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Background e SCFT/VOA correspondence

e Goal



Background and motivation

SCFT/VOA: 4d A/ = 2 SCFT T — 2d chiral algebra V[T |

[Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees, '13], [Lemos,
Peelaers, '14], [Fredrickson, Pei, Yan, Ye, '17]1, [Cordova,
Gaiotto, Shao, '17] [Song, Xie, Yan, '17] [Buican, Nishinaka, '20]

[Xie, Yan, '19] .........

e Symmetries of T: P, 4, K*%, H, M,P. Mﬂd,r, R,R*,QL,Q., o Sl
o Schur operators: local, quarter-BPS (Ql_, Qz;, S 52;)
E—-2R—ji1—jo=r+j2—j1=0.
e Schur operators of T form a 2d chiral algebra V|7 |
a.k.a. vertex operator algebra (VOA)



Background and motivation

SCFT/VOA:4d N = 2SCFT T

e Non-trivial: contains a Virasoro subalgebra

Non-unitary:c = —12¢4q < 0

Flavor symmetry — Kac-Moody subalgebra

Crucial superconformal invariant

Non-rational, non-unitary (but quasi-lisse): non-trivial Higgs branch
[Arakawa, Kawasetsul [Arakawa] [Beem, Rastelli],



Background and motivation

Schur index

e Schur index: special limit of 4d N/ = 2 superconformal index
Z(b,q) = qc‘*Td strqg? RBpf | g = 2T, b = 2T
e Counts Schur operators with sign
e |dentified with the vacuum character,
I(T) = cho(V[T]) .

e Schur index of Lagrangian theories are computed in closed forms
[Bourdier, Drukker, Felix] [YP, Peelaers]
[Hatsuda, Okazaki] [Huang] [Beem, Singh, Razamat]
[Du, Huang, Wang]



Background and motivation

A1 class-S theories

e 4d N = 2 superconformal

e Specified by a punctured Riemann surface Eg,n

[Gaiotto] (Dan Xie's talk)

 Aj:all Lagrangian theories with SU (2) gauge groups, T,



A1 class-S theories

e pants-decomposition: gauge theory description
,QD\

e along tube: an SU(2) gauge group

e apuncture: an SU(2) flavor symmetry



Background and motivation

Indices of A class-S theories

e Schur index with or without non-local BPS operators
o Noinsertion: Z, ,(b;), (b; = ™)
o Wilson or 't Hooft line: (L) 4,

o Vortex surface defect: ZY ortex (15 (vorticity k)
[Cordova, Gaiotto, Shaol [Alday, et.al.] [Bianchi, Lemos]
[Nishinaka, Sasa, Zhul [Beem, Rastelli]
[Xinan's talk]



Background and motivation

Indices of A class-S theories

e Contour integral

I = Res]{ da R(a)Z(a,b)

27‘(”1:61,2'
e Closed form: general integration formula = finite sums and products of special
functions

[YP, Peelaers] ;seealso [Bourdier, Drukker, Felix] [Hatsuda,
Okazakil [Du, Huang, Wang]

« Common ingredients (twisted Eisenstein Ej[%!])

77(,]_)29—24—7’1, w +1

[T, 91(20:)° B ()= 2, (Haz)Ek [1;0;

Oéj:ﬂ: 1=1




Background and motivation

Schur index of A7 class-S theories

e Compact formula for all A1 class-S theories
[YP, Peelaers]
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Background and motivation
Indices of A class-S theories
e Z,,and Z)o™*(k): linear combination of
77(7-) 2g—2+n 77(7-) 2g—24n E:I: (b)
[T 91(264) [17, 91(26;) "

with rational numerical coefficients
[YP, Peelaers]

e Wilson line index: linear combination of the same ingredients, with rational
functional coefficients, like

b b ™
qm _ q—m )

[Guo, Li, YP, Wangl ; see also [Hatsuda, Okazaki]
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Background and motivation

Modular linear differential equation (MLDE)

e Chiral algebra V[T ]: quasi-lisse

o There exists special null state | A7), conformal weight 2nr

L75|0) = INz) + @), [w) € C2(V[T]) .

Cy(V[T]) is spanned by elements of the forma_;,__1|b)

[Beem, Rastellil

» What is |[N7) exactly ? Not much is known
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Background and motivation

Modular linear differential equation (MLDE)

e Apply Zhu's recursion formula (Song He's talk) to ]NT>: unflavored Schur
index satisfies an np-th order unflavored MLDE

’I’LT—].
str N7 (0)glo 21 = [D((JRT) — Z gbr(T)D,gnr)} ch=0.
i—0

[Arakawa] [Beem, Rastelli] [Kaidi, et.al.]
e Serre derivative Dén) = 3(2n_2) e 3(2)8(0) , ({9(4) = q0, + {E; (1)
e Modular form (w.rt. modular group I') as coefficients,

%(Z:i;) > (e +d)¥é(7) (Z Z) cT' c SL(2,7Z) .

