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Overview

A long history for topology in physics:
@ Topological field theory, AdS/CFT, fractional charges, etc;

@ Quantum Hall, topological insulator, topological order, Weyl/Majorana fermion,

etc.

Two issues:

@ Topological states of matter;

@ Quantization in topological manifold.

Sommerfield quantization: § pd7 = 2nrh.

How to quantize in topological space?
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An important example of quantization in topological manifolds:
Superstring (10-d) -  Calabi-Yau(6-d) = Space-time (4d)

Calabi-Yau

~ 4

Compact

The present topic: Exact quantization in topological manifold.
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Our exact quantization procedure includes:

@ What is the vacuum (ground state) in a topological manifold?
@ What kind of particles (elementary excitations) may emerge?

@ How do the particles live in a topological manifold?

Start point: topological integrable models.
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The history of quantum integrable models:

1931, H. Bethe (coordinate Bethe Ansatz)
1967, C. N. Yang (Yang-Baxter equation)
1971, R. J. Baxter (T-Q equation)

Qu—n)
Q(v)

1979, L. D. Faddeev (algebraic Bethe Ansatz)

N(u) = a(u) —>—— +d(v)

All those methods need a vacuum state!
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The first topological quantum integrable model (odd N XYZ) was discovered in
1972 but resisted solution for 40 years!

Baxter's T-Q equation encounters a big problem!

2013, off-diagonal Bethe Ansatz was proposed:

Qu=n) , Qu+n  F
ow 70w T o)

A(u) = a(u)
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The topological quantum spin chain

N
= — XoX Y oY Zg%
H= E [aj 0j41+ 070}, + coshnoj UJH] .

Anti-periodic boundary conditions: of_ ; = o7oi0f (a = x,y, z).
- o
e
Zy-symmetry: H; = UXHUX, U =[T/_,of, [H,U*]=0.

Generators and commutative relations:

a _ _a_o a —
u =010 """ Op, ax=x,y,2,

(UPY? =id, U*UP =(-DVUPU®, for a#B,a,8=x,y,z

Batchelor, Frahm, Galleas, Niccoli, - - -
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The R-matrix

sinh(u+mn) +sinhu 1

Roj(u) = 4T TEME, 2

o.5(u) 2sinh7 *3
sinh(u +n) — sinhu

(0f0g + ijcrg)

2sinhn
Properties:
Initial condition : Ry 2(0) = P12,

_sin(u + 7?)25|n(u ) «id,
sin®n

Unitarity : Ry p(u)Re1(—u) =
Crossing relation : Ri»(u) = —a} R',(—u — 1)o7,
PT-symmetry : Ri2(u) = Ro,1(u) = RB;Z(U),

Zy-symmetry : ot 05 Ri2(u) = Ri2(u)ofos, for a=x,y,z,
Fusion condition : Ry 2(—n) = 72P£7_2),

Yang-Baxter equation :

Ri2(u — v)Ri3(u)Ro3(v) = Raz(v)Riz(u)Riz(u — v).
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The monodromy matrix

) o _ ( ) D(u) )
o(u) = ogRo,n(u —0n) - Roa(u—061) = )
A(u)  B(u)

Inhomogeneous parameters are introduced for convenience!

The transfer matrix is
t(u) = tro To(u) = B(u) + C(u).
From the Yang-Baxter relation, one can prove that
[t(u), t(v)] = 0.

The Hamiltonian is the first order derivative of the logarithm of the transfer matrix

OlInt(u)

H = —2sinh
s Ou u=0,{0;=0}

+ N coshn.
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Conserved charges
Due to the topological boundary, the model possesses neither translational
invariance nor U(1) symmetry.

Nevertheless
@ Basic properties of the transfer matrix:
t(0) = of Py nPLN—1- - P12, t2V(0) =1,

is a conserved and represents the shift operator in the topological manifold.

@ Topological momentum: P, = —iInt(0). The eigenvalues of P, are
wl
k= mod {r}, |={-N,—~N+1,---,N—1}.
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@ String charge:
1 N—1)n
— (1T i T e H H —u\N—-1
Mg = 2(|q +17) = ¢ 2 ull)moo(2smh ne )" " t(uw),
where

ZeI 3 Xk ngi £ 50 [’i
j 1
are two generators of the quantum group associated with the model.

