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Outline
- A very brief introduction to quantum algebras

- BCJ Kinematic algebra

- algebra structure



Quantum groups
= Hopf algebra + quasi-triangular/RTT
(H, -, I, A, €, 5)

(91 - 92) |9) = g1 (92|®)) multiplication (group representation)
(1 +92)|0) = g110) + g2 |P) superposition
e Jy]- S algebra
Coproduct ........... AH%H@Hbmgebra .........................
A(g1-92) = A(g1) - A(ge)
multiparticle representation Yangian
9) > |¢1)®|62) T BB eL+Led )= Zt(s) t
o107 i 071 & 1072
e : opfalgebra ....................
m(S ® id)A(g) = e(g) S(g)-g=1
S(g) =9~ (generalised inverse)



Quantum Groups

satisfies RTTand RT\1, =TT R
Yang-Baxter egn RisR13R23 = RosR13R12 B

R(h) =1 + h Prs e ST (U
N J1. 0. ®apneeB H. HO. PeweTtnxuH J1. A. TaxTamxsir
=I+h) e;®e; [Faddeev, Reshetikhin, Takhtadzhyan 90]
i,j=1
(Yang) universal R-matrix " t11(h)  tia(h) .

T(h) = | ta1(h)

—> [tij(Rh), te(h)] ~ 0+ O(h) L tnn(h)
tij(h) =t + htt) + h2¢2) 4.

(FRT construction)
€;j - Vj = Uy
I Tids =€, @epr Rt jtre
6@j'?}k20 (]#k) : I I I

T217 =€ Q@ epp @ ti ot j
Ci:Cil — € 1] )
1] Jk 1 k | I I |




Yangian (AHrnaH) Symmetry

R(u —v)T1(u)Ty(v) = To(v)T1(u)R(u — v)
Ru)=1I+u P

i total mtm/anglr mtm
0
Level O: JC(LO) = Z Ji(,a) = sum of mtm/anglr mtm
i=1 of each particle
f | B. I'. JpnHdenbn,
0) 7000y _ 0y Superconformal symmetry Vladimir Drinfeld
[JC(L )7 Jb } — fabc‘]c( ) SU(2,2|4)
Level O: J©) A(1234) = 0
~7(1) _ ¢ be (0) 7(0)
Level 1: Jo’ = fa Z Ji,b ‘]j,c mtm/anglr mtm &y  transition/roation
I1<i<j<n conservation invariance

(1) 70y _ ¢ ¢ 7(1)
Jo Iy = e Level 1: J§DJU1234)::O

Level 2:

N=48YM f
[Drummond, Henn, Plefka 09]
pure YM "

[Chicherin, Derkachov, Kirschner 14]




Quantum Groups

satisfies RTT and RV, =151 R
Yang-Baxter eqn RiaRi3Ro3 = RagRiz o

Ex1. quantum matrix group SL,(2) ¢=¢"
11 12 21 22 3
11T ¢ ' HM:T:{Q }
v o0
Rab 12 1 1
’ 21 q—q 1 ab a—1 <4 b
929 i q ] R cd —7 0 05 d

—> af =qpa By =0

ay = qro ad —da = (q—q 1) By gcC
Bo =qop
YO = q 07y (FRT construction)

[Faddeev, Reshetikhin, Takhtadzhyan 90]



Quantum Groups

satisfies RTT and RV, =151 R
Yang-Baxter eqn RiaRi3Ro3 = RagRiz o

Ex2. quantum enveloping algebra U, (si(2)) 1" q-Lie group
11 12 21 22 $
11] ¢ ] L g-Lie algebra
1
Ry =17 1 y_[ KU g7 (g—qHXT
21 q—q - 1 LT = [ e ]
22 q
= |
| —qr(g-¢HX~ K
satisfies RLL and RLYLy = Ly LT R a—q)
Yang-Baxter egn RLTL, =L, LTR
(same R)

(FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]



Quantum Groups

satisfies RTT and RV, =151 R
Yang-Baxter eqn RiaRi3Ro3 = RagRiz o

Ex2. quantum enveloping algebra U, (si(2)) 1" g-Lie group
H, XT] =4+2X7 $
K- K1 L g-Lie algebra
_X+7 X ] — 1
K = g™ = L+:[K_1 qg(q—q_l))ﬁ]
- : K

h — 0

qzeh%l L— K

|

|

' | |
: — | i/ 1\yv-— ~1
WV “classical” limit 2 (¢ —q )X K

H, X =+2X7 sl(2) Lie algebra

(FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]



Quantum Groups

satisfies RTT and
Yang-Baxter egn

Ex2. quantum enveloping algebra U, (si(2))

H, XT] =4+2X7
K—K!

