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Wilson loops

In non-abelian gauge theory, the definition of usual Wilson loops is

W = TrR

[
P exp(−i

∮
C
dτẋµ (τ)Aµ(x(τ)))

]
(1)

Wilson loops play an important role in gauge theories: QQ̄
potential (confinement), Bremsstrahlung function, gluon
amplitudes [ talks on amplitudes: Bo Feng, Chih-Hao Fu, Song
He, Jun-Jie Rao, Gang Yang, Yang Zhang ...] ...
WLs were also used in three-dimensional gravity/higher spin
theories, p-adic string theory. [talks by Ling-Yan Hung, Yi-Hao
Ying]
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Wilson loops

The first example of BPS Wilson loops appeared in 1998 together
with their string theory duals. The definition of such BPS Wilson
loops in N = 4 SYM involves not only gauge fields but also
scalars.[Maldacena][Rey, Yee]

It play an important roles since the vev of the circular BPS Wilson
loops can be computed exactly using localization. [Pestun, 07]
It can also been studied using integrability, especially for the
cusped Wilson loops. [Drukker, 12][Correa, Maldacena, Sever, 12]
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Wilson loops

The story about BPS Wilson loops in three-dimensional
super-Chern-Simons has more twists and fun. [Review: Drukker
etal, 19]

In ABJM theory, 1/6-BPS WLs was constructed based on previous
constructions by Gaiotto and Yin (07) in 3d N = 2, 3
Chern-Simons-matter theories. [Drukker, Plefka, Young][Chen,
JW][Rey, Suyama, Yamaguchi] 08
In the gravity side, half-BPS membrane/F-string was found which
should be dual to WLs.
One year later, such half-BPS WLs was constructed. It is
fermionic! [Drukker, Trancanelli]

Jun-Bao Wu CJQS-TJU



Wilson loops

The story about BPS Wilson loops in three-dimensional
super-Chern-Simons has more twists and fun. [Review: Drukker
etal, 19]
In ABJM theory, 1/6-BPS WLs was constructed based on previous
constructions by Gaiotto and Yin (07) in 3d N = 2, 3
Chern-Simons-matter theories. [Drukker, Plefka, Young][Chen,
JW][Rey, Suyama, Yamaguchi] 08

In the gravity side, half-BPS membrane/F-string was found which
should be dual to WLs.
One year later, such half-BPS WLs was constructed. It is
fermionic! [Drukker, Trancanelli]

Jun-Bao Wu CJQS-TJU



Wilson loops

The story about BPS Wilson loops in three-dimensional
super-Chern-Simons has more twists and fun. [Review: Drukker
etal, 19]
In ABJM theory, 1/6-BPS WLs was constructed based on previous
constructions by Gaiotto and Yin (07) in 3d N = 2, 3
Chern-Simons-matter theories. [Drukker, Plefka, Young][Chen,
JW][Rey, Suyama, Yamaguchi] 08
In the gravity side, half-BPS membrane/F-string was found which
should be dual to WLs.

One year later, such half-BPS WLs was constructed. It is
fermionic! [Drukker, Trancanelli]

Jun-Bao Wu CJQS-TJU



Wilson loops

The story about BPS Wilson loops in three-dimensional
super-Chern-Simons has more twists and fun. [Review: Drukker
etal, 19]
In ABJM theory, 1/6-BPS WLs was constructed based on previous
constructions by Gaiotto and Yin (07) in 3d N = 2, 3
Chern-Simons-matter theories. [Drukker, Plefka, Young][Chen,
JW][Rey, Suyama, Yamaguchi] 08
In the gravity side, half-BPS membrane/F-string was found which
should be dual to WLs.
One year later, such half-BPS WLs was constructed. It is
fermionic! [Drukker, Trancanelli]

Jun-Bao Wu CJQS-TJU



Wilson loops

Fermionic 1/6-BPS WLs was constructed till 2015. [Ouyang, JW,
Zhang]

The gravity dual of these WLs are proposed in [Correa,
Giraldo-Rivera and Silva, 19]. They suggested that a special
mixed boundary condition on the worldsheet of F-string is dual to
our Fermionic 1/6-BPS Wilson loops.
These WLs can be understood as marginal deformation of
half-BPS WLs. This is consistent of classification of
superconformal lines as defects. [Agmon, Wang, 20]
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Wilson loops

It was under debet/study whether fermionic 1/6-BPS WLs are truly
BPS at the quantum level.

