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Introduction Black Hole Thermodynamics
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u0th Law constant

-- surface Gravity is constant over the event horizon

u1st Law  dQdJdAdM
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-- differences in mass between nearby solutions are equal to differences in 
area times the surface gravity plus additional work terms

u2nd Law 0dA

-- area of the event horizon never decreases in any physical process

u3rd Law   nnn ,01

-- No procedure can reduce the surface gravity to 0 in a finite number of steps

The 4 Laws of Black Hole Mechanics
Bardeen/Carter/Hawking CMP 31 (1973) 161

Bekenstein PRD 7 (1973) 2333

Israel PRL 57 (1986) 397
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Everyday AdS Black Hole Thermodynamics
• Hawking Page Transition

• Van der Waals Fluid, Solid/Liquid/Gas

• Holographic Heat Engines

• Thermodynamics geometry

• Free Energy Landscape

• Black hole topological thermodynamics

• Relativistic Stochastic Mechanics

• Extended Iyer-Wald Formalism

Introduction Black Hole Thermodynamics
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Scheme

u Mapping the Dirac field to a one-
dimensional XY model

u Analog black hole

Hawking radiation and dynamics 
the curved spacetimeTesting

01 
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Scheme

u Mapping the Dirac field to a one-
dimensional XY model

u Analog black hole

Hawking radiation and dynamics 
the curved spacetimeTesting

01 

Hawking black-hole area theoremTesting
02 

7



 Landau functional
Landau approximate the free energy of a system

 it exhibits the non-analyticity of a phase transition and turns out to capture 
much of the physics 

Landau believed that the order parameter m near the critical point Tc is a small 
amount; thus the free energy function F(T,m) can be expanded to the power of m 
near Tc (second-order phase transition)

（伊辛模型）

For black holes: X.-Y. Guo, H.-F. Li, L.-C. Zhang and R. Zhao, PRD 100, 064036 (2019).
                                              X.-P. Li, Y.-B. Ma, Y. Zhang, L.-C. Zhang, and H.-F. Li, CJP 83, 123 (2023) .
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 Landau functional  Free energy landscape

uOn-shell Gibbs free energy: G= M −THS or calculated directly from the Euclidean action

uOff-shell Gibbs free energy:  replacing the Hawking temperature TH with the 

ensemble temperature T

4D Schwarzschild-AdS BH

Free energy landscape

Gibbs Free Energy 
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R. Li and J. Wang, PRD 102, 024085 (2020) 
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Thermodynamics Classical Mechanics

Equation of motion Equation of state

Provided

The process of a system from an unknown state to an equilibrium state: 

selecting a relation (equation of state in equilibrium) from all possible relations

Z.-M. Xu, B. Wu and W.-L. Yang, CQG (2021)

 Landau functional  Thermal potential

10



A

B

)( hrS

)( hh rT

O

2T

1T

3T

11

PLB 2024
PRD 2021

 Landau functional  Generalized free energy
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 Landau functional  Generalized free energy
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 Generalized free energy 

Different states in the 
system at the extremum 
of the potential 
function
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4D Schwarzschild-AdS BH Hawking-Page phase transition
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 Generalized free energy 



4D RN-AdS BH first-order phase transition

second-order phase transition

Z.-M. Xu, B. Wu and W.-L. Yang, CQG (2021) 15

 Generalized free energy 
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 Generalized free energy 

qBTZ BH



Zeroes of 
Analytic Function 
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Complex correspondence 
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Argument Principle
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Complex correspondence 

Winding number
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Complex correspondence 
Complex correspondence 
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Complex correspondence 
Complex correspondence 
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Complex correspondence 
Complex correspondence Riemann surface = Phase transition?
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Complex phase diagram 

欧式作用量 IE

黑洞系统自由能 F

黑洞系统配分函数 Z

配分函数的零点分布

黑洞自由能的奇点分布

F=-T lnZ
=T

IE



23

Complex phase diagram 

4D RN-AdS BH



SUMMARY

l Furthermore, by utilizing the rich properties of zeros of the 
analytical function, a deeper level of correspondence for the 
thermodynamic phase transition of black holes can be constructed.

l We have constructed the generalized free energy of black hole 
thermodynamics, and demonstrated the phase transition picture.

l It is possible to establish complex correspondences in black hole 
thermodynamics.


