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For decisive
contributions to the
LIGO detector and
the observation of
gravitational
waves
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EOB model

Map two-body problem onto an EOB problem
A test particle moves in an effective spacetime

(

Real spin two-body system EOB system

The key point to construct EOB model is to study
__dynamical evolution of a coalescing binary system
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The Hamilton equations can be expressed as
1

dr . dH[geT

—~ = ,H off = A~ ,

= Al =

dp _ 7 (- eff = eff] _ aﬁ[gzg] 7 eff
df - {pa H[g;w]} + ‘7:[g;w - or + f'[g;w )

dSLZ i eff aﬁ[geg] %5

7 = {51,2,VH[9W]} = VBTI: X 812 +-7'-1,2,
Spinless (2 parameters ) Spinning (8 parameters)

(m1,m2) (m17517m2752)

For a SCEOB model, Hamiltonian, radiation reaction force and
waveform should be based on same physical model
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EOB theory Based on PM approximation

Radiation Reaction Force

)

‘ Effective Hamilton ‘
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Brief history for theoretical studies of GWs

@ 4915-1916.9 Einstein, gravitational W&VG}S@

@ 1916 Einstein introduces first theory of gravitational waves (monopole)

@ [1918 Einstein first calculates the quadrupole formula |

1
Trace-reversed wave perturbation  h,, = hyp — Ehrj,;b

Harmonic gauge condition ~ )°h_, = 0 < V°V,x' =0

Linearized Einstein field equations ODchap = =167 Tap
at wave zone with large distant form the source

2 2

T

Quadrupole

7 ky —
(2, x") = formula

2.
p(t = r.xX*) XX X = 2@y
r

@ 1922 Eddington corrects a factor of 2 error in Einstein’s formula

@ 1923 Eddington shows that the quadrupole formula applies to a spinning

rod with a finite speed of propagation of gravity
Sk L [ J SY
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© 1936 4F, Einstein 7F45 Born (g Hii: “I arrived at the interesting resu

t gravitational waves do not exist”

1936: Einstein, Do gravitational wave exists?
(submiit to PR but be rejected)
EZRFESTHREE: PEES B
FlEadEHERTERL: BEXA®
BIEFEAEF 18

ON GRAVITATIONAL WAVES.

BY
A. EINSTEIN and N. ROSEN.

ABSTRACT.

The rigorous solution for cylindrical gravitational waves is given. For the
convenience of the reader the theory of gravitational waves and their production,
already known in principle, is given in the first part of this paper. After encoun-
tering relationships which cast doubt on the existence of rigorous solutions for
undulatory gravitational fields, we investigate rigorously the case of cylindrical
gravitational waves. It turns out that rigorous solutions exist and that the
problem reduces to the usual cylindrical waves in euclidean space.

A. Einstein, N. Rosen. On gravitational waves.
Journal of the Franklin Institute, 1937, 223: 43-54.
[ J JSAIY U
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© 1938 Einstein Infeld and Hoffman (EIH) do first post-Newtonian order problem of motion
© 1941 Landau and Lifshitz claim the quadrupole formula applies to waves from binary
stars

@ 1947 Ning Hu applies EIH to case of emission of waves from a binary star but finds

energy gain

1953 Infeld and Scheidegger claim that binary stars do not emit gravitational waves

55 Rosen argues that gravitational waves cannot carry energy

@ 1955 Fock recovers the quadrupole formula using his own slow-motion calculation

@ 1957 Bondi and others give thought experiment to show that gravity waves do carry
energy

1958 Trautman shows that energy loss by binary stars cannot be transformed away

1959 Peres finds energy gain in binaries

6 0 0

1959, 60 Peres discovers that his previous result was due to incorrect bondary conditions.
New result agrees with quadrupole formula
@ 1960 Infeld and Plebansky textbook, in which Infeld still argues that binary stars do

undergo radiation damping

@ 1962 Bondi et al show that systems which cmit gravitational weves lost mass

| J U November 11, 2024 11/44
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1962: Bondi et al, GWs in axisymmetric spacetime

Hermann Bondi (1919-2005)

Mathematician,
cosmologist

|2k R | J November 11, 2024 12/44
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Bondi, van der Burg and Metzner, 1962

u=const

null
hypersurface
r: area distance

(8, ¢): coordinates on two
sphere

source

Fig. Bondi-Sachs coordinate system
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Summary of Bondi’s work

1. Bondi-Sachs framework

2. Asymptotic symmetries (BMS group)

ee]ing off property of Weyl tensor

4. Bondi mass and mass loss form

dm 1 [™ dc

— — — 2 1
a2, (0”) sin0dd

Note: Sachs generalized Bondi’s work to general spacetime in 1962.