The eigenvalues of the operator My is given by
1. N—1 - ZN71 Z
Mg = Zsmh nNoe” ~k=1 %k,

When n — 0, the model tends to an isotropic spin chain and the U(1) symmetry

recovers with M, = ZJN:I 07 /2, which is just the U(1) charge.

M, is not an U(1) charge for generic .
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The off-diagonal Bethe Ansatz
From the initial condition of R-matrix, we deduce
t(6;) = tro{Ron(0;—On) - Poj--Ro1(f; —61)o5}
= Rij-1(0; = 6j-1) - Rj,1(6; — 61)
X7 Ry n(0; — On) - -+ Ry jr1(6; — O41)-
From the crossing relation of R-matrix, we have
(0 —n) = (D" ero {RON(6; +On) - RYy (0 + 01)o }
= (=1)""Vtro {oFRo,1(—0; + 61) - - Ron(—0; + On)}
= (“D)"'Rijpa(=0; 4+ 0j41) - Rin(=0; + On)
X0 R 1(=0j 4 01) -+ Ry j—1(=0; + 6j—1).
The product of above terms gives the important properties for operator identities
t(0,)t(0; — n) = —a(0;)d(6; — ) x id, j=1,--- N,
where

N _
() = a(u—n) = [ 2 =00

-1 sinhn

JC (IOP, CAS) ODBA 2020.11.28 13 / 50



Functional relations
AOHINOY; —n) = —a(0;)d(0; —n), j=1,---,N.

From the definition, we know that A(u) is a trigonometrical polynomial of degree

N — 1 with the periodicity property
Au + im) = (=1)N"IA(w).

The inhomogeneous T — Q@ relation

( ) — a( )e Q(u 77) 7u77yd(u) Q(U + 7]) _ c(u) a(u)d(u).

Q(u) Q(u) Q(u)

Why?
du)=a(u—n ﬁw = d(6;) = 0,a(0; — ) = 0
B i1 sinhyp ’ j) =Y,albj—n) =70
A(6;) = a(b))e 90(3(9) ), /\(ej—n):_efwd(aj—n)%'
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Asymptotic behavior: =

c(u) = e N1+ELO=N) _ gmu=n—SiL (0=,

Regularity: = Bethe Ansatz equations

eNa(A\)) QN —n) — e NTTd(A\) QN + n) — c(A)a(A)d(N) =0,

N
j=1,---,N, Q(u) = [ [ sinh(u — Aj) sinh = .
j=1

The eigenvalue of Hamiltonian is

N
E = 2sinh nZ[coth(/\j +n) — coth()\;)] — N coshn — 2sinh 7.
j=1
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Now we retrieve the eigenstates.

Separation of variables basis of the Hilbert space:

n
<0P17"' 70Pn‘ = (O|Hc(epj)7
=1
|9¢717"' 79q;7> = HB(eqj)‘())’
=1
where gj,pj € {1,--- ,N}, pr < p2<---<ppand g1 < g2 < --- < gn. They are the

eigenstates of D(u).
The total number of linearly independent right (left) states is

N
Z =2V,
n=|

N — n)lnl

Meanwhile, the basis are orthogonal

n
Opy, - 5 0pyl0ars -+ 1 0am) = falOpy, -+ 5 0py) Sy H6Pj7‘7j'
J=1
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Eigenstates
The eigenstates of the system can be decomposed as a unique linear combination of

these basis.

N
(V] = ZZX"(GPN"' 10pa){Opys - 5 Op, .

n=0 {p;}
The expansion coefficients are
<\U‘9q17"‘»eqn>:Fn(0q17“'79qn)7 ’7:07"‘»/\/-

We put Fo = 1 by properly choosing the normalization of the eigenvector (V|.
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Consider the quantity (W|t(0q,.,)|0q;, - ,0q,). Acting t(fq,.,) to the left and to
the right alternately, we obtain

/\(9‘7n+1)F’7(9q17 o 79qn) = Fn+1(6q17 T 79Qn+1)7

and the solution

Fn(eﬂhv c 70%) = HA(aqj)'
j=1

The coefficients are

" A(9)
=1 q,
Xn(0P17"' ’9Pn): ! .