13



Background and motivation

Modular linear differential equation (MLDE)

o All unflavored characters of V[T | satisfy the same unflavored MLDE from |[Nr)
"ordinary" module character

The unflavored MLDE is covariant under suitable modular group I'

The space of solutions/characters form a representation of I'

Other nulls: additional order-n unflavored MLDEs

Minimal order i, < nr
may have non-zero Wronskian index, namely, ¢ may have poles
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Background and motivation

Flavored modular linear differential equation (FMLDE)

e Characters with no unflavoring limit (non-ordinary module)
ch(q, b) := strgLo73tbl". | pln
e = Need flavored MLDEs (FMLDEs)

_—
Z ¢k7£17°"7£7' (7—7 b]-7 *t br)Dék) H Dbj ChM - O ’
=1

kaelr'wér J
2k+41+...4+£,.<2n

¢'s are not modular form: quasi-Jacobi
e There maybe several null states = system of FMLDEs
e All characters of V|7 | satisfy the same system of FMLDEs
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Background and motivation

Flavored modular linear differential equation (FMLDE)

Solutions may have 4d physical origin

Vortex surface defects are potential solutions: characters
def .
Z,, (k= even)
Modular transformation of Z, ,,, Igdgf(kc = even) are also solutions

Certain residues Res Z ~ Gukov-Witten defect index

(W) 4. (stripping off rational functional coefficients)

[Zheng, YP, Wang]
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Background and motivation

Modularity
e Three inter-connected objects:
o The Schur index Z/vacuum character chg; other index/characters ch
o The FMLDEs that constrain Z or ch
o Null states (|N7), etc.)

What is, and how to characterize |\N7)?

Modularity of FMLDEs and implication on the nulls

Which nulls or FMLDESs are most important?

Modularity of 7 and solution space

17



Background and motivation

INT) and FMLDE

work in progress

e Modularity of A1 class-S
e Dimension and basis of modular orbit

e Modularity of N' = 4 theories
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Background and motivation

Property of |N7)

e Consider Kac-Moody algebra ﬁk with simple g
e Appearin SCFT/VOA: e.qg,

V[(A1, Dops1)] = 5u(2) __an
V|[To.4] =50(8)_o
V[Ts] = (6) -3

[Minahan, Nemeschansky] [Argyres, Douglas] [Xie]
et.al.] [Beem, Rastellil]

[Beem,
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Background and motivation

Property of |N7)
e Defining property:
L™510) = |N71) + |),

@) unknown

N unknown,

o |Nr)is neutral under g
e conformal weight = 2nr

e |Nr) is null: descendant of singular vector

) € Cs.
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Background and motivation

Property of | N7)

e Preliminary observation: "intrinsic" constraints

J§INT) = Lao|N7) = hiy50|N7) = 0.

Corollary
Josa|N1) = Lyp>1|N7) = 0.
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Background and motivation
Property of |N7)

e Classify Kac-Moody algebras
e Fixny = 2,3,4,...,solve the constraints of |NT)

e Apply Zhu's recursion to |N7): FMLDE of weight-2nr
Er = (DY + ¢,(b) D} DY D + -

¢, denotes product of twisted Eisenstein series F;,
wt (D) = 2n, wt(Dy,) = 1, wt(Ey[]) = &

e Apply Zhu's recursion to Sugawara construction 1" —

)
b

ch=20.
]

(k+hV) JJ =0

Es = (D +ZDbDb+ Jch =0

t,J
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Background and motivation

Quasi-modularity

o E}[3}] are not modular: quasi-Jacobi

e £ is not modular: quasi-modular

S r T
Er — TznTST + rnr—1 Z b,E; + 72T =2 Z bibjgij

i=1 i,j=1
4 Z b1 - b2, &y iy, -
e Bong,
o wt(&iy..5) = 2n7 — £
o Sil.,,ig also transforms into 8i1---’ieiz+1--. (lower weights)
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Background and motivation

Quasi-modularity

e All &, ... correspond to additional states
1

i hi. L RYMNTY,  Ep < [N

Ci ity E
e Modularity of null states
Iy i 1 i1..0
S|NT) = Z il by Nr) = Z TV
0y )

i1...1 1 1 ! i1...3
SNty = Zﬁh{ VA

']
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Background and motivation

Quasi-modularity

o |N?-u): additional null states

o Additional PDEs &,

o &

11829

£

® 87/1 7’277, 2 e o o

zl---i2nT_

’Ll...’l:g

1 = Ofix the algebra g and level k

, &1, Es = O fix all the flavored characters
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Background and motivation

