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What are positivity bounds”?

& ZA4fi o (boson, fermion, 8)

A A3/2 A

f: : Wilson coefficients
s every set of Wilson coefficients allowed?
Short answer: No!

Lorentz invariance, causality/analyticity,
unitarity, crossing symmetry, ...

\

Positivity bounds on Wilson coefficients

UV completion satisfies:




Some fundamental properties of S-matrix

Unitarity: conservation of probabilities S'S = 1

Lorentz invariance: amplitude A(p/p;,,)
Causality/Analyticity: A(p;"p;,) as analytic function
Locality: A(pi”pjﬂ) is polynomially bounded at high energies

Crossing symmetry: A(s, 1) = A(u, t) = A(t, s) (for scalar)



Simplest example: P(X)

L = — 00+~ (0,h0P) +
4s°
A(s,t=0) = A

Positivity bound: 4> 0

Theories with 4 < 0 do not have a local and
Lorentz invariant UV completion

Z'pp1 ™~ —\/1 +(5¢V




Fixed t dispersion relation

A(s, t) = 1 }é ds' A0 Analyticity o

271 s’ — s
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_ A N A +/ dS,A(s,t)
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m?—-—s m?—u s’ — s
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m2 T [ — S [ — U

Froissart-Martin bound
E(t) < 1 Martin 1962

lim |A(s,t)] < Cs'te®) 0 <t < 4m? Froissart 1961

S— 00

S <> U Crossing symmetry

Twice subtracted dispersion relation

! 2
vV=s+——2m




What does the dispersion relation imply*?

_ Z (_1)k1(2N+k,M—k)
vm0 2= KI2F

1 |
BENM) 3y = M@%N(‘),f”B(v, t)

1@P)(¢) = ¢ 2 /Oo dp _851?’4(“’75)
P' Jamz (B A+1/2)7H

partial wave unitary O A, 8] > 0

positivity of Legendre polynomials » otn
analyticity s> 4m?, 0 <t < 4m?

P /@) > 0

Strategy: linearly combine different 0?YoY B(s, f) to overcome the (= 1)

J@p) ~ ﬁ](q—l,p) M2 = (t + 4m?)/2



The Y positivity bounds

Recurrence relatlon: de Rham, Melville, Tolley & SYZ, 1702.06134

M/2
Y(2N,M) _ Z CTB(2N+2T,M—27')
r=0

(M—-1)/2
Z (2(N 4 k) 4 1)/BkY(2(N+k)’M_2k_1) >0

sech(z/2) = Z cpz?® and tan(z/2) = Zﬁkx%H
k=0 k=0

M2 = (t + 4m?)/2



What role do the EFT play?

YN N, 0RO A(s, 1) > O

n,m

At low energies, EFT amplitude = full amplitude

v

C/

UV theory

(ZNaM) ~ n ym C
YEFT Cn,m asat AEFT(S 1) >0 >©/ —

n,m
' contains Wilson coeff’s

Inequalities on Wilson coefficients




Y bounds for spinning particles

Difficulties with nonzero spins
nontrivial crossing
Kinematic singularities

Making use of regularized transversely amplitude

Y bounds formally the same as scalar case:

M/2
r=0

T17T2 T172

(M-1)/2
Ve (2N + 2k + 1)Bp YR TRM=21) (1) > 0

2 T172
even k=0

de Rham, Melville, Tolley & SYZ,1706.02712



Improved positivity bounds

A(s, t) calculable within EFT (E < €A, € S 1)

—(eN)*
Low energy subtracted amplitude: k

(eN)? y 00 dy
B.\(v,t) = B(v,1) — J (—)ImA(,u, 1) = [ —ImA(u, 1)
4m2 o o o

(€A)2 (...

==  Improved bounds Ye(fN M) > 0

Tree amplitude positivity bounds (weak coupling g < 1)

e\ = Ay UV heavy mass scale

de Rham, Melville, Tolley & SYZ,1702.08577



Positivity Bounds from Full Crossing Symmetry

Fixed f dispersion relation is only § <> ©# symmetric.