/0 a2 1\’ XOZ]-
fo(Op1, -~ 5 Op,)
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Thermodynamic limit

@ The contribution of the third term.

@ The degenerates points.
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The t-W relation
For simplicity, consider the homogeneous case.

Using the fusion techniques, we have
t(u)t(u —n) = tr 2 (P15 o o3 Ta(u)Tu(u —n)P{,))
+try 2{P1 A 010'2T2(u)T1(u - n)Pig)}.
Thus the t — W relation is
t(u)t(u—n) = —a(u)d(u —n) x id + d(u)W(u),
where W(u) is an operator-valued degree N trigonometric polynomial of w.

[W(u), t(v)] = 0.
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Functional relations
AN (u —n) = —a(u)d(u —n) + d(V)W(u). (1)

Parameterization:
N—-1
Aw) =Ao ] sinh(v -z + 5 ) Au+ im) = ()N 1A (u),
j=1

N
W(u) = Wosinh=V Hsinh(u - w).
=1
An important fact is that (1) is a degree 2N polynomial equation and thus gives
2N + 1 independent equations for the coefficients, which determines the N — 1 z; roots,
N w; roots and the two constants Ag and W, completely.

Putting u = z; — /2 in (1), we obtain new Bethe ansatz equations

sinhV(z — ) sinh¥(z; + = ) = W sinhV(z — 2 Hsmh(z_, —w — 7)
1=1
Putting u = w; in (1), we obtain

N—1
A2 H sinh(w) — z; + g)sinh(W/ -z — g) = —sinh 2N gy sinh" (w; + n) sinh™ (w; — ).
j=1
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Since A(u) is a degree N — 1 trigonometric polynomial of u, the leading terms in
the right hand side of (1) must be zero. Therefore, W2 = 1.
The coefficient Ao can be determined by putting u =0 in (1) as

N—1
. ny n N—1
A3 [ sinh(z + 7 )sinh(z; — ) = (-1)" 1.
Oj:1 sin (zj+2)sm (z 2) (-1)

The eigenvalue of the Hamiltonian can be expressed as

N—1
. n
E = 2sinh th(z; — = N cosh .
sinhn jE:I coth(z; 2)-i— coshn
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Ground state

From the intrinsic properties of the R-matrix, for imaginary 1 we have
th(w) = ()" Me(u* —m),  Aw) = (DN TN (W ).

The above relation implies that if z is a root, z" must also be a root!
Therefore, z; can be classified into 3 sets:
(1) real z;;
(2) Imz = —iw/2 (this is because its conjugate shifted by im becomes itself);
(3) complex conjugate pairs.

W*(u*) = (=1)VW(u) indicates if w; is a root of W(u), w;* must also be a root.
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In the ground state, all roots take real values

2 cosh(=ZZ ) sin(5—%-)

2 h 7) = T—" 2w —2~ )
A e comh( 222 ) 1 cos( *20)

Here p"(z) is non-zero only in the range |z| > D ( D — oo in the thermodynamic limit)
with N [ p"(z)dz = 1/2 and Nf:og p"(2)dz = 1/2.

If |W) is a common eigenstate of H and Pq, then U, acting on |W) generates
another degenerate eigenstate because [H, U,] = 0 and [Pq, U;] # 0. The two half-holes

contribute two half zero modes (carrying zero energy).

The ground state energy density reads

cosh[ (=201 tanh[ T2~
engsin'y/ = = ]dr+cos'y.

sinh(757)
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Elementary excitations |
@ The first kind of elementary excitations is described by a single root locating in the
axis Imz = —in /2 and all the other roots remaining in the real axis.

@ Accordingly, two w-roots form a conjugate pair w+ = 3+ mn/2 with 3 and m two

real numbers, and all the other w-roots keep real.

1.5
2
o o
1 W-roots 1
e -
@ o
0 . R ekidcie e oo B
> 05
-1
L]
*
2 0
2 1 0 1 2 -5 0 5
X(real) «

JC (IOP, CAS) ODBA 2020.11.28




Elementary excitations Il

@ The simplest single conjugate pair excitation is determined by z4+ ~ a £ n. The
corresponding w-set is formed by a w conjugate pair wy ~ o+ 3n/2 and N — 2
real w;. Both the positions and the imaginary parts of the conjugate pairs are

determined by convergence requirement of the density functions.