The work of [Correa, Giraldo-Rivera and Silva, 19][Agmon, Wang,
20] give strong support from string theory side that this fermionic
1/6-BPS WLs are BPS at quantum level.
One way to check this in the field theory side is to compare the
vev of WL from perturbative computations and from localization.
One should choose a regularization scheme consistent with
localization.
For BPS WLs, this should be at framing −1. [Kapustin, Willett,
Yaakov, 09]
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Motivation

The perturbative computation at framing −1 for fermionic WLs are
complicated.

Integrability of open chain from (cusped) WLs in ABJM theory is
another interesting unsolved problem.
We want to study these two problems in a simpler setup.
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Integrability

Both N = 4 SYM and ABJM theories are integrable in the planar
limit. [For reviews, Beisert etal, 10]

The anomalous dimension matrix maps to a integrable
Hamiltonian acting on certain spin chain. [cf. Gang Yang’s talk]
[Many talks on integrable spin chain: Jun-Peng Cao, Xi-Wen
Guan, Yu-Zhu Jiang, Guang-Liang Li, Zhan-Ying Yang, Wen-Li
Yang...]
The worldsheet theory of dual string is 2d integrable field theory in
the free limit.
Integrability permits us to compute certain quantities
non-perturbatively even in the non-BPS sector.
Example < D1D2tr(...) > [Jiang, Komatsu, Vescovi, 19]*2[Yang,
Jiang,Komatsu, JW, to appear]
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Integrability in less susy/non-susy cases

One path is to start from N = 4 SYM (ABJM) to get new theories:
performing special deformations, orbifolding, adding flavors.
[review: Zoubos, 10]

β- and γ− deformation: [Roiban, 03][Berenstein, Cherkis,
04][Beisert, Roiban, 0505]
Orbifolding: [Wang, Y.-S. Wu, 03][Beisert, Roiban, 0510][Bai,
Chen, Ding, Li, JW, 16]

Jun-Bao Wu CJQS-TJU



Integrability in less susy/non-susy cases

One path is to start from N = 4 SYM (ABJM) to get new theories:
performing special deformations, orbifolding, adding flavors.
[review: Zoubos, 10]
β- and γ− deformation: [Roiban, 03][Berenstein, Cherkis,
04][Beisert, Roiban, 0505]

Orbifolding: [Wang, Y.-S. Wu, 03][Beisert, Roiban, 0510][Bai,
Chen, Ding, Li, JW, 16]

Jun-Bao Wu CJQS-TJU



Integrability in less susy/non-susy cases

One path is to start from N = 4 SYM (ABJM) to get new theories:
performing special deformations, orbifolding, adding flavors.
[review: Zoubos, 10]
β- and γ− deformation: [Roiban, 03][Berenstein, Cherkis,
04][Beisert, Roiban, 0505]
Orbifolding: [Wang, Y.-S. Wu, 03][Beisert, Roiban, 0510][Bai,
Chen, Ding, Li, JW, 16]

Jun-Bao Wu CJQS-TJU



Adding flavors

By adding flavors, we will obtained open chains with one-loop
planar Hamiltonian being integrable.

One way is to adding D7’s and O7 in AdS5 × S5, which leads to
gauge theory with Usp gauge group. There are no degree of
freedom at the boundaries of the open chain.
[B. Chen, X.-J. Wang, Y.-S. Wu, 04]
One can also adding only Nf D7’s with Nf � Nc. The gauge
theory is N = 4 SYM coupled to Nf N = 2 chiral multiplets in the
fundamental and anti-fundamental representations. Now there are
degrees of freedom at the boundaries, similar more or less to
what happens in Kondo effects. [Erler and Mann, 05]
Flavored ABJM theory: [Bai, Chen, He, JW Yang, Zhu, 17]
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From deformation to fishnet

Among exactly marginal deformations of N = 4 SYM and ABJM,
only a few preserve integrability in the planar limit.