_X+7 X_] — 1

o q—q

RTyT5 =157 R
Ri2R13R23 = RozR13R12

T’ qg-Lie group

{

L g-Lie algebra

1
| K71 ogm(g—q )XY
K

b= [ —qé(q—Kq‘l)X_ K- ]

(FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]



BCJ duality

Bern, Carrasco, Johansson:
“What is the simplest QFT?”

Ans: (bi-adj) ¢° theory

L ~ ¢a’b/82¢a”b/ 4+ fabCfa’b’c, ¢a,a’¢b,b’ ¢C,Cl

1 4 1 4 5 4 1 4 1 4 1 4
1

o L OHC A L

59 3 2 3 Uo 3 2 3 U 2 3 2 3

Q SU(N) mtm/helicity
color dep

11 4 1 4 11 4 1 4 1 1 4 A 4
TN S U S RE IS G5 GRE TN
sol Vg o Vg T, 3 2 3 Y 27 ™3 27 N3

(cf. Gang Yang’s talk)

1, ;4 1e_4 1, ,4
>—< - I - % =0 &> f12€f€34 4+ f23€f€14 4 f31€f€24 —0
2 3 2 3 2 3

[Bern, Carrasco, Johansson 08]



Vertex operator algebra

Classical ; Quantum/Strings
J_ - / dt S; (1) Ny —>
: C _ 5 conf transf.
. screeningop [ )
E= nel)  nEp
Jz ; Hz = %kz . 6’X gz(t) — eiki'X(t), €; ° Xeik;i'X(t), c.
: ¢=¢  Ppraiding relation
LT T e CT LT TP e P e L CT TR T EPEPEPIELED g?, AT _ kik, ~z’t
coproduct : OV (2) = ¢""V(2)S:(t)

AJ=J@1l+10J: AF=F@1+K 'oF

counit :

E((J)) = : EEF) ) =0 destroys all contours [Dotsenko, Fateev 84,85]
(1) =1 - (1) =1 ..

e(ew‘]) _ . [Feigin, Fuks 82]

[Wakimoto 86]



Vertex operator algebra

Classical Quantum/Strings

—>

conf transt.

antipode )
S(J)=~J Vi(z)|2)
S(G'LHJ) _ 6—29]
universal R-matrix [Dotsenko, Fateev 84,85]
e 2) S 2)e 1) = |1) e 2) R=Roa [Feigin, Fuks 82]
[Wakimoto 86]

H;QH

7 1

Yang-Baxter egn guaranteed by braiding
Ri2R13R23 = RogR13Rq2

2o 2o (ez’wo/s-kl

L 6—i7ro/s-k1)



“What is the meaning of a
polarisation in this pic?”

€ - Xez'kl-X(m} {eikg-X(m)} = ke {eikg-xw} [6 ., Xez'kl-X(m}

affine Lie algebra g—g
eowfomhoz — ea,nafoz,nahoz,n n e Z
[xna ym] c= [:c, y]m—l—n +n <CB, y> 5n,—m1

ezk-X(z) _ E :ek,nz_n

[Frenkel, Kac 80]

repsn of affine Lie algebra
collections of @n's

nez
k- X(z2) = Z hgnz™ " = Z k-a,z”" Cartan subalgebra
NneZ neZ

:/ dtl/ dtQ(t]_ L t2)k51°k2 : eikl'X(tl)eik2’X(t2) :
Cay

\l, to — 11 Residue theorem
k- ke =—1 el(k1+k2) X (t1) tachyon (k1 +kg)* =2—-2+2=2

ki -k = —2  ky. 09X et (Frthe) X (t) gluon (k1 +ko)? =2—-4+2=0
]{2°(k'1—|-]€2): —24+2=0



“What is the meaning of a
polarisation in this pic?”

ki - kj all integers colour SU(N =1,2,3,. T nemcens BT K
PEHKENb au,
all non-integers tachyons 'I—I—I_ . [Frenkel, Kac 80]
some integers, some not gluons, ... | | | L
RNS string

[ekg,()? ekl,O]—l— :/C dtlL dtQ ]{‘1 . ?peikl'X(tl) k2 . weikTX(tQ)

/dtl/ dtg tl _t2 k1 ko . ( 2 + Ky ) kg - w) ezk1-X(t1)€zk2-X(t2) :
Ca

t1 — t9
k1 ko = — —ko - OX 4+ k1 - kg - )e’ (k1tkg) X(t1)
Qluon massless L2 — (k1 + k2)2 —1-24+41=0

gauge inv  e€-k= ko (k1 + k2) =—14+1=0



Pochhammer double loop

Je(z) = B(2)
Jn(z) = =2:79(2)B(2) : +Vra(2)

A2 . a [Knizhnik, Zamolodchikov 84]
T1(@) = =7 (@)BG)  Hral2)(z) + ksz(Z) [Tsuchiya, Ueno, Yamada 92]