* z-roots

Jeo o T
—_ o
= 2
E of « & otkbkle fe . 4
=
-0.5 . 2

1 - 0

2 1 0 1 2 5 0 5

(real)
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Elementary excitations Il

@ General complex-root excitation is described by a conjugate pair z+ ~ a & nn/2

with n > 3, and all the other z-roots remaining in the real axis.

@ In this case, the corresponding w-set is formed by a four-string ~ a £+ (n+ 1)n/2,
a=£(n—1)n/2 and N — 4 real w-roots.

2
* z-roots

=
S .
g of LR .
= .

= Qf

2

-2 0 1
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The supersymmetric su(2|2) model

Supersymmetric fusion

@ High rank quantum integrable systems
@ Fusion: closed operator product identities

@ Fusin: new integrable models
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Main idea of fusion

R-matrix: Riz(—a) = 12)512

Yang-Baxter equation:
Ri2(—a)Ri3(u — ) Res(u) = Res(u)Ris(u — @) Riz(—a). ()
P % (2), and using P9 Riz(—a) = Ris(—
12 , g Py’ Riz(—a) = Riz(—), we have
Riz(—0)Ruz(u — a)Res(u) = P{3 Ros(u) Ris(u — @) Ria(—a). (3)
Comparing the right hand sides of (2) and (3), we obtain

P Ros(u)Ruz(u — )Py = Ras(u)Rus(u — )P = Riyzys(u)-

e VieaVa®Vs= Vi ® Vs,
e does not break the integrability.
e Fusion in quantum space, Ryioy(3sy(u), new integrable models.
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Fusion with boundary reflection

The reflection equation at special point gives
Rio(—a)K; (u— a)Ron(2u — @)Ky (u) = K; (u)Ri2(2u — @)Ky (u — @)Ro1(—a). (4)
P % (4) and usin PR, (—a) = —
12 g Piy’ Ri2(—a) = Ri2(—a), we have

Ria(—a)K{ (v — a)Ro1(2u — a)K; (u)
= PR (u)Ri2(2u — a)K] (u — ) Ror (—a). (5)

Comparing the right hand sides of (4) and (5), we obtain

PO Ky (u)Ria(2u — a)K] (u—a)PS? = Ky (u)Ria(2u — a)K] (u — ) P

= Ka2>(u).

o Vi®Ve= Vi,
e satisfied reflection equation, does not break the integrability.

e the R-matrix is inserted.
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Supersymmetric su(2|2) model

u+mn

u+mn

Rio(u) =

Grassmann parities: p(1) =0, p(2) =0, p(3) =1 and p(4) = 1.
Graded direct product:

(A® B)gg = (—1)lP()+p 3)]P(’Y)AO<B’Y
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Monodromy matrix is
To(u) = Ro1(u — 01)Roz(u — 62) - - Ron(u — Op),

The transfer matrix t,(u) of the system is defined as the super partial trace of the
monodromy matrix in the auxiliary space

4

tp(u) = strof To(u)} = D (~1)" V[ To(u)]a.

a=1

[tp(u), tp(v)] = 0.

The model Hamiltonian is constructed by

_ AlInty(u)

Hp ey lu=0,{6;}1=0-
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The R-matrix has two degenerate points. The first one is u =7,
Ri2(n) = 277P£8)

where PS) is a 8-dimensional supersymmetric projector
(8) -
Py = Z |7} (fi
i=1
and the corresponding bases are

1
ﬁ(\l2> +121)), 1f) =1[22),

) = %(|34> _43), 1) =

Ifi) =11), |R) =

L (113) + 131)),

V2
1 1
Ife) = \/5(|14>+|41>), \f7>=$(|23>+|32>), Ife) = f(|24>+|42>)
p(l)=---=p(4)=0, p(5)=---=p(8)=1

The operator P 2 projects the original 16-dimensional tensor space Vi ® V, into a new
8-dimensional projected space spanned by {|fi)|i =1,---,8}.
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Taking the fusion by the operator P12 , we construct a fused R-matrices
L y-1p@® ! L \p® —
Razya(w) = (w+ 5m) 7 P Rasu = Sn)Rua(u+ 3n)P) = Rislu),

1 1 1
=) P Ry (u — =m)Rax(u+ =) P = Ry (u).