2k B | J U November 11, 2024 14 /44
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Relationship between BS quantities and quadruople moments
in asymptotically flat spacetime

Coleman, 1974

el
Wy = —Capegn®mnm? = —=—= 4 0(r ?)

¢ ~ l(’)n b

()x03 / (TO%')dx

Idea of proof.
stepl. Bondi news—{u.r.0,¢} « {x° x*.x%,x?} < Quadrupole
step2.

Ax™ O

508 v
axH IxY

step3. Weyl tensor in Harmonic coordinate
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Energy Flux of GWs for Kerr Black hole
o Regge(1957)#1 Zerilli(1970) % Schwarzschild Bf2s g5 | St B F 05
FEO B R ZF WSSy o (HORBEHE) 3] Kerr 2.
o JH I Al B— B FEFREHIS , Bardeen Fll Press (1973) #ES5:H T7—
ANTEURI) Schwarzschild B A 1 R0 £ 5
o Teukolsky Ff i 253 i 4 JE 5 & P (Y Kerr M rh (1973), W 0§ =
(p*)of, MIMHESHH s = —2 MR

(G T 2, 2248 2(r2 + a?)a’
a2 A

B B 2 2,B

o (1 0¢ 19 ¢ d 1 924
RN s T — (sine—4 ) 4+ [ — — r4
ar \ a or sin 0 90 a0 A sin2 60 | 0,2

2a(r? + o2 8298 20A’  4dicos0\ ¢l
LGk B &% aal  dicos )ﬂqmtzeﬂpfzﬂﬂx e
atdp A sin2 6

29§

— 87 — 4iacos 6
ot
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Teukolsky J5Fi

8 of A1 T2 (Sie(6) JRIF

of = /dw > Rl(7;j)(r)ss§;‘,j(e)e*i“‘ei’"“f’, 7(=2) — /dw > Tlgn"f)(r)ss;‘;;(s)e*i‘*’te””“’. (2)

lL,m I,m

Teukolsky J5F¢:

. a sr1dR K% — 2is(r— M)K . B
A e <A d7“> + < A +diswr— X ) R = Tomw | (3)

sin 6 do do sin” 0
— sfcot? 0+ s+ A), St =0, (4)
JY AL R B A I :
P ADAIEASE R S A AR S L (S 2 B 1) o 5 AN -y W
SR 7 AR 5B RO 51 T e A A

1 d dg S 242 0
<sin9 l'"’) + (a2w2 cos?§ — w?saw cos
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KL Teukolsky Jj FirfyoR g

o Sasaki FRHILIY 5 A 1) F 7 A AR bR @(
(1)#E RW ¢, 7838] Schwarzschild B[ 5.5PN [ A ST f# (PDA 87, 85
(1981), PTP 1994, 92(4):745 771),
(2) I Sasaki-Nakamura 284, 133 Kerr Biif¢) 4PN [ AGHH M (PrD,
1996, 54:1439-1459),

(3) JA¥k Hankel pK%5, L GEFS %] Schwarzschild ?Iﬁj
(PRD, 1995, 51(10):5753 5767),

HANE ] Kerr 0.
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Xidii Teukolsky JiRMzRiE - ke Rin

e Mano-Suzuki-Takasugi (MST) 521 58 2R MRER
Mano £ AW it T Leaver fif, ﬁgtﬂ@
(PTP, 1996,96(3):549; PTP, 1996, 95(6):1079.).
o Fujita Pt T MST FyEpyERAEIE:
(IOAEE I SO B EUE# (PTP, 2004, 112(3):415; 2005, 113(6):1165).
(2)Schwarzschild By 23PN 1 Kerr B 16PN 5| J145 50 TP, 2012,
128(5):971-992; PTEP, 2015, 2015(3):33E01):
o ZXSEAR | JE 4 | B SUAR(Chin Sci Bull, 2016, 61: 1525-1535):
Teukolsky 7RG RN il 2 58 K155 .
o H&A1#4#] ¥ Teukolsky JjFERRIRGHUM AT , 2 T £+ BURSH0 5 |l D g ind
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Formal Solution for Energy Flux of GWs

f2108) Teukolsky JyFEnYiE HIEA

d d
{A;wdrmﬁdr + v<r>J Roms = An s Trm,

/\q:'7

n

ib?“ Hr—n

=1

A HF Ag BIRY Teukolsky HHE, B Ag = (r—ro) (r—ry) = A,
o SR,y SRS (R ) A
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Rk R ik

