 2-pt: P (X —0)(X2z) (X1 —0)(X1a—6)  (Xaz)(Xa2 — 6) ( )
_ X11+ X2, Xoo+ Xi» _ "
_)52(2 : 21 : ,1)=52ANL8M’
Xl,zl X2,zl 41
1 z1 1
single-cut=forward-limit of tree 4-pt @ - XReS OAI;IfSM = —(X11+ Xs.,) = AYEM(1, 24,1, 2).
1,21 = , ’
2 1 2

“Adler zero”: soft limit -> scaleless integrals! Very practical, e.g. 3-loop 4-pt NLSM integrand



Interlude: universal splittings for string/particle amps . czo, bong, shi, zhu, 2024

A remarkable new behavior for a wide class of string/particle tree amps: on a subspace,
string/particle amp factorizes into two off-shell currents (total #=n+3)

Universally hold for scalars (¢3,NLSM, sGal, YMS/DBI/EMS) + gluons, gravitons in (bosonic/super) string theories
implies & extends factorizations near zeros & multi splitting to all these theories sce aiso [J. Trnka et al] [L. Rodina] [Y. Zhang 2024]

Very nicely, extends to all loops for stringy ¢3 (NLSM etc.) from “gluing surfaces” |N. Arkani-Hamed, C. Figueiredo, 2024]

sa b:O,aEA,bEB




Origin: splittings of string/CHY integrals

Sn = Z Sa,bl0g 2g b = Z Sa.blog |ab| lab| = z4p  with 2z — 00 and z; = 0,z = 1,
a<b a<b¢k,(a,b)¢(Z,J)

Sa,b = 0, Va € A,be B,

where Sa = ) . papeaSaploglabl, Sia =
Sn = (Sa+8ia+S8j,4)+ (S +Si,B+S;,B), 2 aca Sialoglial, Sja = > aca Sa,j 10g |aj| (in the gauge
— ) O fixing above, |ia| = 24 — 2; = 24, |aJ| =2 — 24 = 1 — 24)
SL(i,4,5;K) Sr(4,B,i;K")
R ._ nn—3 / . : : :
Apt = ()" [ 144 j 1 d2a exP(0'Sn) dpy — dpt (i, A, j; k)dpg (4, B, i; K') .

dpy, = dpy (2)dpy, (2)
similarly for the closed-string case

split it again -> “smooth splitting” [Cachazo et all S, — S(i, A, 7 K,A) -1 S(j, B, k; IcB) S(k, C,1; K,C)

further set s, = 0 for alla € A

1 —1

except for a = m, and the left-potential further splits

san =0,a€ A/{m}

. ’
p
P X i Sm,n=0
—— O

SL(iaAaj;K') —)SL(Z,A/{m},],P) S(iaplaja K')a



Splitting string amps of gluons and gravitons

6a,°€b=€a,'6i,j,lc=O .
Pa* € = Pa - €ijk =0 MEpen _y grixed (50 A 52 k%) x T (4, B, i; k') u€et
€a " Pb=DPa " Pb =0

i=1,j=4,k=T

eg. MYM(1,2.3.4,5.6,7) » JYMFP(19,2,3,4%; k%) TYM(1,4,5,6; ) ueb,

same for €: Mglosed — j(id)a A,j¢5 'iqs) x J(j,B,1; "')uvfﬁgz,

~ losed - .q. : g, 19\ ~
swap a, b for é: ML = T (9, A, j95 k%) ey, X T (37, B, 1% K77) €, .

e.g. MGR(]., 2, 3,4, 5, 6, 7) ’i=1,j=4,k=7) jGR+¢3(1¢7 2, 3’ 44” ,{Qb) jGR(]., 4, 5, 6, n,)uuﬁl’;gga

i=1,j=4,k=7

MCR(1,2,3,4,5,6,7) s b TEYM(19,2,3,49;k9), TETM(19,49,5,6;K9) €Y.



Soft theorems from “skinny” splitting

€a " €p = €q " €4 5.k =0

Pa * €6 = Pa * €ijk = U MGPT — jmixed(i¢a A7j¢; R(b) x J(J, B, i; HI)MEﬁ )
€a " Pb = Pa Db =0

the “skinny” case: A = {a}: J>e4(i?, a, j; k%) = €4 - PiB(Si,a; Sj,a+ 1) — € PjB(Sia +1,8)a)
soft gluon limit: (n-1)-pt current-> amplitude . . D; D
g ( ) P P Z jmlxed X jn—l _ (Ga pz €a pj) % MZE/ID
sum over choices of k (i,j fixed to be adjacent to a): ktij,a Pa"Pi Pa*P;
similarly for gravity: sum over i, j ,k Z Jgmixed yo 71— (Z fa ;Dp be; P b) MER
. a " Mb
k,i,j#a b#a

soft limit of NLSM, DB, sGal: (enhanced) Adler zero with tA 1, tA2, tA3 behavior from 4-pt (pure) current

extract “sub-leading” soft theorems? multi-soft limits from more general splitting!