R -
3021y (1) = (U + > > >

The fused R-matrix Ry,(u) is a 32 x 32 matrix defined in the product spaces Vj ® V5.
At the point of u = f%n, the fused R-matrix Ry,(u) can also be written as a

20-dimensional supersymmetric projector
3 20
Riz(*??) —3n P( ).

The operator Pgo) projects the 32-dimensional product space V5 ® V- into a
20-dimensional subspace spanned by {|¢i),i =1,---,20}.

Taking the fusion by the projector P12 , we obtain the new fused R-matrices
1
Ritays(u) = (u—n)~ p(20)Rl3(u + 577):‘:\’23(u — n)Pg ) = Ri3(u),

_ 1
Rygaty (1) = (u =) PV Rz (u+ Zm)Rsa(u — m)PR” = Ry ().
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The second degenerate point of R-matrix is u = —n,
Rua(—1) = —2nP) = —2n(1 - P3)).
Taking the fusion by the projector IE’S), we obtain the fused R-matrices
1 4= 1 1 -
Ruszyra(u) = (u— o0) PR Res(u+ Sn)Rus(u — Sm)Py3) = Rysa(u),

1 = 1 1 -
Rs(ary(u) = (u— Sm) 7Py Raa(u £ Sm)Rsa (u — Sm)PYy) = Ry ().
At the point u = %17, we have

Rira(5 20 = 3P

Taking the fusion by the projector Pl,2 , we obtain

_ 1
Rearaya(u) = (u-+m) " P Reva(u — “m)Ros(u -+ )P = Ryyg(u),
1
Ry(atry (u) = (u+0) " P Ryps(u = Sm)Rsa(u -+ )P = R (u).
Then we find
Rip(u) = Rysp(u),

which will help us to close the recursive fusion processes.
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Now, we are ready to extend the fusion from one site to the whole system.

From above fused R-matrices, we construct the fused monodromy matrices as

To(u) = Ro(u — 01)Roo(u — 02) - - - Ron(u — On),
Ty (u) = Ry (u — 01)Rora(u — 02) - - - Ry (u — On),
Ts(u) = Ry (u — 01)Rp(u — 602) - - - Rop(u — On),

T (u) = Ryy(u — 01)Rea(u — 02) - - - Ry (u — On),

where the subscripts 0, 0’, 0 and 0’ mean the auxiliary spaces, and the quantum spaces
in all the monodromy matrices are the same.

The fused transfer matrices are

tf(,l)(u) = strg Tg(u), t,(,z)(u) = stry Ty (u),

i (u) = strs Tg(u), T (u) = strg, Ty (u).
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These fused transfer matrices with certain spectral difference must satisfy some

intrinsic relations. We first consider the quantity

to(u)tp(u +n) = stria{ To(u) To(u + )}

stro{(P® + POy (u) To(u + ) (PE) + PO)}

strio{ PO Ty (u) To(u + 1) PE} + stria{ PO PO T, (u) To(u + 1) PE}

= stro{ PO Ty (u) To(u + n) P} + strio{ P To(u + ) T (u) PO PO}

:]2

(u— 0 + )t (u+ » n)+HU*9)tp (u+ n)
j=1

<.
Il
-
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1 1
) (u+ Smto(u —n) = strp (PR + PR Ti(u+ Sm) Ta(u = m)(PE” + P}

1 o 1 -
= strip (PR Ti(u+ on) Ta(u — m) P} + strip(PEY Ty (u+ on) Ta(u — m) By

N N
=TT~ 6 — B () + [J(u - 6,8 (w),
j=1

Jj=1

1 1
6 (0~ Smto(u + ) = strop{(Pg) + P?) Tor(u = om) ol + ) (P + PLE))

1 (20 1 (12
= sty (P Too(u — o) To(u+ )P} + string P Ty (u = Sm) Ta(u + )P0

(u—6; +77)tp)(u)—|—H u— 6;)E) (u).