β- and γ- deformations, defined by certain star products are
among them. [Beisert, Roiban, 04][He, JW, 13][Chen, Liu, JW, 16]
By taking special double scaling limit, the gauge fields are
decoupled and one lead to integrable theories with only scalars
(and fermions).[Gurdogan, Kazakov, 15][Caetano, Gurdogan,
Kazakov, 16]
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Fishnet diagrams

Figure: Examples of fishnet diagrams. Figure from [Bork etal., 20].
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ABJ(M) Theory

ABJ(M) theory is a three-dimensional super-Chern-Simons theory
with N = 6 superconformal symmetry. [Aharony, Bergman,
Jafferis, Maldacena, 08]

The gauge group is U(N1)× U(N2) and the CS levels are k,−k.
(When N1 = N2, it is called ABJM.)
The matter fields are four scalars φI and four fermions ψI in the
bi-fundamental representation (N1, N̄2) of U(N1)× U(N2).
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The action of ABJM theory

LABJM = LCS + Lk + Lp + LY ,

LCS =
k

4π
εµνρTr

(
Aµ∂νAρ +

2i

3
AµAνAρ −Bµ∂νBρ −

2i

3
BµBνBρ

)
,

Lk = Tr(−Dµφ̄
IDµφI + iψ̄Iγ

µDµψ
I),

Lp =
4π2

3k2
Tr(φI φ̄IφJ φ̄JφK φ̄K + φI φ̄

JφJ φ̄
KφK φ̄

I + 4φI φ̄
JφK φ̄

IφJ φ̄
K

−6φI φ̄
JφJ φ̄

IφK φ̄
K),

LY =
2πi

k
Tr(φI φ̄IψJ ψ̄J − 2φI φ̄

JψI ψ̄J − φ̄IφI ψ̄JψJ + 2φ̄IφJ ψ̄Iψ
J

+εIJKLφI ψ̄JφKψ̄L − εIJKLφ̄IψJ φ̄KψL). (2)

Here Aµ, Bµ are the gauge fields corresponding to the first and the
second U(N), respectively. (Here N1 = N2 ≡ N )
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γ-deformation

To perform γ-deformation, we replace all product AB in the
Lagrangian by the following star product

A ? B = e
i
2
qA∧qBAB. (3)

Here the antisymmetric product of the two charge vectors qA and
qB is given by

qA ∧ qB = qTACqB, C =

 0 −γ3 γ2

γ3 0 −γ1

−γ2 γ1 0

 . (4)
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Three global U(1)’s

The U(1) charges of the fields are given by the table below:

f φ1 φ2 φ3 φ4 ψ̄1 ψ̄2 ψ̄3 ψ̄4

q1 − + + − − + + −
q2 + − + − + − + −
q3 + + − − + + − −

(5)

where ± ≡ ±1
2 (Note that the gauge fields Aµ and Bµ are neutral

under these three U(1)’s.).
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Double scaling limit

There are several ways of taking double scaling limits to get a new
theory with only scalars and fermions.

The one preserves supersymmetries is the following:

γ1 = γ2 = 0, e−iγ3/2 →∞, λ ≡ N/k → 0, ξ ≡ e−iγ3λ2 fixed. (6)

By setup γ1 = γ2 = 0 without taking the double scaling limit, the
resulting theory is the well known β–deformed theory with N = 2
supersymmetry. After taking the double scaling limit we find that
the N = 2 supersymmetry is preserved.
This the 3d N = 2 fishnet theory we focus on in this talk.
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Lagrangian of 3d fishnet theory

The Lagrangian reads

L = Lk + LY + Lscalar. (7)

The kinetic term is

Lk = Tr(−∂µφ̄I∂µφI + iψ̄Iγ
µ∂µψ

I). (8)

The scalar potential term is

Lscalar = 16π2 ξ

N2
Tr(φ̄1φ3φ̄

2φ1φ̄
3φ2 + φ̄1φ3φ̄

4φ1φ̄
3φ4

φ̄1φ2φ̄
4φ1φ̄

2φ4 + φ̄2φ4φ̄
3φ2φ̄

4φ3). (9)
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Lagrangian of 3d fishnet theory

The Yukawa-like terms involving the interactions among the
scalars and the fermions are