Full crossing symmetry: B(u, t) = B(s, t) = B(t, s)



Moment of positive distribution (without ¢ derivatives)

Partial wave expansion: A(s,t) ~ > (26 + 2a)C,* (cos 0)as(s)
=0

C(“)(x) Gegenbauer polynomials

Partial wave unitary bounds:

Imay(s) > |a£(3)‘2

Positive “distribution”: p(x) ~ Ima,(u) > 0

f(2N 0) 02N+2 B ( s, t)

1
g@t_—:OO_ - [dﬂpf,a(ﬂ)ﬁ >0

Define “moment”




Nonlinear s derivative bounds

Cauchy-Schwarz inequality

) (o) = () = eoge0 s (qoriny:

Low energy expansion

dl,O 0 dZ,O 4 d3,0 6
BeA(S,l‘—O)—FS +FS +ES + .-

_ _ _ 2
Constraints on Wilson coeffs:  dpjg Aoy 2 (aI+J,O)

» O < d],() < dl,()

Constrained the s terms from both sides!



—F Thedron

This can be generalized to “EF Thedron™:

positivity of Hankel matrix of Wilson coefficients (s derivatives)

— L |
~

a1.0 Gz v Giggg
a2, ago v Qiygg
det . > ()
Ait10 QAijoo 70 Gi4l10

Arkani-Hamed, Y.-t. Huang, T.-C. Huang, unpublished



What about f derivatives?

Add on § <> f crossing!
Consider 1st ¢ derivative O ~ 0.B(s, 1)

(e () = (5252 =((“%25)')

Cauchy-Schwarz

Impose S < fonsu dispersion relation Tolley, Wang & SYZ, 2011.02400

B.(s,1) = B (1, 5)

<<£(£+D—3)[4—5D2—2(3—D)£+2£2] >>+0(i3) Ly
. p p

3 5D — 4
_> _ 2 £(00) o £(01) (0,0)
2A° I I (D — 2)A? I




Constraining ¥ dependent terms

Low energy expansion with ¢ #= 0

aj o Ao, dy
B (s, 1) = X y A X2 4 -
A4 AO A3

xX=—(st+su+tu), y=—stu

Triple crossing bound

3 5D — 4 _

—— A1 < Qp1 < a
9 1,0 0,1 (D—2) 1,0

Now, the y coefficient is constrained from both sides!



Implications for soft theories

Weakly broken Galileon theory

D+1
) ]. ]- n
Aé_DL'mg = —50#7r8“7r - §'m,27r2 + Z A£L_37r0“10[#17r8“28y27r- Mg, T+
n=3 3

1 m? 1 |
Bpg(s,t) ~ AD (A—ga?Jr Fer As 7 +>

&1,0 ~ g2 with g < 1

. ~N—-1 < =N 2 T T
AN+1,0 A1 o 20120- * B(S O)N 9 ( -|_—_|_—_|_>
’ ’ ) D—4 4 6 8
3 L 5D —4 A A A A
——a a a
5 01,0 0,1 (D—2) 1,0

9 m 9
* AD AD+2? AD+2 - AD+2’ * A ~m,

No healthy hierarchy as EFT, so no standard UV completion!



Positivity

Bounds from Full Crossing Symmetry

— —(Generalizations



S <> U Symmetric expansion

Introduce a new variable w = —su

—Xpand the dispersion relation

2
Bea(s,t) = b(t) +Z/dupe,a(u)u21 -

o0

- L 2_, ma W by brute force

m=0

B < D (1) > n=170¢C+2a)

Cm,n = (2m+n—2 in4aDn =2+ 1))

) =dn" +d,_ "+ -+ dywithd, > 0



D*" bounds

Tolley, Wang & SYZ, 2011.02400

' ' ' Dmn( ) . 1
Find the minimum of D, ,(17) ¢, = < ’ "2> > mmn(Dm,n(n))<ﬂ2m+n_2>

Iu2m+n—

More generally, find minimum of D5, (n,k) =Y kiDmtin—2i(n),
i>0 ko> 0

Cm,2k + E kiCm—+i2k—2i > Sm.2k(K) Cm+k.0,
i>1

Cm 2k+1 T E kicm+z’,2k+1—2i > Sm,2k+1(k)\/cm+k,ocm+k+1,07
i>1

choose any set of k; Smn(k) = min Dy (n, k).