1 j=1

=

J

During the derivation, we have used the relations

PO ¢ BIP =1, PEURID =0, P2V 4 BID =1, PEIPL) = 0.
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Then we arrive at the closed operator product identities among the transfer
matrices

N

to(6,)tp(60; + 1) = 16 — 01 + )6 + )
=1

£(6)) 650 Ik9f9rﬂ7 (20— 2n),

2

Ko —6,—n
Ne+nm( —n) = ILL———%%

tp(0; +
15 =5+ 2180+ 1)

Above equations constitute the closed recursive fusion relations. From the

definitions, we know that the transfer matrices t,(u), t,(,l)(u) and t$?

> ' (u) are the operator

polynomials of u with degree N — 1. Then, above 3N conditions are sufficient to solve

them.
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From graded Yang-Baxter equations, the transfer matrices t,(u), tél)(u) and t,gz)(u)

commutate with each other, namely,

[tp(u), £ ()] = [tp(u), 5 ()] = [£7 (), £ (u)] = 0.

Therefore, they have common eigenstates and can be diagonalized simultaneously.

Functional relations among these eigenvalues

N
1
No(0)N(8; + 1) = [ (65 — 61 + mAL (6 + 571)7

I=1

N
1
No(O)No(0; = m) = TT(6; = 01 = mA(6; = ),
=1
1 N
1
N0 + 5mAs(0; = m) =[]
=1

9]79/77]/\

1
@eg. — ZIAN(0:
9j_9,+np(1 277) p(0; +n),

where j = 1,2, - N. Because the eigenvalues A,(u), A (u) and AP (1) are the

polynomials of u with degree N — 1, the above 3/ conditions can determine these

eigenvalues completely.
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T — Q relations
4
Ap(u) = >~ 20(u),
1=1

-1

1 1 & 1 1 4 1 1
0 I I I m
/\Ll)(u) = [Q,())(qu 57])] { E zL’(qu 2n)zL)(u 27]) + E z,())(qu 277)2,() )(u 27])},
=

=2 m=1
AD () — (0@ — L] S 00,4 Loy, 00y - L L0y oy L
D) = [QP(u — S m] {EI:;z,, (s Smal = Sm+ 3 35— nzg (wt m)}-
Here
(/—1) Dy —
(apQu B NG
Dy = QP (w)QY ™ (u)
z,(u) = (1-1)7 (o7
’ (C1p0Qo S WM& W)

()@Y ()
Ly

Q) = H(u -6), QU =T[w-x"), m=1,23 @QYu=1,
j=1

Bethe ansatz equations.
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Open boundary condition

The general solution of reflection matrix K, (u) is

KO_(u):§+uM, M =

and the dual reflection matrix K™ (u) can be obtained by the mapping
Ko (1) = Ky (=0)le e

where the &, € and {ci,&l|i=1,--- 4} are the boundary parameters which describe the
boundary interactions, and the integrability requires

o =, C1é& = &
[K~(u), KT(v)] # 0, which means that they cannot be diagonalized simultaneously.
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The two 8-dimensional fusion of the super projectors gives

K () = (b 3 PR (0 SR (20)K; (5P,
K ) = (u = 5m) P£§)K*(u+ SMRa(—20)K; (= 20)P,
K () = (= o) PG (0 S m)Rau)i; (u — )P,

K3 () = (o ) PR (0= Sm)Ria(=2u)K (u -+ m)PY.

@ All the fused K-matrices are the 8 x 8 ones.

@ Their matric elements are the polynomials of u with maximum degree two.
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The reflection matrices K (u) [or K:(u)] and K3 (u) can be fused by the the
20-dimensional projector PC” or P, and we have

_ — 1

Ky (0) = (=) PEVKT (ut S m)Ras(2u — S (= m)PED,
— 1

K () = (2u+0) T PEIKG (u — m)Rua(—2u+ S ) (S m)PEY

21 ?

— _ 1
K () = (4 m) " PR (u = 2 m)Ray u+ 3m)Ks (u+n)P§?2),

_ 1
K () = (2u—n) " PEDKG (-4 m)Rya(~2u — S K (u — S )P,
@ All the fused K-matrices are the 20 x 20 ones.