Scaffolded gluons: combinatorial origin of YM (acorx, 2004

a'0 = 1 gives 2n-scalar stringy amplitude = 2n-scalar in bosonic string!

d?"z; o z € - P
Agee(l,z,.”,2 ) o ZZR) (HZQ Png) exp (226 €; \/36 p]) ,

1< i#] Z,J “i,j multi-linear in €;

Di € = O, \vJ (Z,]) < (1, ...,2n),
special component €, - €, ... €, 1+ €, {1 if (7,7) € {(1,2);(3,4);(5,6);...; (2n — 1,2n)},
€; - Ej —

0 otherwise.

: : 2n
special kmematlcs d Zq 2a'p;p; 1
A2n(132a'“a2n) SL(2 R) ]:[Z o 2 2 2 2
i< £1,2%3,4%5,6"**#2n—1,2n
2
d "zz 1 2cx Pi'P;j 22324 5%6,7 « - - 22n,1
= H Z; U, o | | %0
SL(2, R) 21,2%22,3%3 .4 - 21,223 4256 « ++ 22n—1,2n

Stringy Tr ¢°

exactly corresponds to a’'0 = 1: n pairs of scalars in bosonic string, (1,2)(3,4)---(2n — 1,2n)
notea’'o =—1=>2,3)4,5)---(2n,1)



by taking n “scaffolding residues” -> n-gluon bosonic string amp in X (scalar) language!

(p2 — p1)" T8 H dY2i—1,2i+1 H dyr H 'Xa 3
SANNNANAN X gym (P2 — pu)” 2n — 2n 3 y :
RS0 7 i=1 Y2i—12i+1 v I (a,b)
| A
1 q; = (p2i + p2i—1)*
. p ’
e o< (p2i — p2i-1)”
B . . N\ .~ \ e X 1,3 = X 35 = " = X 1.2n—1 =
,\}// AN : yd
A,
\ A
) >\ ~ P /i\

X2i—1,2i+1=0

YM
luon 192 A3 (1a2a3) — 5(61 +€3€2°(Q1 —€1 Qo € - €3+ €1 €2 Q9 - 63).
AST" = a'“ (c13¢15 + c13C25 + €1.3¢35 + €1 4035 + €1 5C35 + C1.5C3.6)
—0/? (X14X25X36) 3
A3 (1,2,3) = €1 - q3 €2 - q1 €3 - qo,



Conjecture: all-loop YM in stringy Ir ¢3[ACDFH,2024]

Generalize stringy tree amp (disk) to loops (higher-genus surfaces):

A%Iuon — /O H y_yQ ReSyslzo (Resy32 —0 ( (RGSySn:OQQn) )) .

e.g. 1-loop w. self-intersecting curves & closed curve A (absent for scalars)
oo d . /
1-loo Yi o' X o' X A1 A
73071, 2) = [ ] Tue™ x T we™ x o
0 ) ; :

not bosonic string beyond tree, but conjecturally gives all-loop integrands!

extend the notion of (loop) gauge invariance + factorization from surfaceology!

strong evidence from leading singularities (residues only): checked up to 2 loops; 2/

oJ

i d
LS = residue of H—);HMX = gluing of 3pt (in X space) iff A =1—-D.
y




How to determine “perfect” YM loop integrands?

Similar to tree factorization on poles, just need loop cuts: e.g. 1-loop single-cut = forward limit (gluing tree)

naively divergent => “the” integrand
(e.g. Adler zero, gauge inv.) ill defined!

=

no issues for scalars, but for gluons 1/0 !
(cancels in super-Yang-Mills)

L e

ZpuoT - CMJC T-(QL - (5t S/ ~{op

pic from Carolina’s talk @ Strings

SJuL

surface provides a natural way out: curves without
standard momentum (e.g. tadpoles) => “perfect” integrand

“doubling” variables: similar to Lorentzian -> complex
in 4d tree kinematics X
1

= AN vwomm%m Spatg Aﬁml){,:o Lfvws uF ]



Recursion relations for YM loop integrands acorH, to appear

Surface makes it clear that all-loop “perfect” integrands exist (also beyond planar limit); can be reconstructed from these “residues” =>
recursions for perfect 1-loop integrand & all-loop integrand up to scaleless terms!

dt 82An+2L (1.4 26,0, ..., m)
AV = 2 | 2 Koictza | D (XKauj + Koo — Xiik) 0 X2y 0X
— = R 21,9 21" +2,k
o, .
D8An+2L 1(1 77/7Za77'7---an)
6X221,2i1+2 i=i’, X'%_l,zd—)t)zzi_l,za

“perfect”: a notion of surface gauge invariance+ factorization

in practice, e.g. explicit results up to 1-loop 6pt, 2-loop 4pt (D-dim)
integrands -> reproduce correct amps after loop integrations!

huge simplifications when going back to 4d spinor-helicity!




Summary

Combinatorial geometries: “polytopes” in kinematic space (@ infinity) encode QM + spacetime:
combinatorics = geometries — (stringy) forms — integrated (non-perturbative) results

amplituhedra (SYM/ABJM), correlahedron/squared-amplituhedron, AdS/dS + cosmological amps
associahedra + surfacehedra (Tr ¢3), binary geometries (“strings”) => real world: pions, gluons etc.

o Stringy Tr gb3, NLSM & YM (2n-scalar) has (infinite) hidden zeros & factorizations near them
 String oeformation: same function describe them all; universal splitting (extend to all loops from surfaces)

* Generalize to all loops: NLSM in field-theory Tr qb3; YM in stringy TIr 453 (binary integrals on surfaces)

Thank you!