LY = −2πi

√
ξ

N
Tr(−2φ̄1φ3ψ̄1ψ

3 − 2φ̄2φ4ψ̄2ψ
4

−2φ̄3φ2ψ̄3ψ
2 − 2φ̄4φ1ψ̄4ψ

1 + 2φ1φ̄
3ψ1ψ̄3 + 2φ2φ̄

4ψ2ψ̄4

+2φ3φ̄
2ψ3ψ̄2 + 2φ4φ̄

1ψ4ψ̄1 + 2φ̄1ψ4φ̄2ψ3 − 2φ̄3ψ1φ̄4ψ2

−2φ1ψ̄4φ2ψ̄3 + 2φ3ψ̄1φ4ψ̄2). (10)
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Loop operators

We can constructe BPS timelike line operators in Minkowski
spacetime, BPS line/loop operators in Euclidean space based on
[Mauri, Ouyang, Penati, JW, Zhang, 18].

Here we only give the constructions of BPS circular loop operators
in Euclidean spacetime in N = 2 convention,

Wcir. = Tr(P exp(−i

∮
dτLcir.(τ))), (11)

Lcir. = B + F, B = −i(M̄ZNZ̄ +NZ̄M̄Z), F = M̄ζ −Nζ̄ ,

[M̄Z ](ab) = m̄ab
i Z

i
(ab), [NZ̄ ](ab) = niabZ̄

(ab)
i ,

[M̄ζ ](ab) = m̄ab
i ζ

i
(ab)+, [Nζ̄ ](ab) = niabζ̄

(ab)
i− . (12)

Note that ζi(ab)+ = iu+ζ
i
(ab), ζ̄

(ab)
i− = iζ̄

(ab)
i u−.
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The u± in the previous page are

u+α =
1√
2

(
e−

iτ
2

e
iτ
2

)
, u−α =

i√
2

(
−e−

iτ
2

e
iτ
2

)
, (13)

uα+ =
1√
2

(e
iτ
2 ,−e−

iτ
2 ), uα− =

i√
2

(e
iτ
2 , e−

iτ
2 ). (14)

We have two class of BPS loop operators with

Class I: m̄21
i = ni12 = 0,

Class II: m̄12
i = ni21 = 0, (15)

We can show that classically

Wcir. − (N1 +N2) (16)

is Q-exact, where the supercharge Q can be used to perform
supersymmetric localization and N1, N2 are the ranks of the gauge
groups. If this relation is preserved at quantum level, we will have

< Wcir. >= N1 +N2, (17)
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One-loop diagram

Figure: One-loop Feynman diagram.
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Two-loop diagrams

Figure: Two-loop Feynman diagrams.

Jun-Bao Wu CJQS-TJU



Framing

The perturbative computations of < W > can be performed using
point-splitting regularization.

The link number of Wilson loop contour and the auxiliary contour
used for point-splitting is called framing.
To compare with the results from supersymmetric localization, the
perturbative calculations should be done at framing −1.
But this has not yet taken into account the bosonic spinor used in
the definition of fermionic WLs!
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Hopf fiberation

We parametrize the round S3 = {Xi ∈ R4|XiXi = 1} as

Xi = (cos η cos(τ − φ), cos η sin(τ − φ), sin η sin(τ + φ),

sin η cos(τ + φ)) . (18)

Here (φ, η) parametrize a S2 and for each fixed pair (φ, η), the
τ–circle is the Hopf fiber.

We use the following stereographic projection

xµ(Xi) =

(
X1

1−X4
,

X2

1−X4
,

X3

1−X4

)
, (19)

to map S3\{(0, 0, 0, 1)} to R3.
This gives the following parametrization for R3,

xµ =

(
cos η cos(τ − φ)

1− sin η cos(τ + φ)
,

cos η sin(τ − φ)

1− sin η cos(τ + φ)
,

sin η sin(τ + φ)

1− sin η cos(τ + φ)

)
.
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Obviously the τ–circle with η = φ = 0 gives the Wilson loop
contour

xµWL(τ) = (cos τ, sin τ, 0). (20)

For the auxiliary contour, we can choose φ = 0, η → 0 and keep
the terms up to the linear order of η. The result is [The same
contour in Bianchi etal, 2016]

xµη (τ) = (cos τ, sin τ, 0) + η(cos2 τ, cos τ sin τ, sin τ). (21)

