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1. Brief introduction to QNMs and clouds
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The perturbations: W ~ =" = ewrtewnt

wr < 0 Quasinormal modes (QNMs)

wr > 0  Superradiance

wr =0, w=wpr Clouds



1.1 Quasinormal modes (QNMs)
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Adapted from Fig. 1 of N. Andersson, Phys. Rev. D 55, 468 (1997)
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Adapted from Figs. 1.1 and 1.2 of V. Cardoso, arXiv:gr-qc/0404093



QNMs Is interesting:
— asymptotically flat spacetimes
(test gravity in strong field regime by gravitational waves ...)
— asymptotically dS spacetimes
(test strong cosmic censorship ...)
— asymptotically AdS spacetimes
(AdS/CFT correspondence ...)

Asymptotically AdS (AAdS) spacetime is interesting:
— holography (entanglement entropy, complexity, condensed
matter, ...)
— extended phase space
— various nonlinear solutions
— Instabilities (superradiance, ...)
— boundary conditions (implications to other aspects)



Boundary conditions in asymptotically flat spacetimes:

a concrete example (for massive scalar fields)

quasinormal modes: ingoing at the horizon while outgoing
boundary conditions at infinity

quasi-bound states: ingoing at the horizon while decaying
boundary conditions at infinity

scattering states: ingoing at the horizon while both ingoing
and outgoing boundary conditions at infinity

Boundary conditions in AAdS spacetimes:
(1) at the horizon: an ingoing wave boundary condition

(2) At infinity: energy flux should be vanished
The idea: the AdS boundary may be regarded as a perfectly reflecting

mirror, in the sense that NO energy flux can cross it.



Bifurcation of the Maxwell quasinormal spectrum
on asymptotically anti-de Sitter black holes

Wang*, Chen, Tong, Pan* and Jing, PRD 103, 064079 (2021)
Wang, Chen, Pan* and Jing, EPJC 81, 469 (2021)

The background geometry of Schwarzschild—AdS BHs both without
and with a global monopole

A 2
ds? = =LdP? ——dr® — 2(d6® + sin® 0dg?)
r A,
- - - r2 77]2 = 1—877:7’]2
with the metric function A, =71 (7,2 + P) —2Mr
The Maxwell equations V F* =0
the field strength tensor F,=0,A,—0,A,
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When the BH is larger than the critical BH radius, the real part of QNMs turns into
zero while the imaginary part branches off into two sets of modes---mode split effect



R(w:) (N, £) = (0,1) R(ws) (N, £) = (0,1)
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By fixing a proper BH radius, the first (second) boundary

condition may trigger (terminate) the mode split effect



1.2 Clouds

The field’s frequency equals the critical frequency for superradiant scattering:
w=w, =kQgy
which allows the existence of stationary scalar configurations.

Kerr-MOG black holes with stationary scalar clouds
Qiao, Wang, Pan* and Jing, EPJC 80, 509 (2020)
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2. Scalar perturbation around rotating Einstein-bumblebee BTZ black holes

under Robin boundary conditions: quasinormal modes and clouds

Chen, Pan* and Jing*, PLB 846, 138186 (2023)
Quan, Pan* and Jing, to appear

The rotating BTZ-like black hole in Einstein-bumblebee gravity
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ds* = — f(r)dt* + G+ )dr2 +r (d@ — %dt)
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The scalar field equation of motion

1
V=g

Iy (\/—_gg”“avw) — ugy =0



The following factorized ansatz for the massive scalar field

w — e—i_wt+im8R(r)

leads to the second order differential equation for the radial part

A2 R(z) dR(z) (A B
Z(1 —z : 1—z — — —C ) R(z) =0
( ) dz? ( ) dz + (z 1 —z ) (2)
with p=—
rTr—T_
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A= A(re —r_)? ’ b= 4 ’ ¢= Ary —r_)? '

The asymptotic behavior for radial function

R(z)=Ai(1-2)Fla.ba+b—c+1:1-2)+ Ap(1-2)PFle—a,c—bc—a-b+1;1-2)



The new constants are given by

_ CiT'(e)l'(¢c —a —b) i)l (a+b—c)

Aj

T(c—a)(c—b) Arr = T(a)D(b)

The vanishing energy flux leads to

Arr _ I'(c—a)l'(c—b)'(a+b—c) _

A T(a)T(b)T(c —a —b)

Different types of boundary conditions:

Dirichlet —k — oo (ie., A = 0)

Newmann — —x =0 (ie., A7 = 0)

Robin A /A = &



2.1 Quasinormal modes

(1) Dirichlet boundary condition —x — oo (i.e., A7 = 0)

Right-moving QNMs:
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The positive symmetry breaking parameter smakes the absolute values
of the imaginary parts decrease, but the negative smakes them increase



(2) Neumann boundary condition  _ . —= 0 (i.e., A;; = 0)

Right-moving QNMs:
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(3) Robin boundary condition Arr/Ar=x (k eR)
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M=34,1=1,n=0and uj = —0.65.

The change of QNM frequencies with the Lorentz symmetry breaking

parameter s depends on the parameter of Robin boundary conditions
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2.2 Superradiance

The energy flux across the event horizon of the black hole:

Fulv) = [ dp T TER = Fllmlol? + Relel (Rele] — m)

& ST \ T ! ool T ]
;% 230000 %J ! lL'l 001 _ . . 0.000 ." |
P\ 20 o\
w 3F \ Ciweeesei L 150 Hise ]
E'E.J 2_ - E‘-L:J 1 0_ 0'01%.13 0.20 illlu.zz-xu.zat 0.26 0.28
1) ‘ Y |
o; - ] 0. 0§ ‘
T T e S .
00 01 02 03 04 05 06 07 00 0.1 02 03 04 05 06 07
- K -K

The energy flux increases with the increase of the symmetry breaking parameter s for

the small parameter of Robin boundary conditions and the decrease for the large one
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The flux of the angular momentum across the horizon:
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Both the energy flux and the angular momentum flux increase with the
iIncrease of the symmetry breaking parameter s for the small parameter

of Robin boundary conditions and the decrease for the large one.
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The superradiance only exists in the nodeless (n = 0)

modes in BTZ-like BH whenever s is positive or negative.
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FIG. 7. Imaginary parts of some quasi-bound frequencies of nodeless modes (n = 0) as a function of /7 with different
Lorentz symmetry breaking parameters s for BTZ-like black holes and scalar field with p? = —0.65, r. =5, r_ = 3,
¢ =1 and k= 1. The dashed purple curve corresponds to the case of s,,, == 0.53846.



2.3 Stationary scalar clouds

The angular velocity of the horizon:
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The higher Lorentz symmetry breaking parameter make it easier for the emergence of scalar clouds
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Fixing the initial parameter s and quantum number k, one always

obtains the same existence line---the so-called degenerate clouds
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3. Conclusions and discussions

€ Quasinormal spectrum in rotating BTZ-like Black holes bifurcates when
the Robin boundary condition parameter is varying (the mode split
effect), and the quasinormal spectrum in the complex w plane can reflect

the symmetry of the BTZ-like spacetime.

€ The superradiance only exists in the nodeless (n = 0) modes in BTZ-like
BH whenever s is positive or negative, which leads to the unique

existence of nodeless stationary scalar clouds (n = 0).
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