[Frenkel, Reshetikhin, Yu 92]

I = <?J* O (21) I X (ZN)?J)\> S (C[z,,,,zz_l] X V,ul R---QV,

KN

0 1 Qi
_ J T
lii

] =
827;

R TRy
#3 J

Gauss-Manin connection

¥

K-Z connection Vi, ® --- @ Vyy
24 # Zj}

...,ZN)GC




Summary & open problems
- Screening vertex algebra

- Calculating hypergeometric function efficiently

- Homological structure

-+ Loop level story

- Field theory picture
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Key Point:  MANY Theories are Double Copies

Bi-Adjoint Scalar: color ® color
Bern, de Freitas, Wong ('99); Bern, Dennen, Huang; Du, Feng, Fu; Bjerrum-Bohr, Damgaard, Monteiro, O’'Connell
(S)YM (...(S)QCD...). color ) spin-1

BCJ ('08) Bjerrum-Bohr, Damgaard, Vanhove; Steiberger; Feng et al; Mafra, Schlotterer, ('08-'11); Johansson, Ochirov

(S)Gr (...(S)Einstein-YM. ..): spin-1 @ spin-1

KLT('86); BCJ ('08); Chiodaroli, Gunaydin, Johansson, Roiban; Johansson, Ochirov; Johansson, Kalin, Mogull

NLSM / Chiral Lagrangian:  “color” (X) even-spin-0
Chen, Du '13 Cachazo, He, Yuan '14 Cheung, Shen 16
(S)Born-Infeld: spin-1 @ even-spin-0
Cachazo, He, Yuan '14
Special Galileon: even-spin-0 ® even-spin-0
Cachazo, He, Yuan '14 Cheung, Shen '16 )
Open String: Y ® spin-1
Broedel, Schlotterer, Stieberger
S~y , / .

Llosed String: spin-1 Q) (¢’ corrected spin-1

Z-theory: Cy’ ® “color”

Broedel, Schlotterer, Stieberger; JUMC, Mafra, Schlotterer



BCJ duality - the settings

Z.Bern  J.J. M. Carrasco H. Johansson
Defining numerators by absorbing contact terms

H XX

A(1234) = = - ™
S t
Ty, Tt
A(1324) = — — —
(1324) e



BCJ duality - the settings

1 4 1 * Jacobiidentity (& anti-symmetry)
ne+ny +n, =0
2 3 2 3
A(234) = = - Tt 2 3
% tnt + + =0
A1324) = —-—= + — 3 3 1 2 3

1 4 1 4
> < I fl2e pedd | 23e peld 4 g3le pe2d _
3 2 3 2

[Bern, Carrasco, Johansson 08]



Ex: 4 pts 1
A(1234) = >—< + I
2 3 2 3
1 4 1 4
A(1324) = >—< + I
3 2 3 2
1 4
r 7 - 1,1 —1 1 r . I
A(1234) 519 | S % 11234 2 3
Lagsg ] |5 He L ] s
3 2
nonsingular V "'u.‘
solve by taking inverse : : i L i
A's 0 n's
1 e B
N1an = k_QS[O‘ B8] A(18n) L | L AL i
n

821A(1234) -+ (821 + 823)A(1324) =0

Momentum kernel _ _
kernel BCJ amplitude relations



- A basis for all cubic graphs

' = 1 | = | 5
/5 °
6 anti-symmetry

(Legs 1 &5 at two ends)
- Jacobi identity

- Generically any cubic graph can be spanned by (n-2)! half-ladders

5 2 [[3 4]5] 6



understanding the kinematic algebra

SDYM —» diffeomorphism algebra

C
[Bjerrum-Bohr, Damgaard, Monteiro, O’Connell 13]
[Monteiro, O’Connell 11]
[Du, Feng, CF 12]
[CF, Krasnov 16] A
[He, Schlotterer, Zhang 18]
Lie group manifold
group multiplication —» diffeo A
- U
vector field P
ng (A17 A27 AS) — [A17 AQ]A3 + CYCHC o
A
[A1>A2] — (AﬁbﬁuAg _ AgauAlf)au ., :

S f123




String KLT & monodromy

N.E.J.Bjerrum-Bohr |
P.H.Damgaard P.Vanhove

close string open string x open string

M., :Zjn(l,a(Q,...,n—Q),n—1,n) xZ(1,0(2,...,n—2),n—1,n)

~

= Z An(l,a(Z,...n—Q),’n—l,n)XSO/[UTW] xA(n—l,n,fy(Q,...,n—Q),l)
o, YESH_3

oo N—2
7= [ T v (o)™ = o Ty =) p )