Examples

® nT p— 2'
h\/
g = aq, a27927a47f47 86,7787 k = ].,OI', —? — 1

unitary/non-unitary Deligne-Cvitanovic exceptional series
[Perse] [Axtell, Lee] [Arakawa, Moreau] [Beem, Rastelli]

e Equation gi1i2i3i4 =0

:>()\,)\)2:NZ(04,)\)4, VA, someN €R

acA
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Background and motivation

°* Nt = 3,4, 5,g = 5u(2)

nr k
2 k=1,-4/3
3 k=2,-8/5,—-1/2
4 k=3,-12/7

5 k=4,-16/9,—5/4
e Simple relation with the singular vector |v) (and its g descendants |v51--5n))
INT) = Ca,..a,B..B,(k)J . ..Jfll \'vBl 5 )

C'is some combination of the Killing form.
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Background and motivation

Modularity

[YP, Yang]

e Modularity of A1 class-S
e Dimension and basis of modular orbit

e Modularity of N' = 4 theories
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Modularity

Schur index of A7 class-S theories

e Compact formula for all A1 class-S theories
[YP, Peelaers]

Ig,nzl
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Modularity

A1 class-S theories

e Modular transformation of Z, ,, (T = %m.log q,b; = %m.log b;)

s (mim)olg(n)ie

\
Igan ’ Ami

(~i)re’™

2g—24+n

. ; )\Ig2g—2+n Z
— k (_
> T

=0

=TT, 91(2b;)

()

1)e)! (2 aj bj) R [(—11)%“] |

Implicit H‘7 1 Y; 2 factor to soak up exp ( 4;” Z;’:l b?)
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Modularity

A1 class-S theories
e Structure: 7971 x (7'0 + T+ + 7'29—2+")
e Highest powerin7:3g — 3 +n =dimM,,
o Lowest powerin 7: g = 0, potential 71 term, dangerous

e Luckily, 7! term always vanishes,

aj:j: ]:

n n k
Z (Ho‘j) (Z%‘bj) =0, k=0,1,2,...
1 j=1
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Modularity

A1 class-S theories

e Modular orbit SL(2,7) - Z,, orI'°(2) - Z, ,
e No negative power in 7: finitely many linear independent expressions

e Spanning a linear space V, ,

32



Modularity

A1 class-S theories

e Compute dim V,,, (assuming n positive even, g > 0)
o The structure of Z,, ,,

n(7)
Hj "‘91(2{’.7')

o B (b) generates a k + 1 dimensional space

2g—24n

(B{(®) + E{(®) + -+ E§, ,,,(0)) -

o 1/ factor increases each dimension by 29—2;"_”’ =g—1

o Total dimension

29—2+4n 2g—2+n
dimVy,= >  (k+1+g-1)= Y (k+g).
b mod 2 b mod 2
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Modularity

A1 class-S theories

e All cases

2g—24n
dimV,, =

k=1
k=n mod 2

2g—24n

Y (k+g)

k=0
k=n mod 2

dimV,, =

> (k+g),

whenn > 0,

whenn =0.

o Agrees with the unflavored orbit dimension predicted in

[Beem, Singh, Razamat]

59#0(2g+n_1)9+5n;&0{n_1J(g—|—n—1— Ln_l

2

2
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Modularity

A class-S theories: observations

. flavored __ g: unflavored
o dimV, 7 = dim V7,

= minimal order 1, of the unflavored MLDE of 7, ,,

— number of rational indicial root of the A7 equation

The closed-form Ig,n transparently encodes modular structure

{k + g} in the sum gives sizes of Jordan-blocks of T', S
(orT?,STS forT' = I'%(2))
e Number of i, = number of Jordan-blocks — number of non-log unflavored

solutions

e Encodes number/dimensions of fixed points/moment maps in CB Hitchin system

[Fredrickson, Pei, Yan, Yel [Wenbin's talk]
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Modularity

A1 class-S theories

e basis of V, ,, for even n,

; o / g+1 g+3
g+5
u{(Tg,nS)(Tg?s)(ngls)Ig,n}e:O ..

39g—3+n
/ _ _

U (T, 8) (T8 (TYS)T, )

e Similar basis for odd n

e S, T or STS, T? matrices can be computed easily

36



Modularity

A1 class-S theories

e The Vg,n is a subspace of the full space of solutions of the FMLDEs
All elements in V,,, have unflavoring limit

e There are additional solutions outside of the modular orbit
e.g.. dim Vy 4 = 2, spanned Zg 4, SZp 4.
Additional solutions with no unflavoring limit

i 91(2my) ﬁ n(7) n(7)
T2 p(r) p% du(my+my) 9i(my — my)
{#j
each R; forms a 1d rep of SL(2, Z), correspond to four highest weight
module of 50(8) o by [Perse]l [Arakawa, Moreaul

9 j:1727374°
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Modularity

A1 class-S theories

e Defect index?