Stu triple crossing symmetry

\)

Impose § <> 1 on su dispersion relation
B.(s,t) = B, (1, 5) A
[ 7)

Bls,t) = 57 emnt™® e = < ggfﬁ)2> B(s,t) = B(u,t) = B(1, s)

Fm,n(n)
—> Triple crossing constraints < 22 > =0

Fm,m+1("7) — Dm,m+1(77) — 2Dm+1,m—1(7l),
Fm,n(n) — Fm+1,n(77) =+ Fm,n—l(n)-



constraints

m,n
" 9 ot s g pl0 pl2 [, constraints from s <+ ¢ symmetry
2
1 Cl,O
Hl—z 2,0 C1,2 c12—2c20=0
u% €30 C22 C14 14— 3c30=0
ule C40 €32 C24 Cip : Coa—C32—2C40=0,c16—2¢c24—2c32—8c409 =0
“Ls C50 €42 C34 C26 C1.8 C3,4 — 264,2 =0, cog + 3.4 — 364,2 - 565,0 = 0,
c18+4co6 + 3c3.4 — 10¢4.2 — 25¢5.0 =0
ﬁ C0 C52 C44 €36 C28 C1,10 ¢3.6—3C5,2—2C6,0=0, 2 g+3c3 6—10¢5 2—15¢6 o =0,
c1.10 +6c28 +12¢3 6 —42¢52 — 84ce0 =0
Ry AT T Ly L L [, constraints from s <> ¢ symmetry
L
% C1.1
% 21 C1,3 c1,3—¢c21 =0
5 | 31 23 cis 23— 2c31 =0, 15+ ca3—3c31=0
‘% C41 €33 C25 C17 Cos—3¢41 =0,c17+3c25—10c47 =0
ﬁ 51 €43 €35 C27 C19 35 —C43—2c51=0,co7+2c35—2c43 —8c51 =0,
19+ 9dc27 4+ Tcz3s5 —Tcg3 —35¢51 =0




Stu
D’ bounds Tolley, Wang & SYZ, 2011.02400

Now, I, () = e,n" + e, "+t

Deflﬂe Dfr?,ln(ﬂ, k, ’{) — Dfrlj,n(nv k) T Z K’j]-_‘m’-i-j,n'—Zj (77)7
i20 n'<n

D", k,x) =dn"+d._n"' + -+ djwithd, > 0

Ng

, C stu
Find the minimum of D, ., this improves the D" bounds

Cm,2k + E kiCm—+i2k—2i > Um 2k (k)Cm+k.0,
i>1

Cm.,2k+1 + E kiCm+ti,2k+1—2i > U, 2k+1(K)\/Crmtk,0Cm+k+1,0;
i>1

Upn,n (k) = max, min, D' (1, k, ),



NSTU
D" bounds Tolley, Wang & SYZ, 2011.02400

Define D5, (n, k, k) = =D5x (0, k) + ) kT jins—2;(m),
720 k3> 0,n">n

DS (k) =dn"+d, n" '+ - +d,

Ng

Find the minimum of D,

Cm.,2k + E kicm+iok—2i < —Tm 2k(k) Cm+k.0,
i>1

Crm,2k+1 + E kicm—+i2k+1—2i < —Tm,2k+1(K)\/Cm+k,0Cm+k+1,05
i>1

Timn(k) = ma,x,iminnl_)f,;‘fn (n, k, k),

Bounding coefficients from the opposite side!



eading D*™

and D*™ bounds

(m,n) D5t bound D5, bound
(1,1) 1,1 > —3,/C1oC20 c1,1 < 8,/€1,0C20
(2, 1) C21 > —§¢C2£TJ) c21 < ﬁ C2,0C3,0
(2,2) co2 > —Jcs0 2,2 < 2231030
(3,1) c31 > —1.,/€30Ca0 c31 < 1397 /€3.0Ca0
(3, 2) Cc32 > —Tca c32 < 1%0927640
(3,3) c33+ Sca1 > — 150 /e10Cs 0, c33 — SPean < —E1L feaocs0
c33 — 8¢y > —154%,
€33 — 41%164 1> — 77;377 C4,0C5,05
C33 — 10464,1 > —3369%
(4,2) C4,2 > —2les a0 < Bes
(4,3) C4,3 + Cs 1 3\/05,0706,0, 4,3 — 1375’83 1 < —% C5,0C6,0
C4,3 — %Cs 1> 8;;'35 v/€5,0C6,05
C4,3 — %C > —% C5,0C6,0;
C4,3 — %Cs 1> —llllﬂ C5,0C6,0
C43—% 5,1 > — 63279 C5,0€6,0
(4,4) caa+ 50> —18¢q 0, caq — 15¢59 < —1¢q 0,
c1a — 752 > — g e, c14+ Se3ar 52 < — “Tgars 60
caq— Blcsy > —840., e
Ciq— U0, > — 114446125 6.0 oliey, vvan

g & SYZ, 2011.02400




nclosed convex region from bounds
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Constraining coefficients from both sides!