—00 ;=2 j>i

[Bjerrum-Bohr, Damgaard, Vanhove 11]



O—OO—QO—OI ........ . X
vy, Vg (> 0 1

[ des o g — gy
C3

= 2isin(ma’ky - kg)/ dv, (—

vy <Ug <0

71>2
vg )* S (g =y )
dvy (—v3 ) 18 (vy — v3)



~ €

scenario 1

~ €

Oé/kl-kg In Y2

a'ky-koln(yz—y1)

—> (y2—

Y1

)Oé/kl kQ

scenario 2

a'ky-ko ln(y1—y2)

—>

(y1 — yz)a/kl k2

[CF, Wang, Vanhove 18]



2i sin(a’'wky - ko) A(123)

.. / d
0 Y, V, 1 ~ 2isin(a’'wky - ko) / ﬂ(

Y1 <Y2 Y2

[CF, Wang, Vanhove 18]

._)_L‘ B /7;_/72

d2 / /
k1i-k —’L o' kq-k ak -k
N /+_(?/1—y2)0‘ o e B D
Yo ’7

! dy2 1 —’1:7T()é/l€1 °k2
N / V)V ()~ ¢ V(y2)V (1)
0

11,15 =11 T — e~ imo Rk Ty



Screening Vertex Operators & Nichols Algebra

Coulomb gas

[Feigin, Fuks 82]
Fiegiy iy, .., i3 (2)

6{7;172'2’ ...,,z’r}(z) — /C dtlSil (tl) o /C dtrsir (tr) Vl (Z)

= Fil . Firel(z)
e1(z) = Vi(z2) F; = /CdtSz-(t) H, = 7{8)(
screened vertex operator screening charge (momentum)
H;, Fj] = —Q;;F} K; = ¢'" K, F; = ¢ YiFK,

€);; = (0u, Oéj) KiK; = KjK;



Screening Vertex Operators & Nichols Algebra

Coulomb gas

coproduct
2-particle representation

AF; 611...7;r(21)63'1...3'8(22)} — Fz’[eil...ir(zl)] ejl---js(ZQ)

—> AL =F®I+K 'QF

AK; = K; ® K;



Screening Vertex Operators & Nichols Algebra

HZ, X:l:] = ::(Oéi, O{j)X;: > F; = er_q

q—q !

_ q
X" X =6

Z(_l)k ( 7;; ) qq:_k(m_k)/2 (Xzi)k in (Xii)m_k =0 g-Serre relation
q

k=0 m=1— Aij
AH,))=H;®1+1® H;
AX) =X @q 77 +¢"? e X If only 1 tachyon screening

—>  Uy(sl(2))



Quantum Groups

satisfies RTT and RV =151 R
Yang-Baxter eqn RiaRi3Ro3 = RagRiz o

Ex2. quantum enveloping algebra U, (si(2)) T" q-Lie group
H, XT] =4+2X7 $
K- K1 L g-Lie algebra
_X+7 X_] — 1
K = g™ 1= L+:[K‘1 qg(q—q_l))ﬁ]
o - K
S LS,
WV “classical” limit | ¢ lg—¢HX~ K1

H, X*] = £2X% sl(2) Lie algebra
X +, X |=H
(FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]



Monodromy relations & Yangian

quantum determinant
momentum kernel

———
qdet T(U) — Rn—l,n c .. (RQn c e R23R23) (Rln c . R13R12) T]_T2 c . Tn

— 9
T 60‘10‘2...O'n T0171T0272 s Tanan

— 40 -+ uw1d) + w243

known to generate the center of full Yangian qdet T — ZY (g)
Ex. Uq(slg) (1 tachyon only)

—1
| K71 ogm(g—q )XY
K

LT(w)=L" —u L™

L (u)=L +ulL" L™ = R
—qz(q—q )X~ K~

center:

0 gH—1 _ g~ H-1 .
AV =T XX X+X_ﬁ_%>
d0 =q® =7 world sheet symmetries

=
(perhaps no filed theory interpretation) ’









off-shell continuation

string analogue of current

L /4 1 1
123..n) = " g2 (fIV, (1 (1 i)
J( n) o g w2 f 1()LO—IV 2(1) LO—IVZ()Z
= a2l () V(1) )
Lo—1 Lo—1 Lo—1




explicit generators

_ d .
n(123) = lim sin(ma’ks - k1)<f : ﬂ@ X (yo)etkz X ‘z>
kg,a’—>0 0 2
Lo
~U V3YM dy2_€a k:l k:g In Y2
0 2




explicit generators

V(y) _ Z 6zk acan lk-plny

/1 @V( ) = i eF g !
0o Y 7 Nn—— 0o nk Qo + 1N

G = te-a (Zk oy — 1 iy ) (ko +O(€3)>
0 1 1 n + 1 n