FFR Teukolsky J5FLfi

Rig? (r) W SR 4%

Zipr
se—iPT*

. trans A —
W~ | T e
2 Bre —sgiwr™ | pinc ,—1,—iwr r— +oo
emw” ’ ’
up _iPr* ref A —s,—iPr’*
R‘gp - Comew® + Cl;mwA e s =Ty,
mw OZ;?SSTI—SCW)T R r— +4oo,

AEFF IR Teukolsky J5 e fif

IH(S)

1
r — RUP() / di Zeme ) Lo, (1) Ry (
Lmw QMCtrans Binc me AZ( )

Emw

s) (T

1RO

Lmw

zp()
I

EEDE

Rzmw(r) = Smw

RUP(S)( r) +

Crmw

Zme Rin(S) (7”),

Crmw

Horh iR

Zt= e [ g2 Tems () R ()

A2(r)

)

T(")
()

r)}
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B L 4
T AEE I Pt LE’HEEB)E?WXE WOHRIE o Zpes (BN

TE TG G5 TE Ak 15 S RE AL :

2 i [}
me ZMBlgr;rfw = A2(T’) s
ins = By 6w = m).
e} 14
g%? E E 5 | 2&nuu|
dt s ZWLUJ 2(‘5‘ 1)’
0 (=2 m=—{

TEF LA AL B HR S R -

W),

S ol

(=2 m=—1

Zé’mw|
4mw?

JEg5 it L%ﬂ%ﬁﬁﬁﬁiﬂﬁ st A T4 :
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) L (E
H.00 Q  \ dt

>H,oo
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O000@0

— LI 51 D fiin

— BRI ) BRI Z 5

oo, H oo, H
Dty = Z Z Zgrin 0 (W — Winken) (17)
k=—o0c0c n=—oc0
i = € POT T (18)
1 Ar o s Ao o s N R
Ut = o [ e [ ks TR e A 6 (19)
A-Ng Jo 0

IO wntn = 10+ K + 9. — RG] TR USRI Carter
B

dF 1
i 70 2 . ZH 2 20
< dt = 477‘*}72nkn (| kan| + oy | Emkn| ) ’ ( )
dL m
Z — Vi 2 - ZH 2 21
()= 2 e (s oml 2 1)
dQ (»kan + kT()) 2 2
<t> = 27003 (‘Zaonkn| +Oé5mw’Z?mkn| ) (22)
{mkn mkn
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JCli Teukolsky Jj REfIfF b fif

TEiER) Teukolsky J5FE:
d

—8 d S .

A +1aA +1% + V(T) Ry, =0, (24)

AR -
R (r) = C1Rg (1) + CoRy P (1), (25)

#
Ry’ (r) = S5 (o) Hy P (), (26)
Sg[ﬁ(m) = (~2) (£B-s (1 x)%(v 5)6504967 (27)
- T — T’+

r= p— (28)

T Hy (2)?
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JCli Teukolsky Jj REfIfF b fif

Y5 J7H(26) . (28)

H(27) FATTHE(24)

|

H//(x) _

(—?a+(-2—-B—v+a)z+1+p)

z(z—1)

(—2=B—-ma—-20)z
+B+Da+(—y-1)B~-v—-2n

|

H' ()

H(x)
2z(x—1)

=0.

(29)

77 RE(29) 2 bn R A i Heun bR B0 BZAYB023 D7 A e LTS 2 b 7 F) o it

Hy "’ ():

Hy (z) = HeunC(a, B, 7, 8, ; 2),

H,y % (2) = (—2) "HeunC(a, -3, 7, 8, 1; 2),

Horp o By 0 Fl g FRIR TR EARE LA 52 R N 25 4 AT E B B4
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LAY Teukolsky J5ERABALY

Rem = Ch Sg ($)Heunc(a7 By, 6, m; :L’) + CQSO_ﬁ(I)HeunC(OQ =B,7,6,m; 517) (31)

it Heun pREAESMILI BT T4 -

HH(I] HeunC(z) =1, r— ;. (32)
T—
it Heun pREETCT5 ICAL H BT A -

lim HeunC(z) — Dg R R Dge™ "z~ M;HJF%, r— o0, | (33)

|z|—o00

HA Y4540 D2 A D2 BN, A BEARIA A0 E 1 Fl Gy

FHE AN (cQa, 2006, 23(7):2447; arXiv: 0902.2411v2):