The BPS conditions for the spinors u± along the auxiliary contour
are

γµẋ
µ
ηuη± = ±|ẋη|uη±, uη+uη− = −i, uη±∂τuη∓ = 0. (22)

The first equation is a Killing spinor equation along the auxiliary
contour.
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Demanding that when η → 0 these spinors go back to the spinors
in eq. (13), we get that

uη(τ)+α =
1√
2

(
e−

iτ
2 (1− i

2η sin τ) + η
2e

iτ
2

e
iτ
2 (1 + i

2η sin τ)− η
2e
− iτ

2

)
+O(η2),

uη(τ)−α =
i√
2

(
−e−

iτ
2 (1− i

2η sin τ) + η
2e

iτ
2

e
iτ
2 (1 + i

2η sin τ) + η
2e
− iτ

2

)
+O(η2).

Jun-Bao Wu CJQS-TJU



New regularization scheme

Now, consider an unregularized integral from the computations of
VEV of the loop operator,∮

dτ1>···>nI(x(τm), u(τm)), (23)

where x(τm) = (cos τm, sin τm, 0) and u(τm) being given in
eq. (13), and

∮
dτ1>···>n means∫

2π>τ1>···>τn>0

n∏
i=1

dτi. (24)
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To regularize it, we replace x(τm), u(τm) with

xm(τm) = (cos τm + (m− 1)δ cos2 τm,

sin τm + (m− 1)δ sin τm cos τm, (m− 1)δ sin τm), (25)

and

um(τm)+α =
1√
2

(
um+,1

um+,2

)
, (26)

um+,1 = e−
iτm
2 (1− i

2
(m− 1)δ sin τm) +

1

2
(m− 1)δe

iτm
2 , (27)

um+,2 = e
iτm
2 (1 +

i

2
(m− 1)δ sin τm)− 1

2
(m− 1)δe−

iτm
2 , (28)

with δ the regularization parameter (it is just the η in the previous
discussions).
The result for um(τm)−α can be found in our paper.
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Results

We give numerical evidence that all the above one-loop and two-loop
diagrams give vanishing contributions. This is consistent with the
prediction from localization

< Wcir. >= N1 +N2, (29)

and gives supports that these loops are BPS at quantum level.
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Cusped Wilson Lines

Cusped Wilson lines in gauge theory are linked to many other
important quantities: IR divergence of gluon amplitudes,
anomalous dimension of twist-2 operators.

In N = 4 super Yang-Mills theory, the cusp anomlous dimension
can be computed using integrability [Drukker, 12][Correa,
Maldacena, Sever, 12] and some BPS case be computed using
localization [Correa, Henn, Maldacena, Sever, 12].
Similar study in ABJM case was believed to give the dispersion
relation of the magnons of the ABJM spin chain. A conjecture was
given in [Gromov, Sizov, 14] . But even the integrability of the open
spin chain from WL in ABJM theory is yet to be established.
So we plan to study cusped Wilson lines in the simpler setup of 3d
fishnet theories.
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Cusped Line Operators in Fishnet Theory

We also constructed cusped line operators in fishnet theory such
that the left/right wing is half-BPS.
But the cusped line operators are non-BPS as a whole.
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One-loop Feynman diagrams for cusp

Figure: One-loop Feynman diagrams for cusp.
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Two-loop Feynman diagrams for cusp

Figure: Two-loop Feynman diagrams for cusp.
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We computed the vev of this cusped line operator and using the
prescription

〈W 〉 = N1 exp(VN2) +N2 exp(VN1), (30)

in [Griguolo etal, 2012] to extract the generalized potential,

VN = Nm̄12
i n

i
21(µL)2εΓ(1

2 − ε)
4π3/2−ε

(
1

ε
− secφ

2ε
+ secφ log(1 + secφ)

)
+N2(m̄12

i n
i
21)2 Γ(1

2 − ε)
2

16π3−2ε
(µL)4ε

(
1

2ε2
− secφ

4ε2

+
1

ε
secφ log(1 + secφ) +

1

2ε
secφ log cosφ

)
. (31)