@ Their matric elements are the polynomials of u with maximum degree three
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The transfer matrices are defined as

t(u) = stro{ Ky (1) To(u) Ky (u) To(u)},
D (u) = strg { K5 () To(u) Ky (u) T5(u)},

@ (u) = strg { Ky (u) T (u) Ky, () T (u) }-
where

To(u) = Rno(u + 0n) - - - Rao(u + 62) Rio(u + 61),
T5(u) = Rug(u + 6n) - - - Rog(u + 62)Ryg(u + 61),

7o (1) = Rug (u+ 0n) - Roge (U + 02) Ry (u + 61).
The transfer matrices t(u), tM(u) and t?(u) commutate with each other
[t(w), 9 ()] = [t(u), P ()] = [£D(u), £ ()] = 0.

Therefore, they have common eigenstates and can be diagonalized simultaneously.
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Using the method we have used in the periodic case, we can obtain the operator

product identities among the fused transfer matrices as

t(£6;)t(£6; + 1) = —%%
J 2

N
1

x [T(£0; — 01+ n)(£0; + 6, + )tV (£0; + 57
=1

1(£0,)(£0; —n)
t(+60;)t(£6; — = ———
(£0,)t(£6; — ) 4 (L0 — %7])2
il 1
x JT(0 = 0 = m)(£0; + 01 = m)e? (&6, — -n),
I=1

1 (£6; + 31)*(£6; — n)

t(£6, — n D10, + ) = Ji T2 f]
(H0; =m0+ 51 = (2o, + m(E0, — o2
« ﬁ (£6; — 0; — n)(£6; + 6, — )
1 (£0; — 0+ n)(£6; + 0/ +n)
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From the definitions, we know that the transfer matrix t(u) is a operator
polynomial of u with degree 2N + 2 while the fused ones tY)(u) and t(u) are the
operator polynomials of u both with degree 2N + 4. Thus they can be completely
determined by 6/N + 13 independent conditions. The above recursive fusion relations
gives 6/N constraints and we still need 13 ones, which can be achieved by analyzing the
values of transfer matrices at some special points.

Let |®) be a common eigenstate. Acting the transfer matrices on this eigenstate,
we have
t(u)|W) = A(u) V),
D (W)v) = AV (W)|v),

@ (u)|w) = AP (u)|W).
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The inhomogeneous T-Q relations

Aw) =D~ 20(u) + xu(u) +x(u),

W — —a,2[0O 1 1 Y S0 1 5m 1
NP () = =407 [QT (u + Sm)(u + Sm)(u = )] {ZZZ (vt 5™ (u = Sn)

=1 m=1

1 1 1 1
S C) PO PR ¢ P @pr 1)@t
20 (ut omz (v — o) + 27 (vt Sm)z 7 (u 277)}7

N = 4190w — Jmu+ o= ol {3232+ 3m2 S

=1 m=3

1 1 1 1
+2V(u + En)z(z)(u - 577) — 29+ En)Z(Z)(u - 577)},
where

M () = 20 () + x1(v), 2D () = 2O (u), 28 (u) = 2O (1), 2D (1) = 2 () + x2 ().
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U u+mQVu—m) .,

(17D s (1) QO (1) K (1) QD (1) Q=D (u) ’ )2,

20(w) =
(I=1(y — e
(1D, (1) QO () K (1) Q Q((I)(u)gz&)gu;r n) ,
fO () Q) (—u — n)
Qw7
FO () QP (—u — n)
QB

| =3,4,

xa(u) = U2Q(0)(u + r])Q(O)(u)

x(u) = o* QP (u+ 1) Q) (1) Q" (~u)
N Lo

Q) =TJ(u—0)u+06), Q) =][w— A+ +my), m=1,2,
I=1 Jj=1

Ly
Q¥(u) = [T = X))+ A" +m),  QW(w) =1,
j=1

Bethe ansatz equations.
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Concluding Remarks and Perspective

Open boundary problems
Quantum Toda

Chiral Potts

High rank systems

Thermodynamics

To be continued!
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