The PQ bounds: refinement of the Y bounds

. . o 1 L L L
Relaxing inequality: <w‘fl> > <—f> > (eA)? <w‘f1>
L 3]

— 21—1 29
Pm,n = Cm,n + (GA)2 E : M'rr: Pm+i—1,n—|—1—2z’ - E :M'ninm-l-j,n—zj?
i=1 =1

|25 ] | 2]

— 2 21—1 27
Qm,n = Cm,n + (EA) Z Mn: Qm+i,n+1—2i — Z Mm?Pmﬂ-j,n—Zja

i=1 j=1

Tolley, Wang & SYZ, 2011.02400

Linear bounds | Pmn > (eA)*Qmikn, k=0,1,2,..,

P, > 0 isroughly yCNM) 5 ()

Nonlinear bounds Prn Prnion > (Qmitin)’.

Cauchy-Schwarz inequality



We are not alone In thinking this way!

Caron-Huot & Van Duong, 2011.02957

Used powerful semi-definite programing

EFT coefficient | Lower bound | Upper bound
g3 -10.346 3
g4 0 0.5
Js -4.096 2.5
J6 0 0.25
s -12.83 3
g7 -1.548 1.75
gs 0 0.125
4 -10.03 4
go -0.524 1.125
o -13.60 3
J10 0 0.0625
J10 -6.32 3.75




Comparison of different bounds

First few bounds (up to level //1_4)

PQ bounds

Y bounds

D bounds
Tolley, Wang & SYZ, 2011.02400



Application: Bounds on SU(2) ChPT

F? L 2, U = \/1 STy i
L oppt = 7 <uﬂu” +)(+> + 2 <u”uﬂ> + 1 <uﬂuy> (uhu*) + ... F? F
U, = izﬂL@MUuJr = uL u = \/ﬁf
1 _ M? 1 _ M?
l;: 5 (ll —I—ln—;), l;z 5 (lg—l—ln—;) ) ) i i i
207 H Asm H ol Tolley, Wang & SYZ, 2011.02400 |
Y (2’2)(t = 4m2) bounds > [eL
1559 - 719 6/ N '
R . - ABT
I o~ h <
1st nonlinear PO bound > 4f e
C1,0 C3,0 > C%,O — l_l + 21_2 > 385,
2.
~— D®¥ bound N
1st DS bound o N
Y bounds
3 — — L _
c11 + 5\/61,0 Co.0 > 0 = I+ 2, > 6.74. 0 Manohar&Mateu

8 -6 -4 -2 0 2 4

/1

Can also bound other parameters Wang, Feng, Zhang & SYZ, 2004.03992



Applications in other EFTs

2% of total

e

- Standard Model EFT

Yamashita, Zhang & SYZ, 2009.04490
/Zhang & SYZ, 2005.03047 18D sphere
Bi, Zhang & SYZ, 1902.08977

Zhang & SYZ,1808.00010

- Proca EFT

de Rham, Melville, Tolley & SYZ, 1804.10624

- Spin-2 EFTs

de Rham, Melville, Tolley & SYZ, 1804.10624
Wang, Zhang & SYZ, 2011.2011.05190

+ many other works by other authors

m All forward
O J¢ bound
m SSSS

®E
® E;s

®E;
® E;ss
® E;u

2.0 ¢=0.24, A=0.22, d=0.24

1.5 ¢=0.24, A=0, d=0

K4

0.5

0.0

-0.5

-1.0

N

0.5

1.5 2.0



Summary(1)

o Utilizing 1) dispersion relation

PQ bounds
2) partial wave expansion """ o, O
3) full crossing symmetry @b

o Found new sets of bounds

1. PQ-type bounds (linear and nonlinear)
2. D*"-type bounds
3. D*™ and D*™-type bounds

D bounds

o Excluded some soft theories such as Galileon to have a
Wilsonian UV completion



Summary (2)

D™ and D*"-type bounds:

& _ ZA4fi o (boson, fermion, a)

A A3/2 A

f; - Wilson coefficients

Not only are f;’s bounded,
but also they are bounded from both sides

which loosely means that f;, ~ O(1)



Thank youl!