Notice that there are 1/ε2 terms in part the with (µL)4ε factor even
in the straight line limit. This is different from the ABJM case and
is related to the fact that no diagrams with vertices appears at two
loops in the fishnet theory. It indicates that there may be a better
way to extract VN from 〈W 〉.
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It was found in [Bonini etal, 16] that the prescription in [Griguolo
etal, 12] fails starting at three-loop order. An alternative
prescription which works better at higher-loop order in the ladder
limit was provided in [Bonini etal, 16]. This prescription is identical
to the one in [Griguolo etal, 12] up to two-loop order.
The suitable renormalization condition is that when φ = 0 the
renormalized V should vanish. From this condition, we get the
renormalized generalized potential

V ren
N = VN − VN |φ=0

= Nm̄12
i n

i
21(µL)2εΓ(1

2 − ε)
4π3/2−ε

(
secφ

2ε
− 1

2ε

− sec(φ) log(1 + sec(φ)) + log 2) +N2(m̄12
i n

i
21)2 Γ(1

2 − ε)
2

16π3−2ε

×(µL)4ε

(
−secφ

4ε2
+

1

4ε2
+

1

ε
secφ log(1 + secφ)− 1

ε
log 2

+
1

2ε
secφ log cosφ

)
. (32)
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The universal cusp anomalous dimension

The so-called universal cusp anomalous dimension, γcusp, is obtained
from the large imaginary φ limit [Griguolo etal, 2012]:

γcusp = − lim
φ→∞

2ε(V ren
N |φ→iφ)

φ
. (33)

If we still use prescription despite of the existence of 1/ε2 terms, we
get γcusp = 0 at two-loop order in our fishnet theory.
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Conclusion

BPS line and loop operators were constructed in 3d fishnet
theories.

New regularization scheme for BPS fermionic loop operators were
proposed. It also applies for BPS WLs in super-Chern-Simons
theories.
This work shows that proper computations of Fermionic BPS WLs
is complicated than people throught before.
We also studied cusped line operators and computed generalized
cusp anomalous dimension.
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Outlook

Computed the vev of loop operators more efficiently. Quit hard!
[p. c. Gang Yang].

Integrability of open chains from WL/line operators in
ABJM/fishnet theory.
Holographic dual of 3d fishnet theories and the loop operators in
term of fishchain. (Holographic dual of a 4d fishnet theory
[Gromov, Sever, 2019] )
RG flow/marginal deformation among different WLs.
BPS fermionic WLs in higher dimensions (4d, 5d).
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Thanks for Your Attention !
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Cusped Lines Operators in Fishnet Theory

We consider a cusp which is parametrized by

x1 = τ cosφ, x2 = |τ | sinφ, x3 = 0, −L ≤ τ ≤ L. (34)

Wcusp = P exp(−i

∫
dτLline(τ)), (35)

with

Lline = B + F, B = i(M̄ZNZ̄ +NZ̄M̄Z), F = M̄ζ +Nζ̄

[M̄Z ](ab) = m̄ab
i Z

i
(ab), [NZ̄ ](ab) = niabZ̄

(ab)
i

[M̄ζ ](ab) = m̄ab
i ζ

i
(ab)+, [Nζ̄ ](ab) = niabζ̄

(ab)
i− (36)
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Note that ζi(ab)+ = iu+ζ
i
(ab), ζ̄

(ab)
i− = iζ̄

(ab)
i u− with u± being

Right-half : u+α,R =
1√
2

(
s−
−is+

)
, u−α,R =

1√
2

(
s−
is+

)
(37)

Left-half : u+α,L =
1√
2

(
s+

−is−

)
, u−α,L =

1√
2

(
s+

is−

)
, (38)

where we have defined s± = exp(±iφ/2).

Jun-Bao Wu CJQS-TJU



It is easy to check that along both the left and the right half the
following BPS conditions are satisfied

γµẋ
µu± = ±|ẋ|u±, u+u− = −i, u±∂τu∓ = 0. (39)

Finally, the cusp operators are defined by taking the trace of
eq. (35) with the superconnection in eq. (36), the contour in
eq. (34) and the spinors in eq. (37). We also need to keep in mind
solutions m̄21

i = ni12 = 0 and m̄12
i = ni21 = 0 of BPS equations lead

to nontrivial cusp operators.

We will perform the computations in the framing 0 using the
dimensional regularization with dimensional reduction and take
the internal data m̄ab

i , n
i
ab being the same along the cusp.
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