< CL AT Gy s M AR MR ER H R A
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HeunC Jf#
[e]e]e] lelele)

At Heun PFEAETETS m ALK B i br X

WOEATH (33) HEHE DY F1 DY WA K

: )
. S 7w \V —
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: —n,—v— —n,—VvV—
S m (1/ — *) ’ ’ ’
[e3
G ~B in(v+i)=8 &
D® - D® n,v te ( 2)“—71,—1/ 1D®,—n,—u—1’ (35)
e
) ; s
T e e e L e B AR T Rt 15 A G Y PG 2
©,n,v 2 2 e
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HeunC Jifi
[e]e]e]e] lele)

AL PRy A S A T S0 PR i i

AP AR R, A SR R,

= S5 (z)HeunC(a, 8,7, 6,7; z). (36)

D—ﬂ
R)Y = (—1)5+1D%S€(x)HeunC(a,6,7,5777; a:)—i—SgB(x)HeunC(a, —B,7,6,1; 1),

(37)
HUE— MU (Byrans = Cgrans = 1):
. 1—2s+4i 00 —ime g _Bty+2 5
BIC = (—rx) TH 2y T oT2M (1) 2 o ng (38a)
oM\ 2iM(P+w) _Bty+2 5
Bt — (7,)()(,*) Py = PR (35)
Tx
—B
. X . Bty s D ~
Gl — () ~LHZIM(PH@) () = 2iM(PHe) (P )Ty ()24 55 2 @ﬁ B, (38¢)
D
©
—2s— 144/ =it ma —Bty4+2 5
Ces = (=75 M) THe'2M(-1)7 2 o D. (38d)
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ASHBE AR Vs 4 Heun BB T A

o JCAP Wy PFHi L

SCRR [Commun. Math. Phys, 2023,397(2):635-727] WEFH TIUAZ(33) LR,
(B H TR BRI R R T . T2 SCIR T F AT =X (33) WAS 32 AT AT P B 24
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Comparison with other methods
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frine Heun pREAETCS 00N L i A% ik

B 2 w = 0.1(RI) Fl s = —2(5] 137
IR TR T A Heun

HeunC

2,2) A, = RECF AR
BAHER ro ALTAHLA T
ZE P SR R

3000 % Mathematica 3000 % Mathematica
X MAPLE L X MAPLE
O MATLAB 2500 O  MATLAB
Our Method Our Method
2000 R 2000 | J
o 1500 [~
1000 | g

1000 [~

9 s00 b *

0 é *
= of
500 -

-1000
-1000
*
2000 1500
K
-2000 - i
3000 1 L L L L L L L L L L 2500 1 L L L L L L L L ¥
400 410 420 430 440 450 460 470 480 490 500 510 400 410 420 430 440 450 460 470 480 490 500 510
ro/M ro/M

Figure 1: Mathematica By &7 Heun PR K BT H
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[e]e] lelelelee]e]

HeunC #EA{EICT5 ik

Ze SR A T

8000 . ; . i i ‘
6000 F T T T T - . NAE T MARLE
O MATLAB O MATLAB .
Our Method ur Method
| 6000 - |

4000

2000 4 4000

o 0 1 2 2000 1
=, % B =
2000 0 B
-4000 1
-2000 1
-6000 - 1
X -4000 1
x
8000 L . . . . . . . ’ . . . . . . . . .
900 910 920 930 940 950 960 970 980 990 900 910 920 930 940 950 960 970 980
ro/M ro/M

Figure 2: Maple fy&7 Heun pRELH) & HUATH
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[e]e]e] lelelele]e]

frine Heun pREAETCS 00N L i A% ik

O MATLAB
Our Method

HeunC
°

15 L L L L
3000 3010 3020 3030 3040 3050 3060
ro/M

L L L L sl L
3070 3080 3090 3100 3000 3010 3020

3030 3040 3050 3060 3070 3080 3090 3100
o/ M
o/

Figure 3: FATHHHLMNTX S MATLAB 1EK ro A28
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1 with other methods

frine Heun pREAETCS 00N L i A% ik

Table 1: ¥4 w = 0.1 F s = —2 i, (2,2) RGP Fp 7=
(F).