e Vortex surface defect index Z Yo™** (), Wilson line index (W;): known in closed-

form
[YP, Peelaers] [Guo, Li, YP, Wang] [Hatsuda, Okazaki]

e Results:
vortex
o Tjo"*(k) € Vyp,foralleven s

o Ig‘j;;rteX(/s;) with odd &, solve twisted FMLDEs, form a separate linear space
Vtwisted
gm

o after extracting rational function coefficients, (W) € V, ,
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Modularity

N = 4 SU Theories

e SU(2N +1):
o unflavored MLDE is SL(2, Z)-modular, SL(2, Z)-orbit dimension
1+3+54+---+(2N+1)=(N+1)>.
o flavored MLDE is I'’(2, Z) quasi-modular, I'?(2)-orbit dimension
= (N + 1)2, SL(2, Z) orbit dimension 3(N + 1)?
e SU(2N): unflavored(and flavored) MLDE both I'%(2) (quasi-)modular, orbit

dimension

1+§N:(2k)+1 — N(N +1).
k=2

e General basis have been proposed

=



High temperature

High temperture

e High temp asymptotics
e 3d Mirror

e Defect and Wilson line

40



High temperature

High temperature asymptotics

e Unflavored resultsin [Ardehali, Martone, Rossello]

o ExpressZ,, in dual variables

62m‘%} .

N
||
|
|
s
[
|
S"l
|

e 7 — +10 asymptotics: T, b expansion

1 5 2g—2+n 29—2+n -
Ig,n — 5 _7;7:)9_1 77( ) Z )‘ . (
1

( -
2 [T5-1 91(265(7) %=

Analytic generalization of [Ardehali, Martone, Rossello]

> 3 (TTeo) (So) B )
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High temperature

High temperature asymptotics
o Example: NV = 4 SU(2) theory,
b9 (b|7) . iw 95 (b|F)

Iry—48U(2) = — - -
DT g (20)7) 2T 9,(20)7)

b—1 1 24 642
g _ 5"

27 T i

Inqg 3G1Inq 9(’1’2 In g 27(]3 Inqg N

87 27 27

agrees with [Ardehali, Martone, Rossello] .

27
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High temperature

High temperature asymptotics

e Example: SU(2) SQCD

1 1 n()?
104 =5 T T ;
[1;-191(2b;)

2 (HO‘J> [_ T(a-b) - 2rit(a-B)Ey H () + > 7B

5

~

o q 12
1207

{1 + 2504 + 462532 + 44250G° + 305750G* + 1703752G°
+ 8150375G° + 346732506 + ...+ 601n 510,4((1)] .

agrees with [Ardehali, Martone, Rossello] .

ba] (%)] '
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High temperature

3d Mirror

e Considerg=0,n > 3

e High temperature limit 7 — +40 = S3-partition function of the SU(2)'”_3 linear
quiver in closed form,

S3
ZS U(2)™3 linear quiver
(—i)"H Z 1 1 1
B no (L 7 — EEVYR n TTI™ LY
21T (b = b;) amt (M= 3P 2 14 (~)n T3 85
ot
X H (k+a-b)
—_n=4
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High temperature

3d Mirror

e Checked agreement with mirror dual partition function (§; = —271&;)

1 —r 2sin(27¢;a)

o _
“su@xuy = / e 2 euh(

2ma))"-2 +1 2sinh(n€;)
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High temperature

e Generalize closed-formresult in [Benvenuti, Pasquettil]
[Intriligator, Seiberg]l [Benini, Tachikawa, Xiel
(Dan Xie's talk)

mirror
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High temperature

Defect index and Wilson operator

e High temperature asymptotics for Z,'01** (k)

e 2d g-YM description predicts mirror S3—partition function with a Wilson operator
in spin-x SU(2) irrep
[Gadde, Rastelli, Razamat, Yan]
[Gaiotto, Rastelli, Razamat] [Alday, et.al.]

n

_‘d _

yr (k) =q % Y SeiCi(a) > [ [ 4s(0:)
je+N i=1

e Formal high temperature limit

T—=+i0,b=7b%1=0,j=io/T _ g3

L5 (k) > Zgu@yxva)y Wl
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High temperature

Defect index and Wilson operator

c 3
e Caveat: given 1, not all Z gU(2)><U(1)” [W,] converge
e k=0,1,...,n — 3: linear independent defect indices
e k=0,1,...,n — 3: convergent Wilson line partition function

e Forthese k: I Yo™** (k) = 78 W]
Lgn SU@)xu(1) Ve
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High temperature

Outlook

e Other class-S theory, other defects

e FMLDEs in classfication of chiral algebras
o role of Np?

o modular bootstrap with quasi-Jacobi forms?
e More on modular data and Coulomb branch physics

e Null states and giant graviton expansion [Gaiotto, Lee]
Bizet]

[Beccaria, Cabo-
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High temperature

Thank you!
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