IR i Heun bR A0 115510 [i)

- AZHIBITR(33) MATLAB MAPLE Mathematica
[400 M, 500 M] 0.0005209 0.081162  26.281 2.51563
[900M, 980 M] 0.0005361 0.132998  40.953 o

(300004, 3100M)] 0.0005731 0.405863 o o
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Comparison with other methods
[ee]elele] lelele]

Schwarzschild v i B L 4 45 S e i

BI-C AT A RS Y S BB

Table 2: 24 N = 100 fil ro = risco W, WFITEREEER o (dB/dt) SHFIRZ KR (RE ).

J(dB/dl), IRHIRHES (2 < €< 25) (B di)y WHIRHRZE (2 < £ < 11)
s Method HeunC MST-RTE MST-RWE 23PN HeunC MST-RTE MST-RWE 23PN

RE 6.354E-73  2.769E-52  9.458E-51  1.496E-4 | 3.135E-76 2.308E-51  5.370E-51  1.750E-3

-2
CPU(s) 197.9 591.7 588.1 NA 53.0 91.2 91.9 NA
4o RE 7.421E-72  7.993E-53  1.303E-50 NA 6.222E-74 9.458E-51  5.370E-51 NA
CPU(s) 193.6 571.3 576.1 NA 54.7 88.8 93.1 NA
1 RE 6.274E-72  1.136E-52 NA NA 4.633E-76  5.302E-52 NA NA
CPU(s) 192.0 574.8 NA NA 51.2 94.9 NA NA
L RE 3.880E-72 2.132E-52 NA NA 9.675E-75 9.867E-51 NA NA

4

CPU(s) 189.5 599.2 NA NA 51.4 98.0 NA NA
0 RE 5.539E-59 1.343E-52 NA NA 4.802E-53 3.451E-51 NA NA
CPU(s) 139.2 295.5 NA NA 29.2 52.5 NA NA
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Comparison with other methods
[e]e]ele]e]e] lele]

Kerr b —Bebhiti Liaahi s )3 ik

WL * \ BRI © | WL © \ AL
a | g |[HewnC| MST | o | Ap [Hewn€| MST | ¢ | Ap [HeunC| MST | ¢ | Ag |HewnC MST
02 [ 3 102 3 30 102 3w 02 [ 43
01 qos0 | a4 56 | %110 | aa | 61 |O'|wo | a2 | 61 |00 a2 63
102 36 | 38 102 733 39 102 35 | w 02 8 43
0311030 | g5 57 |93 |10 | a3 50 |93 |10 a2 61 |10 | @ 6
0 [ 3 33 102 733 39 102 36 | w o[ g3
0511030 | a8 57 |99 10% | a4 50 | 99|10 a2 6 |%9|10®| 2 6
1020 43 43 1020 34 39 10-20 35 42 10-%0 37 44
07| 1p-50 | 53 57 |07 ] 10-%0 | 44 60 | %7 ] 10-%0 | 44 62 | 07| 100 | 46 64
102 [ 83| 54 102 3 a0 102 [ ow 102 3 | 4
0901930 | 6a 7z |90 a4 e |0 a9 6 || 7 6

(%] pisco = 6 M LMFAPEESEN tmax = 6. (zr RYGEBAHIRZE)
]
]
]

[O] p = 10M LEHESHN a = 0.9, e = 0, frax = 6,1 < n < 5.
[V] p = 10M LBHBEIBEA o = 0.9, 0mc = 0, fmax = 5,1 < k < 3.

(] p = 10M A —BEEBEN a = 0.9,27 = 0.1, fax = 4,1 < n < 3,1 < k< 3.
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Compari with other methods
000000

Schwarzschild &b L b 5a5akik

Bl 10 = nsco W, AN [FPFE REC NG PR 5 5 SAS TR BB & (dB22/dt) o Y
MR ZE

Ao TG AL R S RE TR A LA AL R S RE TR
0 0 T T
—#— HeunC
=
— - -MST-RTE ~——®— MST-RWE
20+ —&— MST-RWE -20 1
23PN
B 40t = -40
& &
= S
g -60f & -60
80 + -80
-100, : ‘ : : ‘ : : -100 : ‘ : : ‘ : :
20 30 40 50 60 70 80 90 100 20 30 40 50 60 70 80 90 100
N N

Figure 4: 5 fj3 YRR AR
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Q MIETREEIT ) SE B AENT I -

© HifTUE (37) }2i e Wronskian 4751 :CsPE AT

Q NZGALIBENAFIHAT LI R, (PLAAL ) H A (T e o
o 5 MST Jyiktl, AT
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Conclusions and Outlook

O 51T REVEAOTFIE OIS £ B L 5 B X
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